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Foreword

ETAPS 2002 is the fifth instance of the European Joint Conferences on Theory
and Practice of Software. ETAPS is an annual federated conference that was
established in 1998 by combining a number of existing and new conferences.
This year it comprises five conferences (FOSSACS, FASE, ESOP, CC, TACAS),
thirteen satellite workshops (ACL2, AGT, CMCS, COCV, DCC, INT, LDTA,
SC, SFEDL, SLAP, SPIN, TPTS and VISS), eight invited lectures (not including
those that are specific to the satellite events), and several tutorials.

The events that comprise ETAPS address various aspects of the system de-
velopment process, including specification, design, implementation, analysis and
improvement. The languages, methodologies and tools which support these ac-
tivities are all well within its scope. Different blends of theory and practice are
represented, with an inclination towards theory with a practical motivation on
one hand and soundly-based practice on the other. Many of the issues involved
in software design apply to systems in general, including hardware systems, and
the emphasis on software is not intended to be exclusive.

ETAPS is a loose confederation in which each event retains its own identity,
with a separate programme committee and independent proceedings. Its format
is open-ended, allowing it to grow and evolve as time goes by. Contributed talks
and system demonstrations are in synchronized parallel sessions, with invited
lectures in plenary sessions. Two of the invited lectures are reserved for “uni-
fying” talks on topics of interest to the whole range of ETAPS attendees. The
aim of cramming all this activity into a single one-week meeting is to create a
strong magnet for academic and industrial researchers working on topics within
its scope, giving them the opportunity to learn about research in related areas,
and thereby to foster new and existing links between work in areas that were
formerly addressed in separate meetings.

ETAPS 2002 is organized by Laboratoire Verimag in cooperation with

Centre National de la Recherche Scientifique (CNRS)

Institut de Mathématiques Appliquées de Grenoble (IMAG)

Institut National Polytechnique de Grenoble (INPG)

Université Joseph Fourier (UJF)

European Association for Theoretical Computer Science (EATCS)
European Association for Programming Languages and Systems (EAPLS)
European Association of Software Science and Technology (EASST)
ACM SIGACT, SIGSOFT and SIGPLAN

The organizing team comprises

Susanne Graf - General Chair

Saddek Bensalem - Tutorials

Rachid Echahed - Workshop Chair
Jean-Claude Fernandez - Organization



VI Foreword

Alain Girault - Publicity

Yassine Lakhnech - Industrial Relations
Florence Maraninchi - Budget

Laurent Mounier - Organization

Overall planning for ETAPS conferences is the responsibility of its Steering Com-
mittee, whose current membership is:

Egidio Astesiano (Genova), Ed Brinksma (Twente), Pierpaolo Degano
(Pisa), Hartmut Ehrig (Berlin), José Fiadeiro (Lisbon), Marie-Claude
Gaudel (Paris), Andy Gordon (Microsoft Research, Cambridge), Roberto
Gorrieri (Bologna), Susanne Graf (Grenoble), John Hatcliff (Kansas),
Gorel Hedin (Lund), Furio Honsell (Udine), Nigel Horspool (Victoria),
Heinrich Huffimann (Dresden), Joost-Pieter Katoen (Twente), Paul Klint
(Amsterdam), Daniel Le Métayer (Trusted Logic, Versailles), Ugo Montanari
(Pisa), Mogens Nielsen (Aarhus), Hanne Riis Nielson (Copenhagen),
Mauro Pezzeé (Milano), Andreas Podelski (Saarbriicken), Don Sannella
(Edinburgh), Andrzej Tarlecki (Warsaw), Herbert Weber (Berlin), Reinhard
Wilhelm (Saarbriicken)

I would like to express my sincere gratitude to all of these people and orga-
nizations, the programme committee chairs and PC members of the ETAPS
conferences, the organizers of the satellite events, the speakers themselves, and
finally Springer-Verlag for agreeing to publish the ETAPS proceedings. As or-
ganiser of ETAPS’98, 1 know that there is one person that deserves a special
applause: Susanne Graf. Her energy and organizational skills have more than
compensated for my slow start in stepping into Don Sannella’s enormous shoes
as ETAPS Steering Committee chairman. Yes, it is now a year since I took over
the role, and I would like my final words to transmit to Don all the gratitude
and admiration that is felt by all of us who enjoy coming to ETAPS year after
year knowing that we will meet old friends, make new ones, plan new projects
and be challenged by a new culture! Thank you Don!

Lisbon, January 2002 José Luiz Fiadeiro
Steering Committee Chairman
ETAPS 2002



Preface

The present volume contains the proceedings of the international conference
Foundations of Software Science and Computation Structures (FOSSACS) 2002,
held in Grenoble, France, April 10-12, 2002. FOSSACS is an event of the Joint
European Conferences on Theory and Practice of Software (ETAPS). The previ-
ous four FOSSACS conferences took place in Lisbon (1998), Amsterdam (1999),
Berlin (2000), and Genova (2001).

FOSSACS presents papers, which offer progress in foundational research with
a clear significance to Software Sciences. Central objects of interest are the al-
gebraic, categorical, logical, and geometric theories, models, and methods which
support the specification, synthesis, verification, analysis, and transformation of
sequential, concurrent, distributed, and mobile programs and software systems.
This volume contains research contributions to a wide spectrum of topics within
this scope, many of which are motivated by recent trends and problems in the
practice of software and information technology.

These proceedings contain 29 papers. The first one accompanies the invited
lecture Semantical Evaluations as Monadic Second-Order Compatible Structure
Transformations delivered by Bruno Courcelle, University of Bordeaux. The
other 28 are contributed papers, selected from a total of 67 submissions. I would
like to sincerely thank all members of the FOSSACS 2002 Program Committee
for the excellent job they did in the difficult selection process. Also I would like
to thank all the sub-referees for their invaluable contributions to this process.

Thanks also to the co-editor of this volume, Uffe H. Engberg, for his assis-
tance in handling and preparing the files for the publisher. And special thanks
to Pawel Sobocinski for his excellent administrative handling of the conference
web page, the electronic submissions, the reviewing, and the notification process.
Thanks also to Rich Gerber for allowing us to use his conference management
system START. And finally thanks to the ETAPS 2002 Organizing Commit-
tee chaired by Susanne Graf, and the Steering Committee of ETAPS for their
efficient coordination of all the activities leading up to FOSSACS 2002.

Aarhus, January 2002 Mogens Nielsen
Program Chair
FOSSACS 2002



VIII Organization

Program Commitee

David Basin (Freiburg, Germany)
Julian Bradfield (Edinburgh, UK)
Thomas Erhard (Marseille, France)
Marcelo Fiore (Cambridge, UK)
Carl Gunter (U. Pennsilvania, USA)
Furio Honsell (Udine, Italy)
Mogens Nielsen

(Aarhus, Denmark, chair)

Referees

Luca Aceto
Alessandro Aldini
Fabio Alessi

Albert Atserias

Paolo Baldan

Andrej Bauer

Hubert Baumeister
Joffroy Beauquier
Arnold Beckmann
Marek A. Bednarczyk
Nick Benton

Béatrice Bérard
Stefano Berardi
Martin Berger
Andrew Bernard
Karthikeyan Bhargavan
Michel Bidoit

Chiara Bodei

Andrzej M. Borzyszkowski
Tomasz Borzyszkowski
Ahmed Bouajjani
Ilaria Castellani
Didier Caucal

Maura Cerioli

Iliano Cervesato
Sagar Chaki

Piotr Chrzastowski
Nicoletta Cocco
Thomas Colcombet
Paolo Coppola
Roberto Di Cosmo

Fernando Orejas (Barcelona, Spain)
Antoine Petit (Cachan, France)
Frank Pfenning (CMU, USA)
Sanjiva Prasad (IIT Delhi, India)
Vladimiro Sassone (Sussex, UK)
Andrzej Tarlecki (Warsaw, Poland),
Frits Vaandrager

(Nijmegen, The Netherlands)
Martin Wirsing (Munich, Germany)

John N. Crossley
Olivier Danvy
Stéphane Demri
Josée Desharnais
Deepak D’Souza
E. Allen Emerson
Berndt Farwer
Hugues Fauconnier
Andrzej Filinski
Juliana Kiister Filipe
Cedric Fournet
Thom Fruehwirth
David de Frutos Escrig
Carsten Fiihrmann
Kim Gabarré
Pietro Di Gianantonio
Paola Giannini
Stephen Gilmore
Alwyn Goodloe
Andy Gordon
Serge Grigorieff
Martin Grohe
Stefano Guerrini
Robert Harper
Rolf Hennicker
Miki Hermann
Jane Hillston
Daniel Hirschkoff
Yoram Hirshfeld
Hans Hiittel
Subramanian Iyer



David Janin
Dirk Janssens

Henrik Ejersbo Jensen

Jens Bak Jgrgensen
Jan Johannsen
Felix Klaedtke
Josva Kleist
Bartek Klin
Alexander Knapp
Mikotaj Konarski
Piotr Kosiuczenko
Marcin Kubica

K. Narayan Kumar
Martin Lange
Stawomir Lasota
Marina Lenisa
Pierre Letouzey
Ugo de’ Liguoro
Sylvain Lippi
Kamal Lodaya
Denis Lugiez
Monika Maidl
Jean-Yves Marion
Narciso Marti-Oliet
Michael McDougall
Massimo Merro
Stephan Merz
Marino Miculan
Giuseppe Milicia
Oliver Moller
Eugenio Moggi
Madhavan Mukund
Anca Muscholl
Nikos Mylonakis
Peter O’Hearn

Yolanda Ortega-Mallén

Vincent Padovani
Prakash Panangaden
Paritosh K. Pandya
Dirk Pattinson
Wiestaw Pawlowski
Alberto Pettorossi
Ricardo Pena

Organization

Marco Pistore
Andrew Pitts

Jeff Polakow

John Power
Christophe Raffalli
Julian Rathke
Jakob Rehof
Bernhard Reus
Salvatore Riccobene
Simona Ronchi Della Rocca
Jan Rutten

Ivano Salvo
Davide Sangiorgi
Don Sannella
Claus Schréter
Dana Scott

Peter Selinger
Natarajan Shankar
Pawel Sobocinski
Stefan Sokotowski
Dieter Spreen
Christoph Sprenger
Jifi Srba

Tan Stark

Colin Stirling
Mathieu Turuani
Pawel Urzyczyn
Frank Valencia
Daniele Varacca
Bjorn Victor

Luca Vigano

Igor Walukiewicz
Markus Wenzel
Lucian Wischik
Burkhart Wolff
James Worrell

Zhe Yang

Julia Zappe
Guo-Qiang Zhang
Wieslaw Zielonka
Pascal Zimmer
Peter Csaba Olveczky

IX



Table of Contents

Invited Paper

Semantical Evaluations
as Monadic Second-Order Compatible Structure Transformations ........ 1
Bruno Courcelle

Contributed Papers

Verification for Java’s Reentrant Multithreading Concept ............... 5
Erika Abraham-Mumm, Frank S. de Boer, Willem-Paul de Roever,
Martin Steffen

On the Integration of Observability and Reachability Concepts .......... 21
Michel Bidoit, Rolf Hennicker

Proving Correctness of Timed Concurrent Constraint Programs.......... 37
Frank S. de Boer, Maurizio Gabbrielli, Maria Chiara Meo

Generalised Regular MSC Languages .. ..., 52
Benedikt Bollig, Martin Leucker, Thomas Noll

On Compositional Reasoning in the Spi-calculus ...................... 67
Michele Boreale, Daniele Gorla

On Specification Logics for Algebra-Coalgebra Structures:
Reconciling Reachability and Observability ............................ 82
Corina Clirstea

A First-Order One-Pass CPS Transformation .......................... 98
Olivier Danvy, Lasse R. Nielsen

The Demonic Product of Probabilistic Relations ....................... 114
FErnst-Erich Doberkat

Minimizing Transition Systems for Name Passing Calculi:
A Co-algebraic Formulation ....... ... ... . ... .. i 129
Gianluigi Ferrari, Ugo Montanari, Marco Pistore

Varieties of Effects .. ... 144
Carsten Fihrmann

A Characterization of Families of Graphs in Which Election Is Possible ... 159
Emmanuel Godard, Yves Métivier



XII Table of Contents

Equivalence-Checking with One-Counter Automata:
A Generic Method for Proving Lower Bounds.......................... 172
Petr Jancar, Antonin Kucera, Faron Moller, Zdenék Sawa

Efficient Type Matching ........ ... i 187
Somesh Jha, Jens Palsberg, Tian Zhao

Higher-Order Pushdown Trees Are Easy .......... . ... ... oot 205
Teodor Knapik, Damian Niwinski, Pawet Urzyczyn

Conflict Detection and Resolution
in Access Control Policy Specifications. ........ ... ... ... . i, 223
Manuel Koch, Luigi V. Mancini, Francesco Parisi-Presicce

Logics Admitting Final Semantics............ .. o i . 238
Alexander Kurz

Model Checking Fixed Point Logic with Chop ......................... 250
Martin Lange, Colin Stirling

On Model Checking Durational Kripke Structures...................... 264
Frangois Laroussinie, Nicolas Markey, Philippe Schnoebelen

Model-Checking Infinite Systems Generated by Ground Tree Rewriting ... 280
Christof Léding

Bounded MSC Communication ........... ... ... 295
Markus Lohrey, Anca Muscholl

The Informatic Derivative at a Compact Element ...................... 310
Keye Martin

Heterogeneous Development Graphs and Heterogeneous Borrowing . ... ... 326
Till Mossakowsk:

Notions of Computation Determine Monads ........................... 342
Gordon Plotkin, John Power

A Calculus of Circular Proofs and Its Categorical Semantics............. 357
Luigi Santocanale

Verifying Temporal Properties Using Explicit Approximants:
Completeness for Context-free Processes .. ...... ... .. ... ... ... ... 372
Ulrich Schépp, Alex Simpson

Note on the Tableau Technique for Commutative Transition Systems ... .. 387
Jiri Srba
A Semantic Basis for Local Reasoning ......... ... ... .. ... ... ... ... 402

Hongseok Yang, Peter O’Hearn



Table of Contents XIIT

Linearity and Bisimulation ........ ... ... .. . . 417
Nobuko Yoshida, Kohei Honda, Martin Berger

Author Index . . ..o 435



Semantical Evaluations
as Monadic Second-Order Compatible
Structure Transformations

Bruno Courcelle

LaBRI (CNRS, UMR 5800), Université Bordeaux-I,
351 cours de la Libération, F-33405 Talence, France
courcell@labri.fr
http://dept-info.labri.fr/ courcell/ActSci.html

Abstract. A transformation of structures 7 is monadic second-order
compatible (MS-compatible) if every monadic second-order property P
can be effectively rewritten into a monadic second-order property @ such
that, for every structure S, if T is the transformed structure 7(5), then
P(T) holds iff Q(S) holds.

We will review Monadic Second-order definable transductions (MS-trans-
ductions): they are MS-compatible transformations of a particular form,
i.e., defined by monadic second-order (MS) formulas.

The unfolding of a directed graph into a tree is an MS-compatible trans-
formation that is not an MS-transduction.

The MS-compatibility of various transformations of semantical interest
follows. We will present three main cases and discuss applications and
open problems.

Overview of the Lecture

Our working logical language is Monadic Second-Order Logic, i.e., the extension
of First-Order Logic with variables denoting sets of elements of the considered
structures. It enjoys a number of interesting properties regarding decidability
and construction of polynomial algorithms [4].

We consider certain semantical evaluations that can be formalized as trans-
formations of discrete structures like graphs or trees (and not as mappings from
terms to values belonging to semantical domains as this is usual in denotational
semantics).

Our main concern will be to identify transformations such that the verifica-
tion of an MS property P, of a structure T' = 7(S) reduces to the verification of
an MS property @ of the input structure S, where ) depends only on 7 and P
and, of course, of the fixed relational signatures of S and T'.

In such a case, if the MS theory of an infinite structure S is decidable (which
means that there exists an algorithm that decides whether a monadic second-
order formula is true or not in ), then so is that of T'= 7(5). We say that 7 is
Monadic Second-order compatible (MS-compatible).

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 1-d] 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 Bruno Courcelle

Monadic Second-order definable transductions (MS-transductions in short)
have been surveyed in [2]. The idea is that T = 7(S) if T is defined by MS
formulas inside the structure formed of k disjoint copies of S (where k and these
MS formulas are fixed and constitute the logical specification of 7). That an MS-
transduction is MS-compatible is pretty clear for those familiar with the notion
of interpretation in model theory.

An obvious consequence of the definition is that the size of the domain of
T = 7(5) is at most k times the size of that of S. In particular the unfolding
operation which transforms a finite graph into an infinite tree is not an MS-
transduction. However, the unfolding operation is MS-compatible [3lJ6].

Let us consider some examples and their semantical motivations.

Example 1. The structure S is a finite or infinite transition system, i.e., a di-
rected labelled graph, given with a special vertex called the initial state. The
unfolding of S from the initial state is a tree (usually infinite), the tree of fi-
nite paths starting from the initial state, that represents the behavior of the
transition system.

Ezample 2. S is here a finite or infinite directed acyclic graph representing a
finite or infinite term with shared subterms. Labels attached to vertices and
edges make unambiguous the description of such a term by a graph. Unsharing,
the operation that reconstructs the term, is a special case of unfolding.

As an example of such a graph, we can take f = f = f = a with f a binary
function symbol and a a constant.

It unshares into the term f(f(f(a,a), f(a,a)), f(f(a,a), f(a,a))).

By looking at sizes, one can see that unsharing is not an M S-transduction.

Ezxample 3. S is here a recursive applicative program scheme, as those considered
in [I], and T is the infinite term called an algebraic tree. It is the infinite term
resulting from a certain form of unfolding, involving term substitutions. Here is
an example, consisting of a single equation:

p(x) = f(z,¢(9(z))

This scheme unfolds into the algebraic tree:

[, f(g(x), f(9(9(2)), f(9(9(9(2))), --))))-

The scheme is actually not given by a graph, but a graph representation fit-
ting our formal framework is easy to build. The transformation from graphs
representing schemes (consisting of several mutually recursive equations) with
function symbols of bounded arity to algebraic trees is MS-compatible. It follows
in particular that the MS theory of an algebraic tree is decidable [3/J5].

Ezample 4. Hyperalgebraic trees are defined as algebraic trees except that the
“unknown functions” in schemes may take parameters of function type. Such
schemes have been first investigated by W. Damm [7] and more recently by
Knapik et al. [8/9].
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Ezample 5. We introduce new symbols to represent first-order substitutions. It is
proved in [5] that the mapping from terms to terms that evaluates substitutions,
i.e., that eliminates substitution symbols is MS-compatible.

Here is an example. Sub, , denotes the ternary function such that Sub, , (¢, 1,
to) evaluates into the term t[t1/x,t2/y], i.e., the result of the simultaneous sub-
stitution of ¢; for x and ¢ for y in t.

For instance, the term

Subg , (Suby o (f(z, z,2,u),a,y),b, ¢)

evaluates to Sub; (f(a,a,a,y),b,c) and then to f(a,a,a,c). Note that b disap-
pears because the variable « has no occurrence in the term f(a,a,a,c).

A central result is the MS-compatibility of the unfolding mentioned in Exam-
ples[Mland 2l The case of ExampleHlis proved in [5] and the results of Examples Bl
and [4] follow.

Actually, the main result behind all this is the MS-compatibility of a trans-
formation of structures defined by Muchnik (improving a definition by Shelah
and Stupp), which builds a kind of tree Tree(S) over any structure S. (If S is
a set of two elements, then Tree(S) is the infinite complete binary tree). This
result is proved in [10]. It subsumes the case of unfolding and we think it may
help to solve some open questions in [8|9].

We will discuss applications and open problems related to Example [H.

Full texts of submitted or unpublished papers and other references can be
found from: http://dept-info.labri.fr/"courcell/ActSci.html.
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Verification
for Java’s Reentrant Multithreading Concept

Erika Abrahdm-Mumm!, Frank S. de Boer?,
Willem-Paul de Roever!, and Martin Steffen!

! Christian-Albrechts-Universitét zu Kiel, Germany
eab,wpr,ms@informatik.uni-kiel.de
2 Utrecht University, The Netherlands
frankb@cs.uu.nl

Abstract. Besides the features of a class-based object-oriented lan-
guage, Java integrates concurrency via its thread-classes, allowing for
a multithreaded flow of control. The concurrency model offers coordina-
tion via lock-synchronization, and communication by synchronous mes-
sage passing, including re-entrant method calls, and by instance variables
shared among threads.

To reason about multithreaded programs, we introduce in this paper an
assertional proof method for Javamr (“Multi-Threaded Java”), a small
concurrent sublanguage of Java, covering the mentioned concurrency is-
sues as well as the object-based core of Java, i.e., object creation, side
effects, and aliasing, but leaving aside inheritance and subtyping.

1 Introduction

The semantical foundations of Java [15] have been thoroughly studied ever since
the language gained widespread popularity (see e.g. [429]12]). The research con-
cerning Java’s proof theory mainly concentrated on various aspects of sequen-
tial sublanguages (see e.g. [20|833]27]). This paper presents a proof system for
multithreaded Java programs. Concentrating on the issues of concurrency, we
introduce an abstract programming language Javayr, a subset of Java featuring
object creation, method invocation, object references with aliasing, and specif-
ically concurrency. Threads are the units of concurrency and are created as
instances of specific Thread-classes.

As a mechanism of concurrency control, methods can be declared as syn-
chronized, where synchronized methods within a single object are executed by
different threads mutually exclusive. A call chain corresponding to the execu-
tion of a single thread can contain several invocations of synchronized methods
within the same object. This corresponds to the notion of re-entrant monitors
and eliminates the possibility that a single thread deadlocks itself on an object’s
synchronization barrier.

The assertional proof system for verifying safety properties of Javayr is for-
mulated in terms of proof outlines [24], i.e., of annotated programs where Hoare-

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 5-20] 2002.
© Springer-Verlag Berlin Heidelberg 2002



6 Erika Abrahdm-Mumm et al.

style assertions [14J18] are associated with every control point. Soundness and
completeness of the proof system is shown in [3].

Recall that the global behaviour of a Java program results from the concur-
rent execution of method bodies, that can interact by shared-variable concur-
rency, synchronous message passing for method calls, and object creation. In
order to capture these features, the proof system is split into three parts.

The execution of a single method body in isolation is captured by local cor-
rectness conditions that show the inductiveness of the annotated method bodies.

Interaction via synchronous message passing and via object creation cannot
be established locally but only relative to assumptions about the communicated
values. These assumptions are verified in the cooperation test. The communica-
tion can take place within a single object or between different objects. As these
two cases cannot be distinguished syntactically, our cooperation test combines
elements from similar rules used in [§] and in [22] for CSP.

Finally, the effect of shared-variable concurrency is handled, as usual, by the
interference freedom test, which is modeled after the corresponding tests in the
proof systems for shared-variable concurrency in [24] and in [22]. In the case
of Java it additionally has to accommodate for reentrant code and the specific
synchronization mechanism. To simplify the proof system we reduce the potential
of interference by disallowing public instance variables in Javayr.

The assertion language consists of two different levels: The local assertion
language specifies the behaviour on the level of method execution, and is used to
annotate programs. The global behaviour, including the communication topology
of the objects, is expressed in the global language used in the cooperation test.
As in the Object Constraint Language (OCL) [34], global assertions describe
properties of object-structures in terms of a navigation or dereferencing operator.

This paper is organized as follows: Section [2 defines the syntax of Javayp
and sketches its semantics. After introducing the assertion language in Section [3]
the main Section [4] presents the proof system. In Section [5] we discuss related
and future work.

2 The Programming Language Javap,r

In this section we introduce the language Javayrr ( “Multi- Threaded Java™). We
start with highlighting the features of Javay;r and its relationship to full Java,
before formally defining its abstract syntax and sketching its semantics.

Javayr is a multithreaded sublanguage of Java. Programs, as in Java, are
given by a collection of classes containing instance variable and method decla-
rations. Instances of the classes, i.e., objects, are dynamically created and com-
municate via method invocation, i.e., synchronous message passing. As we focus
on a proof system for the concurrency aspects of Java, all classes in Javay;r are
thread classes in the sense of Java: Each class contains a start-method that can
be invoked only once for each object, resulting in a new thread of execution.
The new thread starts to execute the start-method of the given object while the
initiating thread continues its own execution.
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All programs are assumed to be well-typed, i.e, each method invoked on
an object must be supported by the object, the types of the formal and actual
parameters of the invocation must match, etc. As the static relationships between
classes are orthogonal to multithreading aspects, we ignore in Javay;r the issues
of inheritance, and consequently subtyping, overriding, and late binding. For
simplicity, we also do not allow method overloading, i.e., we require that each
method name is assigned a unique list of formal parameter types and a return
type. In short, being concerned with the verification of the run-time behavior,
we assume a simple monomorphic type discipline for Javayr.

2.1 Abstract Syntax

Similar to Java, the language Javapr is strongly typed. We use t as typical
element of types. As built-in primitive types we restrict to integers and booleans.
Besides the built-in types Int and Bool, the set of user-definable types is given by
a set of class names C, with typical element c. Furthermore, the language allows
pairs of type t1 X t2 and sequences of type listt. Methods without a return value
will get the type Void.

For each type, the corresponding value domain is equipped with a standard
set I of operators with typical element f. Each operator f has a unique type
tp X --- xt, — t and a fixed interpretation f, where constants are operators
of zero arity. Apart from the standard repertoire of arithmetical and boolean
operations, F' also contains operations on tuples and sequences like projection,
concatenation, etc.

Since Javayr is strongly typed, all program constructs of the abstract syntax
are silently assumed to be well-typed. In other words, we work with a type-
annotated abstract syntax where we omit the explicit mentioning of types when
no confusion can arise.

For variables, we notationally distinguish between instance and local vari-
ables, where instance variables are always private in Javapp. They hold the
state of an object and exist throughout the object’s lifetime. Local variables
play the role of formal parameters and variables of method definitions. They
only exist during the execution of the method to which they belong and store
the local state of a thread of execution.

The set of variables Var=IVar U TVar with typical element y is given as
the disjoint union of the instance and the local variables. Var® denotes the set of
all variables of type t, and correspondingly for IVar® and TVar'. As we assume
a monomorphic type discipline, Var’ N Var' =0 for distinct types t and t'. We
use as typical elements x,2’, z1, ... for IVar and u, v, u1, ... for TVar.

Table [l contains the abstract syntax of Javayr. Since most of the syntax is
standard, we mention only a few salient constructs and restrictions. We distin-
guish between side-effect-free expressions e € Expi and those with side effects
serp € SExpi, where c is the class in which the expression occurs and t is its
type. We will use similar conventions concerning sub- and superscripts for other
constructs. Methods can be declared as non-synchronized or synchronized. The
body of a method m of class ¢ we denote by body,, .. As mentioned earlier, all
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classes in Javayr are thread classes; the corresponding start- and run-methods
are denoted by methgay and methy,,. The main class classmain contains as entry
point of the program execution the specific method methmain with body body,.in-

To simplify the proof system, we make the following additional restrictions:
Method invocation and object creation statements may not refer to instance
variables. We also disallow assignments to formal parameters. For methods, we
assume that their bodies are terminated by a single return statement.

Table 1. Javayr abstract syntax

exp ==z | u | this | nil | f(ezp,...,exp) ecExp expressions
sexp ::= new® | exp.m(exp, ..., exp) sexpeSExp side-effect exp
stm = sexp | x := exp | u:= exp | u = sexp
| €| stm; stm | if exp then stm else stm
| while exp do stm. .. stmeStm statements
modif ::= nsync | sync modifiers
rexp ::= return | return ezp
meth ::= modif m(u,...,u){ stm;rexp} meth€ Meth ~ methods
methwn := modif run(){ stm;return } metheun€ Meth run-meth.
methstare ::= nsync start(){ this.run(); return } methsian € Meth start-meth.
methmain ::= nsync main(){ stm;return } methmain € Meth main-meth.
class ::= c¢{meth...meth methwn methstar} classe Class class defn’s
classmain ::= c{meth...meth methwn methsar Methmain} classmain € Class main-class
prog ::= (class. . .class clasSmain) programs

2.2 Semantics

States and configurations. For each type t, Val' denotes its value domain,
where Val is given by |J, Val®. Specifically, for class names ¢ € C, the set Val®
with typical elements «, 3, ... denotes an infinite set of object identifiers, where
the domains for different class names are assumed to be disjoint. For each class
name c, the constant nil® ¢ Val® defines the value of nil of type c. In general
we will just write nil when c is clear from the context. We define Val;,, as
Val® U {nil°}, and correspondingly for compound types; the set of all possible
values Val,,;, is given by |, Val’,,.

A local state 7 € Xjoc of type TVar U {this} — Val,,; holds the values of
the local variables. Especially it contains a reference this € dom(7) to the object
in which the corresponding thread is currently executing. A local configuration
(7, stm) specifies, in addition to a local state, the point of execution. A thread
configuration £ is a non-empty stack (7o, stmo)(71, stmy) ... (7, stmy) of local
configurations, representing the chain of method invocations of the given thread.
An instance state o5, € Xins of type IVar — Val,,, assigns values to the
instance variables of class c¢. In the following we write o,,,, when the class ¢
is clear from the context. A global state o € X is a partial function of type
(Ueee Val®) = Zinst and stores for each currently existing object a € Val® its
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object state o§,,,. The state of an existing object « in a global state ¢ is given by
o(a). The set of existing objects of type ¢ in a state o is given by dom°(c). We
define dom'™ (o)=Int and dom®°(c)=Bool, and correspondingly for compound
types, where dom(c) = |J, dom'(c). We write domS;(0) = dom®(c) U nil®.
For compound types t the set dom!,, is defined analogously, and dom (o) is
given by |J, doml,;,. A global configuration (T, o) consists of a set T of thread
configurations describing the currently executing threads, and a global state o
describing the currently existing objects.

Operational semantics. Computation steps of a program are represented by
transitions between global configurations. In the informal description we con-
centrate on the object-oriented constructs and those dealing with concurrency.
The formalization as structural operational semantics is given in [3]. Executing
u:=new® creates a new object of type ¢ and initializes its instance variables, but
does not yet start the thread of the new object. This is done by the first invo-
cation of the start-method, thereby initializing the first activation record of the
new stack. Further invocations of the start-method are without effect.

The invocation of a method extends the call chain by creating a new local
configuration. After initializing the local state, the values of the actual param-
eters are assigned to the formal parameters, and the thread begins to execute
the body of the corresponding method. Synchronized methods of an object can
be invoked only if no other threads are currently executing any synchronized
methods of the same object. This mutual exclusion requirement is expressed in
terms of a predicate on a set of thread configurations. This way, the semantics
abstracts from any particular implementation of the synchronization mechanism.

When returning from a method call, the callee evaluates its return expression
and passes it to the caller which subsequently updates its local state. The execu-
tion of the method body then terminates and the caller can continue. Returning
from a method without return value is analogous. Returning from the body of
the main-method or of a start-method is treated differently in that there does
not exist an explicit local configuration of the caller in the stack.

The initial configuration (T, 09) of a program satisfies the following: Ty =
{(Tnit, b0dY main) }, Where ¢ is the type of the main class, « € Val®, and 7, is the
initial local state assigning « to this, and nil, 0, and false to class-typed, inte-
ger, and boolean variables, and correspondingly for composed types. Moreover,
dom(og)={a} and og(a)=01%,, where o7, is the initial object state assign-
ing initial values to variables as in 7,;. We call a configuration (T, o) reachable
iff there exists a computation (Ty,0¢) —* (T, 0), where (Ty, 0g) is the initial
configuration and —* is the reflexive transitive closure of —.

3 The Assertion Language

In this section we define two different assertion languages. The local assertion
language is used to annotate methods directly in terms of their local variables and
of the instance variables of the class to which they belong. The global assertion
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language describes a whole system of objects and their topology, and will be
used in the cooperation test.

In the assertion language, we introduce as usual a countably infinite set LVar
of well-typed logical variables disjoint from the instance and the local variables
occurring in programs. We use z as typical element of LVar, and write LVar?
when specific about the type. Logical variables are used as bound variables in
quantifications and, on the global level, to represent the values of local variables.
To be able to argue about communication histories, we add the type Object as
the supertype of all classes into the assertion language.

Table[2 defines the syntax of the assertion language. Local expressions exp; €
LEa:pf: of type t in class ¢ are expressions of the programming language possi-
bly containing logical variables. In abuse of notation, we use e, €’... not only
for program expressions of Table [[I but also for typical elements of local ex-
pressions. Local assertions ass; € LAss. in class ¢, with typical elements p, ¢,
and r, are standard logical formulas over local expressions, where unrestricted
quantification 3z(p) is only allowed for integer and boolean domains, i.e., z is
required to be of type Int or Bool. Besides that, 3z € e(p), resp., 3z C e(p)
assert the existence of an element denoted by z € LVar?, resp., a subsequence
z € LVar™tt of a given sequence e € LEzp™! for which a property p holds.
Restricted quantification involving objects ensures that the evaluation of a local
assertion indeed only depends on the values of the instance and local variables.

Global expressions exp, € GEzxp" of type t with typical element E are con-
structed from logical variables, nil, operator expressions, and qualified references
E.z to instance variables x of objects E. Global assertions assy € GAss, with
typical elements P, @, and R, are logical formulas over global expressions. Dif-
ferent to the local assertion language, quantification on the global level is allowed
for all types. Quantifications 3z(P) range over the set of ezisting values only,
i.e., the set of objects dom,; (o) in a global configuration (T, o). The semantics
of the assertion languages is standard and omitted (cf. [6]).

Table 2. Syntax of assertions

exp, ==z | x | u | this | nil | f(ezp,,..., exp;) e € LExp  local expressions
ass; ::= exp, | mass; | ass; A ass;
| Jz(ass;) | 3z € exp;(ass;) | Iz C exp,(ass;) p € LAss  local assertions

z | nil | f(exp,, ..., exp,) | exp .z E € GExp global expressions
exp, | nassy | assg A assg | Iz(assg) P € GAss global assertions

exp,
assg

The verification conditions defined in the next section involve the follow-
ing substitution operations: By p[€/¢] we denote the standard capture-avoiding
substitution. The effect of assignments to instance variables is expressed on the
global level by the substitution P[E/z.Z], which replaces in P the instance vari-
ables & of the object referred to by z by the global expressions E. To accom-
modate properly for the effect of assignments, though, we must not only syntac-
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tically replace the occurrences z.x; of the instance variables, but also all their
aliases E'.x;, when z and the result of the substitution applied to E’ refer to the
same object. As the aliasing condition cannot be checked syntactically, we define
the main case (E'.z;)[E/z.Z] of the substitution by the conditional expression
if E'[E/2.%]=z then E; else (E'[E/z.Z]).x; fi [6]. We also use P|E/z.7) for ar-
bitrary variable sequences ¥/, where local variables are untouched. To express on
the global level a property defined by a local assertion p, we define the substi-
tution pl[z, E /this, @], where the logical variable z is assumed to occur neither in
P nor in E, by simultaneously replacing in p all occurrences of the self-reference
this by z, transforming all occurrences of instance variables x into qualified refer-
ences z.x, and substituting all local variables u; by the given global expressions
E;. For unrestricted quantifications (3z'(p))][z, E /this, @] the substitution applies
to the assertion p. Local restricted quantifications are transformed into global
unrestricted ones where the relations € and C are expressed at the global level
as operators. For notational convenience, we sometimes view the local variables
occurring in p[z/this] as logical variables. Formally, these local variables should
be replaced by fresh logical variables.

4 Proof System

This section presents the assertional proof system for reasoning about Javay;r
programs, formulated in terms of proof outlines [24/13], i.e., where Hoare-style
pre- and postconditions [I4]T8] are associated with each control point. The proof
system has to accommodate for shared-variable concurrency, aliasing, method
invocation, synchronization, and dynamic object creation.

To reason about multithreading and communication, first we define a pro-
gram transformation by introducing new communication statements that model
explicitly the communication mechanism of method invocations, then augment
the program by auxiliary variables, and, finally, introduce critical sections.

4.1 Program Transformation

To be able to reason about the communication mechanism of method invo-
cations, we split each invocation u:=ey.m(€) of a method different from the
start-method into the sequential composition of the communication statements
eo.m(€) and receive u. Similarly for methods without a return value, ey.m(€) gets
replaced by eg.m(€); receive.

Next, we augment the program by fresh auziliary variables. Assignments can
be extended to multiple assignments, and additional multiple assignments to
auxiliary variables can be inserted at any point. We introduce the specific auxil-
iary variables callerobj, id, lock, critsec, and started to represent information about
the global configuration at the proof-theoretical level. The local variables callerobj
and id are used as additional formal parameters of types Object and Object x Int,
resp. The parameter callerobj stores the identity of the caller object, where id
stores the identity of the object in which the corresponding thread has begun its
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execution, together with the current depth of its stack. Each statement ey.m(€)
gets extended to ep.m(this, callee(id), €), where callee(a,n)=(a,n + 1). If m is
the start-method, the method call statement is extended to ey.m(this, (eg,0), €),
instead. The formal parameter lists get extended correspondingly. The variables
callerobj and id of the thread executing the main-method in the initial configu-
ration are initialized to nil and (a,0), resp., where « is the initial object. The
auxiliary instance variable lock of the same type Object x Int is used to rea-
son about thread synchronization: The value (nil,0) states that no threads are
currently executing any synchronized methods of the given object; otherwise,
the value («,n) identifies the thread which acquired the lock, together with the
stack depth n, at which it has gotten the lock. The auxiliary variable lock will
be only used to indicate who owns the lock, i.e., it is not used to implement
the synchronization mechanism (e.g. by means of semaphores and the like). The
meaning of the boolean auxiliary instance variable critsec will be explained after
the introduction of critical sections. The boolean instance variable started states
whether the object’s start-method has already been invoked.

Finally, we extend programs by critical sections, a conceptual notion, which is
introduced for the purpose of proof and, therefore, does not influence the control
flow. Semantically, a critical section (stm) expresses that the statements inside
are executed without interleaving with other threads. To make object creation
and communication observable, we attach auxiliary assignments to the corre-
sponding statements; to do the observation immediately after these statements,
we enclose the statement and the assignment in critical sections. The formal re-
placement of communication and object creation statements, and method bodies
is defined in Table 3.

Table 3. Critical sections

Replace each statement of the form by
eo.m(€) (e0.m(€); y1:=€1)
method body stm; rexp (Yo:=82); stm; (rexp; §3:=E3)
receive u (receive u; Ya: =€)
receive (receive; ya:=@€1)
u:=new u:=new; §j:=¢)
new (new; 7:=€)

Critical sections of method call and return statements, representing the send-
ing parts of communication, contain the assignments critsec:=(ey=this) and
critsec:=(callerobj=this), resp. Correspondingly for the receiver part, the criti-
cal sections at the beginning of method bodies and that of receive statements
include the assignment critsec:=false. IL.e., critsec states whether there is a thread
currently communicating within the given object, i.e., executing some self-calls
or returning from a method within the object, such that the observation of the
sender part is already executed but not yet that of the receiver part. Criti-
cal sections at the beginning of start-methods contain additionally the assign-
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ment started:=true; in case of a synchronized method, 75:=¢€> and ¥3:=¢€3 in-
clude the assignments lock:=getlock(lock, id) representing lock reservation and
lock:=release(lock, id) representing lock release, where getlock (lock, id) is given by
lock if lock#(nil,0) and id, otherwise; correspondingly, release(lock, id) equals
lock if lock#id and (nil,0), otherwise. The vectors ¥, 1, ..., Js from above are
auxiliary variable sequences; the values of the auxiliary variables callerobj, id,
lock, critsec, and started are changed only in the critical sections, as described.

As auxiliary variables do not change the control flow of the original program,
we can schedule the execution order of the augmented program as follows: For
method call statements, after communication of the parameters, first the auxil-
iary assignment of the caller and then that of the callee is executed. Conversely,
for return, the communication of the return value is followed by the execution of
the assignment of the callee and then that of the caller, in this order. Note that
these three steps for method invocation and return may not be interleaved by
other threads. Control points within a critical section and at the beginning of a
method body, which we call non-interleaving points, do not change the program
behaviour. All other control points we call interleaving points.

To specify invariant properties of the system, the transformed programs are
annotated by attaching local assertions to all control points. Besides that, for
each class ¢, the annotation defines a local assertion I. called class invariant,
which refers only to instance variables, and expresses invariant properties of
the instances of the class. Finally, the global invariant GI € GAss specifies
the communication structure of the program. We require that for all qualified
references E.x in GI with £ € GEzp©, all assignments to x in class ¢ are enclosed
in critical sections. An annotated transformation of prog, denoted by prog’, is
called a proof outline. For annotated programs, we use the standard notation
{p} stm {q} to express that p and ¢ are the assertions in front of and after the
statement stm. We call pre(stm)=p and post(stm)=gq the pre- and postconditions
of stm.

4.2 Proof System

The proof system formalizes a number of verification conditions which ensure
that in each reachable configuration all preconditions are satisfied, and that the
class and global invariants hold. To cover concurrency and communication, the
verification conditions are grouped into local correctness conditions, an interfer-
ence freedom test, and a cooperation test.

Before specifying the verification conditions, we first fix some auxiliary func-
tions and notations. Let InitValue : Var — Val be a function assigning an initial
value to each variable, that is nil, false, and 0 for class, boolean, and integer
types, respectively, and analogously for composed types, where sequences are
initially empty. For each class ¢, let IVar, be the set of instance variables in
class ¢, and let Init(z) denote the global assertion /\xEIVarC z.x=InitValue(z),
for all z € LVar€¢, expressing that the object denoted by z is in its initial object
state. The predicate samethread((a1,n1), (a2, n2)), defined by aj=as, charac-
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terizes the relationship between threads. Similarly, the relation < of the same
type is given by (aq,n1) < (ag,n9) iff a;=as and ny < ns.

Initial correctness. Initial correctness means that the precondition of the main
statement is satisfied by the initial object and local states, where id=(this, 0) and
all other variables have their initial values. Furthermore, the global invariant is
satisfied by the first reachable stable configuration, i.e., by the global state after
the execution of the critical section at the beginning of the main-method.

Definition 1. A proof outline prog’ is initially correct, if

= pre(bodymaiq)[(this, 0) /id][Init Value (i) /9], (1)
Eg 3z ( z#nil A Init(2) AVZ' (2'=nil v z:z’)) — 32 (GIé&/z.7]), (2

/N

where body .in={Y1:=€1); stm is the body of the main-method, §j are the variables
occurring in pre(body,,...), z is of the type of the main class, and z' € LVarO®ect,

Local correctness. A proof outline is locally correct, if the usual verification
conditions [7] for standard sequential constructs hold: The precondition of a mul-
tiple assignment must imply its postcondition after the execution of the assign-
ment. For assignments occurring outside of critical sections, —critsec expresses
the enabledness of the assignment. Furthermore, all assertions of a class are re-
quired to imply the class invariant. Inductivity for statements involving object
creation or communication are verified on the global level in the cooperation
test.

Definition 2. A proof outline is locally correct, if for each class ¢ with class
mwvariant I., all multiple assignments §:=€ and orit:=€crit occurring outside
and inside of critical sections, resp., and all statements stm in class c,

= pre(y:=¢€) A —critsec — post(§:=€)[€/] (3)
':,C pre(ﬁcrit::gcrit) - pOSt(gcrit::§crit)[gcrit/gcrit] (4)
Er (pre(stm) — I.) A (post(stm) — I.). (5)

The interference freedom test. In this section we formalize conditions that
ensure the invariance of local properties of a thread under the activities of other
threads. Since we disallow public instance variables in Javayr, we only have to
deal with the invariance of properties under the execution of statements within
the same object. Containing only local variables, communication and object
creation statements do not change the state of the executing object. Thus we
only have to take assignments ¢:=¢€ into account.

Satisfaction of a local property of a thread at an interleaving point may
clearly be affected by the execution of assignments by a different thread in the
same object (Eq. ([B). If, otherwise, the property describes the same thread that
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executes the assignment, the only interleaving points endangered are those wait-
ing for a return value earlier in the current execution stack, i.e., we have to show
the invariance of preconditions of receive statements (Eq. (@)). Since an object
can call a method of itself, the preconditions of method bodies and the post-
conditions of receive statements, representing non-interleaving points, must be
proven interference free, as well: For method invocation, after communication,
the caller executes the assignment of its critical section (ey.m(€); #1:=8), which
may affect the precondition of the body of the called method (Eq. (§)). Like-
wise when returning from a method, after communicating the return value, first
the callee executes the multiple assignment of its critical section (rezp;¢s:=es),
which can affect the postcondition of the receive statement of the caller (Eq. (@)).

Definition 3. A proof outline is interference free, if for all classes c the follow-
ing conditions hold, where we denote by p’ the assertion p with each local variable
u different from this replaced by a fresh one denoted by u':

— For all statements y:=¢ in a critical section and all assertions p representing
an interleaving point in class ¢, if not both the statement and the assertion
occur in a synchronized method, then

=c p' A pre(§:=€) A ~samethread(id’,id) — p'[€/7]. (6)

For statements y:=¢€ in critical sections we have the additional antecedent
—critsec.

— For all statements ij:=€ in a critical section and all assertions p in c, if p is
the precondition of a receive statement, then

Er o Apre(y:=¢) Aid" < id — p'[€/7]. (7)

If 4:=¢€ occurs outside of critical sections, we have the additional antecedent
—critsec.

— For all statements (eg.m(d); §:=€) in c with ey € Exp, if p is the precondi-
tion of the body of m#start in ¢, then

Ec p' A pre(§:=€) A eg=this A id'=callee(id) — p'[¢/7]. (8)
If m=start, then id'=(this,0) replaces id'=callee(id).
— For all statements (rexp; §:=¢€) in a method m of ¢, if p is the postcondition
of a receive statement preceded by a critical section invoking method m of
eo € Expt, then

Er o A pre(§:=€) A e, =this A id=callee(id") — p'[¢/7]. (9)

Note that we have to replace the local variables different from this occurring
in p to avoid name clashes with those in 3:=¢€ and its associated precondition.
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The cooperation test. Whereas the verification conditions associated with
local correctness and interference freedom cover the effects of assigning side-
effect-free expressions to variables, the cooperation test deals with method call
and object creation. Since different objects may be involved, it is formulated in
the global assertion language. We start with the cooperation test for method
invocations.

In the following definition, the logical variable z denotes the object calling
a method and 2z’ refers to the callee. The cooperation test assures that the
local assertions at both ends of the communication hold, immediately after the
values have been communicated. When calling a method, the postcondition of
the method invocation statement and the precondition of the invoked method’s
body must hold after passing the parameters (Eq. (I0)). In the global state
prior to the call, we can assume that the global invariant, the precondition of the
method invocation at the caller side, and the class invariant of the callee hold. For
synchronized methods, additionally the lock of the callee object is free, or the lock
has been acquired in the call chain of the executing thread. This is expressed by
the predicate isfree(z’.lock, id) defined as z’.lock=(nil, 0) vV z’.lock < id, where id is
the identity of the caller. Equation (IT]) works similarly, where the postconditions
of the corresponding return- and receive-statements are required to hold after the
communication when returning from a method. Note that we rename the local
variables of the callee in order to avoid name clashes with that of the caller.

The global invariant GI, which describes invariant properties of a program,
is not allowed to refer to instance variables whose values are changed outside of
critical sections. Consequently, it will be automatically invariant over the execu-
tion of statements outside of critical sections. For the critical sections themselves,
however, the invariance must be shown as part of the cooperation test. A differ-
ence between the treatment of the local assertions and the global invariant is,
that the latter does not necessarily hold immediately after communication, but
only after the accompanying assignments to the auxiliary variables of both the
caller and callee have been completed. This is reflected in the two substitutions
applied to the global invariant on the right-hand sides of the implications.

Invoking the start-method of an object whose thread is already started, or
returning from a start-method or from the first execution of the main-method
does not have communication effects; Equations (I2) and ([3) take care about
the validity of the postconditions and the invariance of the global invariant.

Definition 4. A proof outline satisfies the cooperation test for communication,
if for all classes ¢ and statements (ey.m(€); §1:=€1); (receive v; §4:=8) in ¢ with
eo € Expt , where method m of ¢ with formal parameter list @ is synchronized
with body,, .=(y2:=E€); stm; (return e,e;; §3:=¢€3),
Eg GI A pre(eg.m(€))[z/this| A I/[2'/this] A ep[z/this|=2" A isfree(2’.lock, id)
— post(eo-m(&))[z/this] A pre’ (body,,, ./)[2', E /this, @] A
GIEy /7 if)[Er /2] (10)
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g GI A pre/(return ey )[2', E /this, @ A pre(receive v)[z/this] A eo[z/this|=2"
— post’ (return eyet)[2', E /this, @] A post(receive v)[z, Eyes /this, v] A
GI[E4/Z«ﬁ4] [Es/zlﬂs]» (11)

where z € LVar® and 2 € LVar® are distinct fresh logical variables, and id is the
auzxiliary local variable of the caller viewed as logical variable on the global level.
The assertion pre'(body,, ) is pre(body,, .) with every local variable except
the formal parameters and this, of class, boolean, or integer type replaced by nil,
false, or 0, respectively, and correspondingly for composed types; pre’ (return eye;),
post’(return eet), and e, denote the given assertions and expressions with every
local variable except the formal parameters and this replaced by a fresh one. Fur-
thermore, Ey=e[z/this], E;=&[2', E /this, @] for j=2,3, Es=8[z, Ere/this, ],
where E=élz/this| and E,; = el |2, E/this,@]. For the invocation of non-
synchronized methods, the antecedent isfree(z' lock,id) is dropped. The verifica-
tion conditions for methods without return value are analogous. For invocations
of start-methods, only (I0) applies with the additional antecedent —z' .started. For

the case that the thread is already started,

Eg GI A pre(eg.start(€))[z/this] A I.[2' /this] A eg[z/this]=2" A 2’ started

€
— post(eg.start(€))[z/this] A GI[E) /z.1] (12)
have to be satisfied. Finally, for statements (return; gjz:=&s) in the main-method
or in a start-method,

=g GI A pre(return)[2’ /this] A id=(2',0)
— post(return)[2/ /this] A GI[Es /2" .ijs). (13)

The substitution of @ by E in the condition pre(body)[z’, E /this, @] reflects
the parameter-passing mechanism, where E are the actual parameters € repre-
sented at the global assertional level. This substitution also identifies the callee,
as specified by its formal parameter id. Note that the actual parameters do not
contain instance variables, i.e., their interpretation does not change during the
execution of the method body. Therefore, E can be used not only to logically
capture the conditions at the entry of the method body, but at the exit of the
method body, as well, as shown in Equation ().

Furthermore, the cooperation test needs to handle critical sections of object
creation taking care of the preservation of the global invariant, the postcondition
of the new-statement, and the new object’s class invariant. The extension of the
global state with a freshly created object is formulated in a strongest postcon-
dition style, using existential quantification to refer to the old, changed value,
i.e., 2’ of type LVar'stObiect represents the existing objects prior to the extension.
Moreover, that the created object’s identity is fresh and that the new instance
u is properly initialized is captured by the global assertion Fresh(z’,u) defined
as u#nil Au & 2 A Init(u) AVo(v € 2' V v=u), where 2z’ € LVar'stObiect and
Init(u) is as defined in Section B2l To have quantifications on the left-hand side
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of the implication to refer to the set of existing objects before the new-statement,
we need to restrict any existential quantification to range over objects from 2/,
only. For a global assertion P we define its restriction P | 2z’ by replacing all
quantifications 3z(P’) in P by 3z(z € 2’ AP’), when z is of type ¢ or Object, and
by 3z(z C 2/ A P’), when z is of type list ¢ or list Object, and correspondingly for
composed types.

Definition 5. A proof outline satisfies the cooperation test for object creation,
if for all classes ¢ and statements (u:=new®; §:=€) in c':

g 32 (Fresh(zﬂu) A (GI A Ju(pre(u:=new®)[z/this])) | z’) (14)
— post(u:=new®)|[z/this] A I[u/this] A GI[E /2.7,

with, fresh logical variables z € LVar® and ' € LVar'stOPet  and E=éz/this).

Theorem 1. The proof method is sound and relative complete.

The soundness of our method is shown by a standard albeit tedious induction on
the length of the computation. Proving its completeness involves the introduction
of appropriate assertions expressing reachability and auxiliary history variables.
The details of the proofs can be found in [3].

5 Conclusion

In this paper we introduce an assertional proof method for a multithreaded sub-
language of Java. In [2] the basic ideas have been introduced for proof outlines
by means of a modular integration of the interference freedom and the cooper-
ation test for a more restricted version of Java. The present paper offers such
an integration for a more concrete version of Java by incorporating Java’s reen-
trant synchronization mechanism. This requires a non-trivial extension of the
proof method by a more refined mechanism for the identification of threads. Its
soundness and completeness is proved in [3]. As such, our paper presents a first
assertional proof method for reasoning about threads in Java which is complete
in the sense that it forms a basis for extending our proof method to more specific
Java-synchronization methods, such as wait(), notify(), and notifyAll(), and the
important feature of exception handling [20].

Most papers in the literature focus on sequential subsets of Java [28/T0J26/27],
[IUBTTE2I33]. Formal semantics of Java, including multithreaded execution,
and its virtual machine in terms of abstract state machines is given in [29]. A
structural operational semantics of multithreaded Java can be found in [12)].

Currently we are developing in the context of the European Fifth Frame-
work RTD project Omega and the bilateral NWO/DFG project MobiJ a front-
end tool for the computer-aided specification and verification of Java programs
based on our proof method. Such a front-end tool consists of an editor and a
parser for annotating Java programs, and of a compiler which translates these
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annotated Java programs into corresponding verification conditions. A theorem
prover (HOL or PVS) is used for verifying the validity of these verifications con-
ditions. Of particular interest in this context is an integration of our method
with related approaches like the LOOP project [17123].

More in general, our future work focuses on including more features of mul-
tithreading, inheritance, and polymorphic extensions involving behavioral sub-

typing [B].
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Abstract. This paper focuses on the integration of reachability and ob-
servability concepts within an algebraic, institution-based framework. We
develop the essential notions that are needed to construct an institution
which takes into account both the generation- and observation-oriented
aspects of software systems. Thereby the underlying paradigm is that the
semantics of a specification should be as loose as possible to capture all
its correct realizations. We also consider the so-called “idealized models”
of a specification which are useful to study the behavioral properties a
user can observe when he/she is experimenting with the system. Finally,
we present sound and complete proof systems that allow us to derive
behavioral properties from the axioms of a given specification.

1 Introduction

Reachability and observability concepts are both equally important in system
specifications. Reachability concepts focus on the specification of generation
principles usually presented by a set of constructors. Most algebraic specifi-
cation languages incorporate features to express reachability like, for instance,
the CASsL language [1]. Observability concepts are used to specify the desired ob-
servable properties of a program or software system (see, e.g., [17, 18, 15, 16, 8]).
Particular institutions which formalize the syntactic and semantic aspects of ob-
servability were introduced in [10] (hidden algebra) and in [11] (observational
logic). In [5] we have shown that by dualization of observational logic one obtains
a novel treatment of reachability, called the constructor-based logic institution.
Both frameworks capture, either from the observability or from the reachability
point of view, the idea that the model class of a specification SP should describe
all correct realizations of SP. In many examples, however, both aspects have to
be considered simultaneously. The aim of this paper is therefore to integrate our
novel treatment of reachability and observational logic in a common, powerful
institution, called the constructor-based observational logic institution.

Of course, we are aware that many approaches in the literature already cover
in some way reachability and/or observability. However, most of them either are
not based on a loose semantics (like [16]) or are too restrictive w.r.t. the inter-
pretation of reachability in the sense that only reachable models are admitted.

* This work is partially supported by the German DFG-project InopSys and by the
German BMBF-project GLOWA-Danube.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 21-36, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Thus standard implementations which simply contain junk (like the realization
of the natural numbers by the integers) are ruled out from the models of a
specification. The ultra-loose approach of [20], the notion of behavioral specifi-
cation w.r.t. a partial observational equality in [6, 12] and the hidden algebra
approach are closely related to our framework. The main difference to [20] is
that no explicit notion of observer or constructor operation is used there while
in our approach they are the basic ingredients of a signature which lead to a
specification methodology and to an institution tailored to observability and
reachability. The partial observational equality of [6] does not take into account
a distinguished set of observer and constructor operations which in our case fa-
cilitates proofs and leads to a powerful notion of signature morphism. The main
difference to the presentation of hidden algebra in [10] is that there the reachable
values are given by a fixed data universe while in our approach constructors can
be defined for arbitrary sorts and hence also for hidden state sorts which we
believe is important to deal with reachable states.

We assume that the reader is familiar with the basic notions of algebraic
specifications (see, e.g., [14, 2]), like the notions of (many-sorted) signature
Y = (S,0P) (where S is a set of sorts and OP is a set of operation sym-
bols op : s1,...,8, — 8), (total) Y-algebra A = ((As)ses, (0p™)opcop), class
Alg(X) of all X-algebras, X-term algebra Tx(X) over a family of variables X
and interpretation I, : Tx(X) — A w.r.t. a valuation o : X — A. We implicitly
assume throughout this paper that the carrier sets of an algebra are not empty.

2 The Constructor-Based Observational Logic Institution

In this section we develop, step by step, the syntactic and semantic notions
which lead to the constructor-based observational logic institution, called COL
for short. We start by considering so-called COL-signatures which provide the
syntactic basis to integrate reachability and observability concepts in algebraic
system specifications. Technically, a COL-signature consists of a standard alge-
braic signature together with a distinguished set of constructor operations and a
distinguished set of observer operations. Intuitively, the constructors determine
those elements which are of interest from the user’s point of view while the ob-
servers determine a set of observable experiments that a user can perform to
examine hidden states. Thus we can abstract from junk elements and also from
concrete state representations whereby two states are considered to be “obser-
vationally equal” if they cannot be distinguished by observable experiments.

Definition 1 (COL-signature). A constructor is an operation symbol cons :
S1,.-+58, — S with m > 0. The result sort s of cons is called a constrained sort.
An observer is a pair (obs,) where obs is an operation symbol 0bs : s1,..., 8, —
s withn >1 and 1 < i < n. The distinguished argument sort s; of obs is called
a state sort (or hidden sort ).

A COL-signature Ycor, = (X, OPcons, OPobs) consists of a signature X =
(S, 0P), a set OPcons € OP of constructors and a set OPops of observers
(obs, i) with obs € OP.
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The set Scons C S of constrained sorts (w.r.t. OPcons) consists of all sorts
s such that there exists at least one constructor in OPcons with range s. The
set Stoose © S of loose sorts consists of all sorts which are not constrained, i.e.
SLoosc =S \ SCons'

The set Sstate C S of state sorts (or hidden sorts, w.r.t. OPops) consists
of all sorts s; such that there exists at least one observer (0bs,i) in OPops,

0bs 1 81,...,8i,...,8, — s. The set Sops C S of observable sorts consists of all
sorts which are not a state sort, i.e. Sops = S\ Sstate-
An observer (0bs,i) € OPops with profile obs : $1,...,8i,...,8, — s is called

a direct observer of s; if s € Sons, otherwise it is an indirect observer.

Note that in many examples state sorts are also constrained sorts which
allows us to deal with reachable states. We implicitly assume in the following
that whenever we consider a COL-signature Ycor, then Xcor, = (X, OPcons,
OPops) with X = (S, OP) and similarly for X{,; etc.

Ezxample 1. As a running example we consider the following COL-signature
YeooL = (X, OPcons, OPops) for containers of natural numbers where:
XY =(S,0P), S ={ bool, nat, container }
OP = { true : — bool, false: — bool,

0: — nat, succ: nat — nat, add : nat X nat — nat,

empty : — container, insert : container X nat — container,

remove : container X nat— container, isin : container X nat — bool }
OPcons = { true, false, 0, succ, empty, insert }
OPons = { (isin, 1) }
Hence, in this example, all sorts are constrained, container is the only state sort
and the observable sorts are bool and nat. <&

Any set OPcons of constructor symbols (and hence any COL-signature) de-
termines a set of constructor terms.

Definition 2 (Constructor term). Let Ycor, be a COL-signature, and let
X = (Xs)ses be a family of countably infinite sets X of variables of sort s. For
all s € Scons, the set T(Xcor)s of constructor terms with “constrained result
sort” s is inductively defined as follows:

1. Each constant cons : — s € OPcons belongs to T (XcoL)s -

2. For each constructor cons : 81,...,8, — 8 € OPcons with n > 1 and terms
t1,...,tn such that t; is a variable x;:8; if 8; € SLoose and t; € T(XcoL)s,
if 8; € Scons, cons(ti, ..., tn) € T(XcoL)s-

The set of all constructor terms is denoted by T (Xcor). We implicitly assume in

the following that for any constrained sort s € Scons, there exists a constructor
term of sort s.

Note that only constructor symbols and variables of loose sorts are used to
build constructor terms. In particular, if all sorts are constrained, i.e., Scons = 5,
the constructor terms are exactly the (S, OPcons)-ground terms which are built
by the constructor symbols. This is the case, for instance, in the above example.
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The syntactic notion of a constructor term induces, for any X-algebra A,
the definition of a family of subsets of the carrier sets of A, called reachable
part, which consists of all elements which are reachable (from the loose sorts, if
any) with respect to the given constructors. In the following considerations the
reachable part plays a crucial role since it represents those elements which are
of interest from the user’s point of view.

Definition 3 (Reachable part). Let Ycor be a COL-signature. For any
Y-algebra A € Alg(X), the reachable part (w.r.t. OPcons) RzcoL(A) =
(Rscow(A)s)ses of A is defined by:
1. RECOL(A)S = AS, ifS € Shoose-
2. RygoL(A)s = {a € A, | there exists a term ¢t € T(XcoL)s and a valuation
a: X — A such that I,(t) = a}, if s € Scons-

Definition 4 (Reachable algebra). Let Ycor be a COL-signature. A X-
algebra A is called reachable (w.r.t. OPcons) if it coincides with its reachable
part.

Example 2. Consider the signature Ycor, of Example 1 and the following /-
algebra A with carriers:

Apoot = {T, F'}, Anar = Z (set of the integers),

Acontainer = Z* x Z* (pairs of finite lists of integers)

and with operations:

true® =T, falsed = F, 04 =0, succ?(a) = a + 1, add?(a,b) = a + b,

empty? = (<>, <>),

insert((< ay,...,an >, <by,...,by >),a) =
(<ayar,...,an >,<by,....,bym >)ifa#a;fori=1,...,n,
insert®((s,t),a) = (s,t) otherwise,
remove (< ai,...,an >,<bi,...,by >),a) =
(a1, ,Q1,8i41, ..., 0n >, < a,bi, ..., by >) if a; = a and a; # a for
j=1,.. .01,
remove?((s,t),a) = (s,t) otherwise,
isin((< a1,...,ap >,t),a) = Fifa#a; fori=1,...,n,

isin?((s,t),a) = T otherwise.
The above Y-algebra A can be considered as an implementation of containers of
natural numbers whereby the natural numbers are implemented by the integers
and containers are implemented by two finite lists s and ¢ such that s stores the
elements which are actually in the container and ¢ is a “trash” which stores those
elements that have been removed from the container. The remove operation is
defined in an efficient way: only one occurrence of a given element is deleted from
the actual elements of a container. This is sufficient since the insert operation
only stores an element if it does not already belong to the actual elements of a
container. The reachable part R s, (A) of A consists of the following sets:
Rscor (A)pool = {T’ F}7
Rscor (A)nat = N (set of the natural numbers),
R scor (A)container = {(8,<>) | s € N* and each element of s occurs only once
in s}. O
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Let us now focus on the set OP oy of observers declared by a COL-signature
Ycor- The observers determine a set of observable contexts which represent the
observable experiments. In contrast to the inductive definition of constructor
terms, observable contexts are defined in a coinductive style.

Definition 5 (Observable context). Let Ycor, be a COL-signature, let X =
(Xs)ses be a family of countably infinite sets X of variables of sort s and let
Z = ({#s})seSsia. be a disjoint family of singleton sets (one for each state sort).
For all s € Sstate and s’ € Sops the set C(XcoL)s—s 0f observable Xcor-
contexts with “application sort” s and “observable result sort” s' is inductively
defined as follows:

1. For each direct observer (0bs,i) with obs : $1,...,8;,...,8, — 8" and pair-
wise disjoint variables x1:81,...,Tn:Sn,
0bS(T1, .oy i1,y Zsyy Tikls -+ Tn) € C(XCOL) ;s -

2. For each observable context ¢ € C(Xcorn)s—s , for each indirect observer
(0bs,i) with obs : $1,...,8i...,8, — 8, and pairwise disjoint variables
T1:81, - .., T Sy NOt occurring in c,
clobs(T1, ..o i1, Zs;s Tig1y - -+, Zn)/2s] € C(XooL)s;—s
where c[obs(x1, ..., Ti—1,2s;,Tit1,---,Tn)/2s] denotes the term obtained
from ¢ by substituting the term obs(x1,...,Ti—1,2s;, Tit1,---sTn) fOT 25.

The set of all observable contexts is denoted by C(Xcor). We implicitly assume
in the following that for any state sort s € Sstate there exists an observable
context with application sort s.

Note that only the observer operations are used to build observable contexts
For instance, the context isin(2zcontainer, ) is (up to renaming of the variable x)
the only observable context in the container example.

The syntactic notion of an observable context will be used to define, for any
XY -algebra A, a semantic relation, called observational equality, which expresses
indistinguishability of states. As already pointed out, the observable contexts
represent observable experiments which can be applied to examine states. Then
two states are observationally equal if they cannot be distinguished by these
experiments.

If there is no constructor symbol, this intuitive idea can easily be formalized
as done in the observational logic framework, see [11]. However, if we integrate
observability and reachability concepts, we have to be careful with respect to
the role of constructors in observable experiments. For instance, in the container
example, the observable context isin(zecontainer, €) represents a set of observable
experiments on containers which depend on the actual values of the variable x
of sort nat. Since nat is a constrained sort, from the user’s point of view the
only relevant values are representable by a constructor term (and hence belong
to the reachable part). This leads to the following definition of the observational
equality which depends, in contrast to the pure observational approach in [11],
not only on the observers but also on the chosen constructors.

Definition 6 (Observational equality). Let Ycor, be a COL-signature. For
any X-algebra A € Alg(X), the observational Xcop-equality on A is denoted
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by ~xoon,4 and defined as follows. For all s € S, two elements a,b € Ay are

observationally equal w.r.t. Xcor, i.e., @ Rxqop,a b, if and only if

1. a=0b, if s € Sobs ,

2. for all observable sorts s’ € Souns, for all observable contexts ¢ € C(XcoL)s—s
and for all valuations o, B : X U{zs} — A with a(x) = B(x) € Rygo,(A) if
z € X, a(zs) =a and B(zs) = b, we have I,(c) = Ig(c), if s € Sstate-

Definition 7 (Fully-abstract algebra). Let Ycor be a COL-signature. A
Y-algebra A is called fully abstract (w.r.t. YXcor) if the observational Xcor-
equality =xo..4 on A coincides with the set-theoretic equality.

Example 3. Consider the signature YXcop, of Example 1 and the algebra of con-
tainers defined in Example 2 where a container is represented by a pair (s,t)
of finite lists of integers. Two containers (s1,t1) and (s2,¢2) are observationally
equal, (s1,t1) o, 4 (82,t2), if for all natural numbers n, isin’((s1,t1),n) =
isin®((s2,t2),n) holds. By definition of isin?, this means that the same natural
numbers occur in sl and in s2. Thus the observational equality abstracts not
only from the ordering and multiple occurrences of elements, but also from the
occurrences of negative integers and from the content of each “trash” ¢1 and ¢2.
This expresses exactly our intuition according to the given constructors and ob-
servers. For instance, the following container representations are observationally
equal: (< 1,2>,<>) Ryoo.a (<2,-7,2,-3,1>,<6,—4>). &

Up to now the syntactic notion of a COL-signature Ycor, has lead to the
semantic concepts of a reachable part (determined by the constructors) and of
an observational equality (determined by the observers but with an impact of
the constructors) which both have been defined for an arbitrary algebra over the
underlying signature X. As we will see in the following discussion, the construc-
tors and the observers induce also certain constraints on algebras which lead to
the notion of a COL-algebra.

In traditional approaches to reachability, constructor symbols are used to
restrict the admissible models of a specification to those algebras which are
reachable with respect to the given constructors (i.e. to reachable algebras, see
Definition 4). We do not adopt this interpretation since, as many examples show,
it is too restrictive if the semantics of a specification is expected to capture all
correct realizations. For instance, the container algebra of Example 2 is not reach-
able w.r.t. the given constructors but should be usable as a correct realization
of containers. As a consequence, we are interested in a more flexible framework
where the constructor symbols are still essential, but nevertheless non-reachable
algebras can be accepted as models if they satisfy certain conditions. Since the
reachable part represents the elements of interest, one could simply require that
no further elements should be constructible by the non-constructor operations.
Indeed, if we are working in a pure constructor-based framework, this condition
fits perfectly to our intuition (see [5], Section 3). However, if we deal simulta-
neously with observability, this requirement is still too strong because from the
user’s point of view it doesn’t matter if a non-constructor operation yields an
element outside the reachable part as long as this element is observationally
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equal to some other element inside the reachable part. Formally, this condition
is expressed by the following reachability constraint.

Definition 8 (Reachability constraint). Let Ycor, be a COL-signature. For
any X-algebra A € Alg(Y), (Rxqo,(A)) s denotes the smallest X-subalgebra of
A which includes the reachable part Rqq, (A). !

A XY-algebra A satisfies the reachability constraint induced by Ycor,, if for
any a € (Rxgo(A)) 5 there exists b € Ry, (A) such that a =xiq,,.A b.

Example 4. Let A be the container algebra of Example 2. It is obvious that the
reachable part of A is not closed under the operation remove”. For instance,
remove((< 1,2 >,<>),1) = (< 2 >,< 1 >) ¢ Rycon(A)container- In fact,
we have (Rscor, (4))s container = 1(8:) | s,¢ € N* and each element of s occurs
only once in s}. However, any element (s,?) € (Rxoor(A))s: container 15 Observa-
tionally equal to (s,<>) (see Example 3) which is an element of the reachable
part. Considering the sort nat, the reachable elements (which are just the natural
numbers) are preserved under add”, i.e. (R0 (A)) s nat = Rscor (A)nat = N.
Thus A satisfies the reachability constraint induced b}; YcoL- <

Let us now discuss the constraints on a X-algebra A that are induced by
the observers OPgps of a COL-signature Ycor. Since the declaration of ob-
servers determines a particular observational equality on any X-algebra A, the
(interpretations of the) non-observer operations should respect this observational
equality, i.e. a non-observer operation should not contribute to distinguish states.
For this purpose one could simply require that the observational equality is a
XY -congruence on A. Indeed, if we are working in a pure observational framework,
this condition fits perfectly to our intuition (see [11]). However, if we deal simul-
taneously with reachability, this requirement is too strong because computations
performed by a user can only lead to elements in the X-subalgebra (R s, (A4)) s.
As a consequence, it is sufficient to require the congruence property on this sub-
algebra which is expressed by the following observability constraint.

Definition 9 (Observability constraint). Let Ycor be a COL-signature. A
XY -algebra A satisfies the observability constraint induced by Ycor, if ®xcorn.a
is a X-congruence on (Rxqo(A)) 5.

Ezxample 5. The container algebra A of Example 2 satisfies the observability con-
straint of the given COL-signature for containers. Note, however, that ~x.,. 4
is only a X-congruence on (Rx..(A))s but not on the whole algebra A since
remove” does not respect the observational equality for all elements of A.
Consider, for instance, the element (< 1,1 >,<>) ¢ (Rxcon(A))s container-
(< 1,1 >,<>) ~yeor.a (< 1 >,<>) but since remove?((< 1,1 >,<>),1) =
(< 1>,<1>),it is not observationally equal to removed((< 1 >,<>),1) =
(<>, <1>). <&

! Indeed (Rxqoy, (A)) = is the X-subalgebra of A generated by the operations OP over
the carrier sets As with loose sort s.
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Definition 10 (COL-algebra). Let Xcor, be a COL-signature. A Ycop-alge-
bra (also called COL-algebra) is a X-algebra A which satisfies the reachabil-
ity and the observability constraints induced by YXcor. The class of all Xcor-
algebras is denoted by Algcor,(XcoL)-

Note that the satisfaction of the two constraints is essential for defining the
black box semantics of COL-specifications considered in Section 3 and hence for
guaranteeing the soundness of the proof systems in Section 4. In particular the
instantiation rule and the congruence rule of the equational calculus would not
be sound w.r.t. the COL-satisfaction relation defined below without assuming
both the reachability and observability constraints. The following notion of COL-
morphism is a generalization of standard X-homomorphisms.

Definition 11 (COL-morphism). Let A, B € Algqor(Xcor) be two Yeor-

algebras. A Xcor-morphism (also called COL-morphism) h : A — B is an

S-sorted family (hs)ses of relations hs € (RxgoL(A))5.s X (RucoL(B))x.s with

the following properties, for all s € S':

1. Foralla € (Rygo,(A))s.s, there exists b € (Rygo, (B))s,s such that a hg b.

2. Foralla € (RygoL(A)) s, b,V € (RygoL(B))x,s, if a hs b, then (a hy b’
if and only if b =x.o. B0 ).

3. Foralla,d’ € (Rsgo(A))ss, bE Ryoor(B))x.s, ifa hs b and a =xoop 4
a', then a’ hy b.

4. Forallop:sy,...,8, = s€O0P,a; € <RECOL(A)>E,S,;7 bi € <RECOL(B)>E,51"
if a; hs, by fori=1,...,n, then op®(ay,...,a,) hs opB(by,...,b,).

For any COL-signature Xcor, the class Algoon,(Zcon) together with the
Y cor-morphisms is a category which, by abuse of notation, will also be denoted
by Algcor(YcoL)-

In the next step we generalize the standard satisfaction relation of first-order
logic by abstracting with respect to reachability and observability. First, from
the reachability point of view, the valuations of variables are restricted to the
elements of the reachable part only.? From the observability point of view, the
idea is to interpret the equality symbol = occurring in a first-order formula ¢
not by the set-theoretic equality but by the observational equality of elements.

Definition 12 (COL-satisfaction relation). The COL-satisfaction relation
between X -algebras and first-order X-formulas (with variables in X ) is denoted
by Escon and defined as follows. Let A € Alg(X).
1. For any two terms t,r € Tx(X)s of the same sort s and for any valuation
a: X = Ryeon(A), A,a Eseo, t =1 holds if In(t) Rxoop.a La(r).
2. For any arbitrary X-formula ¢ and for any valuation o : X — Ry, (A),
A o Exgo @ is defined by induction over the structure of the formula ¢
in the usual way. In particular, A,a Exoo. Vx:s.e if for all valuations

B:X = Rsoor (A) with 6(:’4) = a(y) forally#z, A, ):ECOL ©-

2 This idea is related to the ultra-loose approach of [20] where the same effect is
achieved by using formulas with relativized quantification.
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3. For any arbitrary X-formula ¢, A =x.o. ¢ holds if for all valuations « :
X = Rzcor (4), A« ':Z‘COL @ holds.

The notation A =5, ¢ is extended in the usual way to classes of algebras
and sets of formulas. Note that the COL-satisfaction relation is defined for ar-
bitrary X-algebras though it will only be used in this paper for COL-algebras.
Note also that for COL-algebras, the COL-satisfaction relation would be the
same if we would have used valuations “a : X — (Ry.,.(A))s” instead of
“a: X — Rxqo(A)” in the above definition.

Definition 13 (Basic COL-specification). A basic COL-specification SPcor,
= (Yoo, Ax) consists of a COL-signature Xcor, = (X, OPcons, OPobs) and a
set Ax of X-sentences, called axioms. The semantics of SPcor is given by its
signature Sigcorn(SPcor) and by its class of models Modcor(SPcor) which
are defined by:

Sigcor(SPcor) ' Yoo
def
MOdCOL(SPCOL) = {A € AlgCOL(ECOL) | A ':Z‘COL AX}

In the following, SPcoL Eseon ¢ means ModcoL(SPcoL) Fseo, - Ac
cording to the flexible satisfaction relation, the model class of a COL-specification
SPcor, describes all algebras which can be considered as correct realizations of
SPcor.

Example 6. The following specification extends the COL-signature of Example 1
by appropriate axioms for containers of natural numbers.3
spec CONTAINER =
sorts bool, nat, container
ops true, false : bool;
0 : nat; succ : nat — nat; add : nat X nat — nat;
empty : container; insert : container X nat — container;
remove : container X nat — container;
isin : container X nat — bool;
constructors true, false, 0, succ, empty, insert
observer (isin, 1)
axioms
Vx,y : nat; c: container
%% standard axioms for booleans and natural numbers, plus

o isin(empty, z) = false (1)
o isin(insert(c,z),x) = true (2)
o 1 # y = isin(insert(c,y),z) = isin(c, x) (3)
e remove(empty, x) = empty (4)
e remove(insert(c, ), x) = remove(c, x) (5)
o 1 #£ y = remove(insert(c,y),x) = insert(remove(c, ), y) (6)

end

3 We use here a syntactic sugar similar to the one of CASL.
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It is important to note that the declaration of constructors and observers
leads to corresponding specification methods. As usual, non-constructor opera-
tions can be defined by a complete case distinction w.r.t. the given constructors.
For instance, the axioms (1) - (3) define the non-constructor isin by a complete
case analysis w.r.t. empty and insert and, similarly, remove is specified by a
constructor complete definition according to the axioms (4) - (6).

On the other hand, also the observers give rise to a specification method
whereby the observable effect of the non-observer operations can be defined by a
complete case distinction w.r.t. the given observers. For instance, axiom (1) can
be considered as an observer complete definition of empty and axioms (2) and
(3) can be considered as an observer complete definition of insert (see [3] for a
general schema of observer complete definitions). Thus the axioms (1) - (3) can
be seen from both sides, from the observational or from the reachability point
of view, the result is the same.

However, this is not the case for the axioms (4) - (6) that specify remove
(which is neither a constructor nor an observer). In this case we have chosen a
constructor style, but we can ask whether we couldn’t use just as well an observer
style with the same semantic result. Indeed it is simple to provide an observer
complete definition of remove by the following two formulas:

o isin(remove(c, ), x) = false (7)

o 1 # y = isin(remove(c,x),y) = isin(c,y) (8)
Obviously, with a standard interpretation, the formulas (7) and (8) are quite
different from the axioms (4) - (6). However, in the COL framework developed
in this paper it turns out that indeed the axioms (4) - (6) could be replaced
by the formulas (7) and (8) without changing the semantics of the container
specification. A formal proof of this fact (using the proof systems developed in
Section 4) is provided in [4].

Let us still point out that the container algebra A of Example 2 is a model
of CONTAINER. Thereby it is essential that the COL-satisfaction relation inter-
prets the equality symbol by the observational equality. Otherwise, axiom (5)
would not be satisfied by A. For instance, if we interpret ¢ by the empty con-
tainer (<>, <>) and z by 1, we have remove?((<>,<>),1) = (<>, <>) and
remove? (insertd((<>,<>),1),1) = remove? (< 1 >,<>),1) = (<>, < 1 >)
where the results (<>, <>) and (<>, < 1 >) are not the same but are observa-
tionally equal.

On the other hand, if we would use (7) and (8) for specifying remove then
it is essential that the COL-satisfaction relation interprets variables by values in
the reachable part. Otherwise, axiom (7) would not be satisfied by the container
algebra A. For instance, if we would interpret ¢ by the non reachable container
(< 1,1 >,<>) and z by 1, we would obtain:
isin® (remove ((< 1,1 >,<>),1),1) = isin?((< 1 >,< 1 >),1) = true. &

The definitions stated above provide the basic ingredients for defining the
constructor-based observational logic institution. Thereby it is particularly im-
portant to use an appropriate morphism notion for COL-signatures which guar-
antees encapsulation of properties with respect to the COL-satisfaction relation
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(formally expressed by the satisfaction condition of institutions, see [9]). To en-
sure that the satisfaction condition holds, the crucial idea is to require that
neither “new” constructors nor “new” observers are introduced for “old” sorts
when composing systems via signature morphisms. This requirement is formally
captured by the following definition.

Definition 14 (COL-signature morphism).

Let Ycor = (X, OPcons, OPobs) and Xior, = (27, OPgons, OPoys) be two

COL-signatures with X = (S, OP) and X' = (S’, OP"). A COL-signature mor-

phism ocor, : Zcor — o, @5 a signature morphism o : X' — X' such that:

1. If op € OPcons, then o(op) € OPq, -

2. If op’ € OPg,s with op’ : s},...,s!, — s' and s' € o(S), then there exists
0p € OPcons such that op’ = a(op).

3. If (op,i) € OPous, then (o(op),i) € OPqy,.

4. If (op',i) € OPgy with op : sy, ... s, — s and s, € 0(S), then there exists
op € OP such that (op,i) € OPops and op’ = o(op).

As a consequence of the definition, for all s € S, the following holds:
s € Scons if and only if 0(s) € Sione S € SLoose if and only if o(s) € 5] oses
s € Ssate if and only if o(s) € S&ia1es S € Sobs if and only if o(s) € S§-

COL-signatures together with COL-signature morphisms form a category
which has pushouts. Moreover, to any COL-signature morphism ocor, : YcoL —
Ybor 1s associated a reduct functor _|soq. @ Algcon(Zéon) — Algcon(Zcor)-
One can also show that the satisfaction condition holds, i.e., for any Xt -
algebra A" € Algcor(Ycor,) and X-sentence p: A’ sy - o(p) if and only if

AI|UC()L ':ECOL ®.

Thus we obtain the constructor-based observational logic institution in a
straightforward way. This institution provides also a suitable framework for
instantiating the institution-independent specification-building operators intro-
duced in [19] and hence for defining structured COL-specifications (which will
not be detailed here).

3 Logical Consequences of Specifications:
The Black Box View

So far we have emphasized the fact that the model class Modcorn(SPcor) of
a COL-specification SPcor, reflects all its correct realizations. In the following
we will refer to Modcor(SPcoL) as the glass box semantics of the specification
SPco1,. Glass box semantics is appropriate from an implementor’s point of view.

Of equal importance are the logical consequences of a given specification.
In this section we focus on the properties ¢ that can be inferred from a given
specification SPcor,. This means that we are interested in statements of the form

SPcoL |:ECOL @ -
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For this purpose it is convenient to abstract the models of a specification into
“idealized” models, such that the consequences of the actual models of a COL-
specification are exactly the consequences of its idealized models, in standard
first-order logic. Hence to any specification SPcor, we will associate the class
of its “idealized” models (which lie in the standard algebraic institution), and
this class will be called the black box semantics of the specification. Black box
semantics is appropriate from a client’s point of view.

Let Ycor be a COL-signature and A be a Ycop-algebra. As pointed out in
the previous section, (R .., (A)) x represents the only elements a user can com-
pute (over the loose carrier sets) by invoking operations. Hence, in a first step, we
can restrict to these elements. Since the observational Ycor-equality ~xgo.,4
on A is a Y-congruence on (Ryx.,.(A))s, we can then construct the quotient
(RxcoL(A)) 2/~ xcon,4 which identifies all elements of (Rxq, (4)) s which are
indistinguishable “from the outside”. (Rx.o.(A))2/~50L.4 can be considered
as the black box view of A and represents the “observable behavior” of A. Note
that (Ryeo (A)) 2/~ seon,a is fully abstract since the observational equality
(w.rt. Zoor) on (Rycorn (A)) 2/~ scow,4 coincides with the set-theoretic equal-
ity. Moreover, since A satisfies by assumption the reachability constraint induced
by YcoL, any element in (R, (A))s is observationally equal to a reachable
element (w.r.t. Xcor), and therefore (Rxyo. (A4))2/~s00r,4 is also a reach-
able algebra. By considering the Ycop-algebra (Rxo(A)) 5/~ xeoL.A just as
a Y-algebra, we obtain (for any signature Ycor,) a functor from the category
Algeorn(Xeoor) of Yoor-algebras into the category Alg(X) of (standard) X-
algebras.

Theorem 1 (Behavior functor). For any COL-signature Ycor = (X,
OPcons, OPops), the following defines a full and faithful functor
RIscor : Algcor(Zoor) — Alg(X). *
1. For each A € Algcor(XcoL), RZ seon(A) def Reco(AN s /~xcor,4 and
1s called the observational behavior of A.
2. For each COL-morphism h: A — B,

RIECOL (h) : <RECOL (A)>2/%ECOL7A - <RECOL (B)>E/%ECOL7B is deﬁned
by RIsco(h)([a]) = [b] if a hb.

Definition 15 (Black box semantics). Let SPcor, be a COL-specification
with signature Sigcor,(SPcorn) = Xcow. Its black box semantics is defined by

[[SPCOL]] déf RIECOL (MOdCOL(SPCQL)).

Theorem 2 (Behavioral consequences). Let Ycor, = (X, OPcons, OPobs)
be a COL-signature, let ¢ be a X-formula, let A be a Ycor-algebra, and let
SPcor be a COL-specification with signature Xcor,-

1. A ':ECQL @ if and only if RT xq,, (A) ': -

2. SPcoL Escor © if and only if [SPcor] E ¢

* The notation RZ s, is chosen to emphasize the intuitive relationship to the
“restrict-identify” steps used in various algebraic implementation concepts.
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This theorem shows the adequacy of the black box semantics. The proof of
the theorem is straightforward by induction on the structure of the formulas.
The next theorem provides a characterization of the black box semantics of a
COL-specification.

Theorem 3 (Black box semantics relies on reachable fully abstract
models). Let SPcor, = (Xcorn, Ax) be a basic COL-specification with signature
Yoor = (X, OPcons, OPops).

[SPcoL] = {¥ —algebra A | A = Ax and A is both reachable and fully abstract
w.r.t. ZCOL}.

For a proof see [4]. For instance, the black box semantics of the container
specification given in Example 6 is (up to isomorphism) the algebra of finite sets
of natural numbers.

4 Proof Systems
for Proving Consequences of Specifications

In the previous section we have shown how to relate the behavioral consequences
of a COL-specification to the consequences in standard first-order logic of the
black box semantics of the given specification. The next step is to find adequate
axiomatizations of the black box semantics in order to be able to define sound
and complete proof systems. According to Theorems 2 and 3, this amounts to
find an axiomatic characterization of reachability and full abstractness. The next
definitions provide the required axiomatizations which, in general, can only be
stated by using infinitary first-order formulas.

Definition 16 (Reachability axiom). Let Xcor, be a COL-signature with un-
derlying signature X. The reachability axiom associated to YXcor, is the sentence

REACH(XcoL) defined by:

REACH(Zcor) ®  /\  REACH(Zcor)s

S$€SCons

where for each constrained sort s € Scons, REACH(XcoL)s is defined by:
REACH(Scov)s © Vais.  \/  3Var(t). o=t
teT (XcoL)s

Definition 17 (Fully abstract axiom). Let Ycor be a COL-signature with
underlying signature Y. The fully abstract axiom associated to YXcor, is the
sentence FA(XcoL) defined by:

FA(ECoL) déf /\ FA(ECOL)S

sE€Sstate

5 IVar(t) is an abbreviation for 3z1:s1....3xn:s, where z1,..., T, are the variables
(of sort s1,...,sn) of the constructor term ¢.
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where for each state sort s € Sstate, FA(XcoL)s is defined by:

FA(XcoL)s ef Y, y:s. /\ VVar(e). clz] =cly] | =2=y.5

s'€Sobs,c€C(XcoL)s— s’

Note that in special cases the above axioms may reduce to finitary ones. For
instance, in the container example, the fully abstract axioms reads:
Vel, c2:container. (Yrnat. isin(cl, x) = isin(c2,x)) = cl = 2.

Proposition 1. Let Ycor, be a COL-signature with underlying signature 3.
A X-algebra A is both reachable and fully abstract w.r.t. Xcor if and only if
A ': REACH(EGOL) A FA(ECQL),

Now let IItrorLEq be a sound and complete proof system for infinitary first-
order logic with equality (see [13]). We obtain a sound and complete proof sys-
tem ITcor, for COL by adding to ITiroreq, as an extra axiom, REACH(Zcor,) A
FA(XcoL) (see [4] for details). The difficulty with the proof system IIcoy, is that,
in general, it uses infinitary formulas (and also infinitary proof rules of ITiroLgq)-
An alternative is to restrict to finitary formulas and to use only a particular set
of infinitary proof rules (see the discussion in [2, Chapter 11]). The idea now
is, instead of “capturing” reachability (full abstractness, respectively) by the
infinitary axiom REACH(Xcor) (FA(XcoL), respectively), to “capture” it by
specialized infinitary proof rules called infinitary induction (infinitary coinduc-
tion, respectively). These infinitary rules are necessary to ensure completeness.

Definition 18 (Infinitary induction). Let Xcor be a COL-signature with
underlying signature Y. The infinitary induction rule il(Xcor) associated to
Yoo is defined by:

. def .

iI(XcoL) = {il(XcoL)s | s € Scons}

where for each constrained sort s € Scons, 11(XcoL)s is defined by:

@[t/z] for all constructor terms t € 7 (XcoL)s

il(Xcor)s e

where ¢ denotes an arbitrary X-formula (with at least a free variable x of sort s).

Definition 19 (Infinitary coinduction). Let Yo, be a COL-signature with
underlying signature X. The infinitary coinduction rule iCI(Xcor,) associated to
YeooL is defined by:

. def .

iCl(Xcor) = {iCl(XcowL)s | 5 € Sstate f

where for each state sort s € Sstate, iICI(XcoL)s is defined by:

!
o = War(c). clz] = cy] for all observable sorts s’ € Sops

iCI(Xcor)s and all contexts ¢ € C(XcoL)s—s
p=xr=y
where @ denotes an arbitrary X -formula.
6 VVar(c) is an abbreviation for Vz1:s1....Van:s, where z1,...,z, are the variables

(of sort s1,...,sn) of the context ¢, apart from its context variable z.
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Now let IIrorLeq be a sound and complete proof system for finitary first-
order logic with equality. We obtain a sound and complete (semi-formal) proof
system I13q;, for COL by adding to the finitary proof system IIrorrq the extra
infinitary proof rules iI(Xcor) and iCI(Xcor)-

Theorem 4. For any COL-signature YcoL, let

HC*OL déf HFOLEq U iI(ECOL) U iCI(ECOL).

Then for any basic COL-specification SPcor, = (XcoL, Ax) and any X-formula
p, we have:
SPcor Esuo @ if and only if Ax g+

doL ¥

In practice, for proving the infinitely many hypotheses @[t/x] of the rule
il(XcoL)s, one would use an induction scheme like structural induction with
respect to the constructor terms 7 (Xcor)s. Similarly, to prove the infinitely
many hypotheses ¢ = VVar(c). c[z] = c[y] of the rule iCI(Xcor)s, one would
use a coinduction scheme according to the coinductive definition of the contexts
C(Xcor)s—s provided in Definition 5.

5 Conclusion

We have seen that the integration of the observational and the constructor-based
logics presented in [11] and [5] leads to a powerful formalism which integrates
observability and reachability concepts in a common institution. An important
aspect, which has not been worked out here, concerns structuring mechanisms
for specifications and structured proof systems which can be defined on top of the
given institution by applying the institution-independent specification-building
operators of [19] and the proof rules for structured specifications of [7]. Future
research concerns the investigation of refinement notions for COL-specifications
and corresponding proof methods.
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Abstract. A temporal logic is presented for reasoning about the cor-
rectness of timed concurrent constraint programs. The logic is based
on modalities which allow one to specify what a process produces as a
reaction to what its environment inputs. These modalities provide an
assumption/commitment style of specification which allows a sound and
complete compositional axiomatization of the reactive behavior of timed
concurrent constraint programs.
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1 Introduction

Many “real-life” computer applications maintain some ongoing interaction with
external physical processes and involve time-critical aspects. Characteristic of
such applications, usually called real-time embedded systems, is the specification
of timing constraints such as, for example, that an input is required within a
bounded period of time. Typical examples of such systems are process controllers
and signal processing systems.

In [5] tcep, a timed extension of the pure formalism of concurrent constraint
programming([24]), is introduced. This extension is based on the hypothesis
of bounded asynchrony (as introduced in [26]): Computation takes a bounded
period of time rather than being instantaneous as in the concurrent synchronous
languages ESTEREL [3], LUSTRE [I5], SIGNAL [19] and Statecharts [16]. Time itself
is measured by a discrete global clock, i.e, the internal clock of the tccp process.
In [5] we also introduced timed reactive sequences which describe at each moment
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in time the reaction of a tccp process to the input of the external environment.
Formally, such a reaction is a pair of constraints (c,d), where ¢ is the input
given by the environment and d is the constraint produced by the process in
response to the input ¢ (such a response includes always the input because of
the monotonicity of ccp computations).

In this paper we introduce a temporal logic for describing and reasoning about
timed reactive sequences. The basic assertions of the temporal logic describe the
reactions of such a sequence in terms of modalities which express either what
a process assumes about the inputs of the environment and what a process
commits to, i.e., has itself produced at one time-instant. These modalities thus
provide a kind of assumption/commitment style of specification of the reactive
behavior of a process. The main result of this paper is a sound and complete
compositional proof system for reasoning about the correctness of tccp programs
as specified by formulas in this temporal logic.

The remainder of this paper is organized as follows. In the next section we
introduce the language tccp and its operational semantics. In Section 3 we in-
troduce the temporal logic and the compositional proof system. in Section 4
we briefly discuss soundness and completeness of the proof system. Section 5
concludes by discussing related work and indicating future research.

2 The Programming Language

In this section we first define the tccp language and then we define formally its
operational semantics by using a transition system.

Since the starting point is ccp, we introduce first some basic notions related
to this programming paradigm. We refer to [2527] for more details. The ccp
languages are defined parametrically wrt to a given constraint system. The notion
of constraint system has been formalized in [25] following Scott’s treatment of
information systems. Here we only consider the resulting structure.

Definition 1. A constraint system is a complete algebraic lattice (C, <,L, true,
false) where U is the lub operation, and true, false are the least and the greatest
elements of C, respectively.

Following the standard terminology and notation, instead of < we will refer
to its inverse relation, denoted by F and called entailment. Formally, Ve, d €
C. c-d < d < c In order to treat the hiding operator of the language
a general notion of existential quantifier is introduced which is formalized in
terms of cylindric algebras [17]. Moreover, in order to model parameter passing,
diagonal elements [IT] are added to the primitive constraints. This leads to the
concept of a cylindric constraint system. In the following, we assume given a
(denumerable) set of variables Var with typical elements x,y, z, . . ..

Definition 2. Let (C, <,U, true, false) be a constraint system. Assume that for
each © € Var a function 3, : C — C is defined such that for any c,d € C:

(i) ek 3.(e), (i) if ckd then () F 3.(d),

(i) Zu(cU Fa(d)) = 3(0) UBa(d), (iv) Fu(3y(0)) = 3y (ale)).
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Moreover assume that for x,y ranging in Var, C contains the constraints dg, (so
called diagonal elements) which satisfy the following azioms:

(v) true b dyg, (Vi) if z # x,y then dyy = 3,(ds U dsy),
(vil) if x # y then dyy U 3z(cU dyy) e

Then C = (C, <, U, true, false, Var, 35, dgy) is a cylindric constraint system.

Note that if C models the equality theory, then the elements d, can be
thought of as the formulas x = y. In the sequel we will identify a system C
with its underlying set of constraints C and we will denote 3,(c) by I.c¢ with
the convention that, in case of ambiguity, the scope of 3, is limited to the first
constraint sub-expression (so, for instance, 3,c¢ U d stands for 3,(c) U d).

The basic idea underlying ccp is that computation progresses via monotonic
accumulation of information in a global store. Information is produced by the
concurrent and asynchronous activity of several agents which can add (tell) a
constraint to the store. Dually, agents can also check (ask) whether a constraint
is entailed by the store, thus allowing synchronization among different agents.
Parallel composition in ccp is modeled by the interleaving of the basic actions
of its components.

When querying the store for some information which is not present (yet) a ccp
agent will simply suspend until the required information has arrived. In timed
applications however often one cannot wait indefinitely for an event. Consider
for example the case of a bank teller machine. Once a card is accepted and its
identification number has been checked, the machine asks the authorization of
the bank to release the requested money. If the authorization does not arrive
within a reasonable amount of time, then the card should be given back to the
customer. A timed language should then allow us to specify that, in case a given
time bound is exceeded (i.e. a time-out occurs), the wait is interrupted and an
alternative action is taken. Moreover in some cases it is also necessary to abort
an active process A and to start a process B when a specific event occurs (this is
usually called preemption of A). For example, according to a typical pattern, A
is the process controlling the normal activity of some physical device, the event
indicates some abnormal situation and B is the exception handler.

In order to be able to specify these timing constraints in ccp we introduce a
discrete global clock and assume that ask and tell actions take one time-unit.
Computation evolves in steps of one time-unit, so called clock-cycles. We con-
sider action prefixing as the syntactic marker which distinguishes a time instant
from the next one. Furthermore we make the assumption that parallel processes
are executed on different processors, which implies that at each moment every
enabled agent of the system is activated. This assumption gives rise to what is
called mazimal parallelism. The time in between two successive moments of the
global clock intuitively corresponds to the response time of the underlying con-
straint system. Thus essentially in our model all parallel agents are synchronized
by the response time of the underlying constraint system.

Furthermore, on the basis of the above assumptions we introduce a timing
construct of the form now ¢ then A else B which can be interpreted as follows:
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If the constraint c is entailed by the store at the current time t then the above
agent behaves as A at time ¢, otherwise it behaves as B at time ¢. As shown
in [5l26] this basic construct allows one to derive such timing mechanisms as
time-out and preemption. Thus we end up with the following syntax of timed
concurrent constraint programming.

Definition 3 (tccp Language [5]). Assuming a given cylindric constraint sys-
tem C the syntax of agents is given by the following grammar:

Az=tell(c) | Y7 ask(c;) — A; | now ¢ then A else B | A || B | 3zA | p(x)

where the ¢, c; are supposed to be finite constraints (i.e. algebraic elements) in
C. A tcep process P is then an object of the form D.A, where D is a set of
procedure declarations of the form p(z) :: A and A is an agent.

Action prefixing is denoted by —, non-determinism is introduced via the
guarded choice construct Y ., ask(¢;) — A;, parallel composition is denoted
by ||, and a notion of locality is introduced by the agent A which behaves
like A with x considered local to A, thus hiding the information on x provided
by the external environment. In the next subsection we describe formally the
operational semantics of tcep. In order to simplify the notation, in the following
we will omit the >°"" | whenever n = 1 and we will use tell(c) — A as a shorthand
for tell(c) || (ask(true) — A). In the following we also assume guarded recursion,
that is we assume that each procedure call is in the scope of an ask construct.
This assumption, which does not limit the expressive power of the language, is
needed to ensure a proper definition of the operational semantics.

2.1 Operational Semantics

The operational model of tccp can be formally described by a transition sys-
tem T = (Conf,—) where we assume that each transition step takes ex-
actly one time-unit. Configurations (in) Conf are pairs consisting of a process
and a constraint in C representing the common store. The transition relation
—C Conf x Conf is the least relation satisfying the rules R1-R11 in Table[T]
and characterizes the (temporal) evolution of the system. So, (4, ¢) — (B, d)
means that if at time ¢ we have the process A and the store ¢ then at time ¢ + 1
we have the process B and the store d. As usual, (A, c) /— means that there
exist no transitions for the configuration (A4, c).

Let us now briefly discuss the rules in Table [[I In order to represent suc-
cessful termination we introduce the auxiliary agent stop: it cannot make any
transition. Rule R1 shows that we are considering here the so called “eventual”
tell: The agent tell(c) adds ¢ to the store d without checking for consistency
of ¢l d and then stops. Note that the updated store ¢ U d will be visible only
starting from the next time instant since each transition step involves exactly
one time-unit. According to rule R2 the guarded choice operator gives rise to
global non-determinism: The external environment can affect the choice since
ask(c;) is enabled at time t (and A; is started at time ¢ + 1) iff the store d
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Table 1. The transition system for tccp.

R1 (tell(c),d) — (stop,cl d)
R2 <ZZL:1 ask(¢;) — A, dy — (4;,d) j€el,n] andd b ¢

(A d) — (A", d)

13 (now c then A else B,d) — (A’,d’) dtc
R4 (now c then <:’e(?s£, dy — (A, d) dtc
RS (now ¢ thi?l’ fl4> el;; <BB,lc7l§i/L (B, d') dtfc
RO (now c then <f7ecllie7;: d) — (B, d) dif c
Ry (Ao —(A.d) (B — (B.d)

(Al B,c) — (A"|| B',c'ud)

(Ac) — (A.d)  (B.o) /o
RS A B.e) — (A [ B,¢)
(Bl Alc) — (B A'¢)

(A, dU3,c) — (B,d)
324, c) — 3¥ 2B, cu 3, d)

(A, ¢) — (B,d)

RI0 0@y, oy — (B, d)

p(z): —Ae€D

entails ¢;, and d can be modified by other agents. The rules R3-R6 show that
the agent now ¢ then A else B behaves as A or B depending on the fact that
¢ is or is not entailed by the store. Differently from the case of the ask, here the
evaluation of the guard is instantaneous: If (A, d) ((B,d)) can make a transition
at time ¢ and ¢ is (is not) entailed by the store d, then the agent now ¢ then
A else B can make the same transition at time #1. Moreover, observe that in
any case the control is passed either to A (if ¢ is entailed by the current store
d) or to B (in case d does not entail ¢). Rules R7 and R8 model the parallel
composition operator in terms of mazimal parallelism: The agent A || B executes
in one time-unit all the initial enabled actions of A and B. Thus, for example,
the agent A : (ask(c) — stop) || (tell(c) — stop) evaluated in the store ¢ will
(successfully) terminate in one time-unit, while the same agent in the empty

! As discussed in [5], the evaluation of the guard needs to be instantaneous to be able
to express in the tcep language such a construct as a time-out.
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store will take two time-units to terminate. The agent 3z A behaves like A, with
x considered local to A, i.e. the information on x provided by the external envi-
ronment is hidden to A and, conversely, the information on z produced locally
by A is hidden to the external world. To describe locality in rule R9 the syntax
has been extended by an agent 3%zA where d is a local store of A containing
information on x which is hidden in the external store. Initially the local store
is empty, i.e. JxA = U A,

Rule R10 treats the case of a procedure call when the actual parameter
equals the formal parameter. We do not need more rules since, for the sake
of simplicity, here and in the following we assume that the set D of procedure
declarations is closed wrt parameter names: That is, for every procedure call
p(y) appearing in a process D.A we assume that if the original declaration for p
in Dis p(z):- A then D contains also the declaration p(y):- 3% zA2

Using the transition system described by (the rules in) Table [l we can now
define our notion of observables which associates with an agent a set of timed
reactive sequences of the form (¢1,dy) - - - (¢cn, dy ) {d, d) where a pair of constraints
(ci,d;) represents a reaction of the given agent at time i: Intuitively, the agent
transforms the global store from ¢; to d; or, in other words, ¢; is the assumption
on the external environment while d; is the contribution of the agent itself (which
includes always the assumption). The last pair denotes a “stuttering step” in
which no further information can be produced by the agent, thus indicating that
a “resting point” has been reached.

Since the basic actions of tccp are monotonic and we can also model a new in-
put of the external environment by a corresponding tell operation, it is natural to
assume that reactive sequences are monotonically increasing. So in the following
we will assume that each timed reactive sequence {c1,d1) - (cn—1, dn—1){Cn, Cn)
satisfies the following condition: d; - ¢; and ¢; - d;_1, for any ¢ € [1,n — 1]
and j € [2,n]. Since the constraints arising from the reactions are finite, we also
assume that a reactive sequence contains only finite constraintd3.

The set of all reactive sequences is denoted by & and its typical elements by
s, 81 ..., while sets of reactive sequences are denoted by S, .57 ... and ¢ indicates
the empty reactive sequence. Furthermore, - denotes the operator which concate-
nates sequences. Operationally the reactive sequences of an agent are generated
as follows.

Definition 4. We define inductively the semantics R € Agent — P(S) by

R(A) ={{c,d) - weS|(A4,c)— (B,d) and w € R(B)}
U
{{c,c) - weS|(Ac)+ andwe R(A)U{e}}.

2 Here the (original) formal parameter is identified as a local alias of the actual pa-
rameter. Alternatively, we could have introduced a new rule treating explicitly this
case, as it was in the original ccp papers.

3 Note that here we implicitly assume that if ¢ is a finite element then also J.c is
finite.
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Note that R(A) is defined as the union of the set of all reactive sequences
which start with a reaction of A and the set of all reactive sequences which start
with a stuttering step of A. In fact, when an agent is blocked, i.e., it cannot
react to the input of the environment, a stuttering step is generated. After such
a stuttering step the computation can either continue with the further evaluation
of A (possibly generating more stuttering steps) or it can terminate, as a “resting
point” has been reached. These two case are reflected in the second part of the
definition of R(A) by the two conditions w € R(A) and w € {e}, respectively.
Note also that, since the stop agent used in the transition system cannot make
any move, an arbitrary (finite) sequence of stuttering steps is always appended
to each reactive sequence.

Formally R is defined as the least fixed-point of the corresponding operator
& € (Agent — P(S)) — Agent — P(S) defined by

D(I)(A) ={(c,d) -weS|(A,c)— (B,d) and w € I(B)}
U
{{c,e) - weS|{4,c)/ and we I(A)U{e}}.

The ordering on Agent — P(S) is that of (point-wise extended) set-inclusion (it
is straightforward to check that @ is continuous).

3 A Calculus for tccp

In this section we introduce a temporal logic for reasoning about the reactive
behavior of tccp programs. We first define temporal formulas and the related
notions of truth and validity in terms of timed reactive sequences. Then we
introduce the correctness assertions that we consider and a corresponding proof
system.

3.1 Temporal Logic

Given a set M, with typical elements X, Y, ..., of monadic constraint predicate
variables, our temporal logic is based on atomic formulas of the form X (c), where
¢ is a constraint of the given underlying constraint system. The distinguished
predicate I will be used to express the “assumptions” of a process about its
inputs, that is, I(c) holds if the process assumes the information represented by
c is produced by its environment. On the other hand, the distinguished predicate
O represents the output of a process, that is, O(c) holds if the information
represented by ¢ is produced by the process itself (recall that the produced
information includes always the input, as previously mentioned). More precisely,
these formulas I(c) and O(c) will be interpreted with respect to a reaction which
consists of a pair of constraints (¢, d), where ¢ represents the input of the external
environment and d is the contribution of the process itself (as a reaction to the
input ¢) which always contains c¢ (i.e. such that d > ¢ holds).

An atomic formula in our temporal logic is a formula as described above
or an atomic formula of the form ¢ < d which ‘imports’ information about the
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underlying constraint system, i.e., ¢ < d holds if d - ¢. Compound formulas are
constructed from these atomic formulas by using the (usual) logical operators
of negation, conjunction and (existential) quantification and the temporal oper-
ators (O (the next operator) and U (the until operator). We have the following
three different kinds of quantification:

— quantification over the variables x, vy, . .. of the underlying constraint system;
— quantification over the constraints ¢, d, ... themselves;
— quantification over the monadic constraint predicate variables X,Y] .. ..

Variables p, q, . .. will range over the constraints. We will use V, W, ..., to denote
a variable x of the underlying constraint system, a constraint variable p or a
constraint predicate X.

Definition 5 (Temporal formulas). Given an underlying constraint system
with set of constraints C, formulas of the temporal logic are defined by

pu=p<q| X(c) | ~¢ | oAY | Vo[ O | oUY

In the sequel we assume that the temporal operators have binding priority
over the propositional connectives. We introduce the following abbreviations: ¢
for true U ¢ and O¢ for =O—¢p. We also use ¢V ¢ as a shorthand for —(—=¢p A —))
and ¢ — 1 as a shorthand for —¢ V 1. Finally, ¢ = d stands for c < d A d < c.

Definition 6. Given an underlying constraint system with set of constraints
C, the truth of an atomic formula X(c) is defined with respect to a predicate
assignment v € M — C which assigns to each monadic predicate X a constraint.
We define

vEX(e)ifv(X)Fe

Thus X (¢) holds if ¢ is entailed by the constraint represented by X. In other
words, a monadic constraint predicate X denotes a set {d | d F ¢} for some
c. We restrict to constraint predicate assignments which are monotonic in the
following sense: v(O) F v(I). In other words, the output of a process contains
its input. The temporal operators are interpreted with respect to finite sequence
p =uv1,...,0, of constraint predicate assignments in the standard manner: (¢
holds if ¢ holds in the next time-instant and ¢ U ¥ holds if there exists a future
moment (possibly the present) in which ¢ holds and until then ¢ holds. We
restrict to sequences p = vq,...,v, which are monotonic in the following sense:
for 1 <i < n, we have

— v;+1(X) F v (X), for every predicate X;
- ’UH_l(I) F Ul(O)

The latter condition requires that the input of a process contains its output
at the previous time-instant. Note that these conditions corresponds with the
monotonicity of reactive sequences as defined above. Moreover, we assume that
time does not stop, so actually a finite sequence vy - - - v, represents the infinite
sequence vy - - - UpUnUp - -+, With the last element repeated infinitely many times.



Proving Correctness of Timed Concurrent Constraint Programs 45

In order to define formally the truth of a temporal formula we introduce the
following notions: p < p’ if p is a proper suffix of p’ (p < p' if p < p’ or p = p’).
Furthermore, for p = vy ---v,, we denote by Op = vs---v, (as a particular
case, we have that Qv = v) and p; = v;, 1 < i < n. Given a variable = of
the underlying constraint systems and a predicate assignment v we define the
predicate assignment Jzv by Jxv(X) = 3,d, where d = v(X). Given a sequence
p =11,...,0,, we denote by Jxp the sequence 3xvq, ..., Irv,. Moreover, given
a monadic constraint predicate X and a predicate assignment v we denote by
3Xw the restriction of v to M\ {X}. Given a sequence p = vy, ..., v,, we denote
by 3X p the sequence 3X vy, ...,3Xv, Furthermore, by v we denote a constraint
assignment which assigns to each constraint variable p a constraint «(p). Finally,
~v{¢/p} denotes the result of assigning in + the constraint ¢ to the variable p.

Definition 7. Given a sequence of predicate assignments p, a constraint assign-
ment v and ¢ a temporal formula, we define p = ¢ by:

pEyp<q ify(q)+(p)

pl X(0) it pr = X(c)

plEy ¢ ifplEy o

pEy P1 AP p =y ¢1 and p =y @2

p =y 3zg  if p' =, ¢, for some p’ s.t. Jxp = Fxp’

pEy3IXe  if pf =, ¢, for some p’ s.t. IXp =3Xp’

plEy3pe  ifp =y ¢, for some ¢ s.t. v = y{c/p}

pE,Op  HOpky ¢

p =y oUY if for some p' < p, p' =, ¢ and for all p' < p”" < p, p’ =, ¢.

Definition 8. A formula ¢ is valid, notation |= ¢, iff p = ¢ for every sequence
p of predicate assignments and constraint assignment 7.

We have the validity of the usual temporal tautologies. Monotonicity of the
constraint predicates wrt the entailment relation of the underlying constraint
system is expressed by the formula

VpVgv X (p < ¢ — (X(q) — X (p)))-

Monotonicity of the constraint predicates wrt time implies the validity of the
following formula

VpVX (X (p) — OX(p))-

The relation between the distinguished constraint predicates I and O is logically
described by the laws

Vp(I(p) — O(p)) and ¥p(O(p) — OI(p)),

that is, the output of a process contains its input and is contained in the inputs
of the next time-instant.
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3.2 The Proof-System

We introduce now a proof-system for reasoning about the correctness of tccp
programs. We first define formally the correctness assertions and their validity.

Definition 9. Correctness assertions are of the form A sat ¢, where A is a
teep process and ¢ is a temporal formula. The validity of an assertion A sat ¢,
denoted by = A sat ¢, is defined as follows

E Asat ¢ iff pl=y ¢, for ally and p € R'(A),
where R'(A) = {v1,...,vn | (1(1),v1(0)) - (v, (I),v,(0)) € R(A)}.
Roughly, the correctness assertion A sat ¢ states that every sequence p of

predicate assignments such that its ‘projection’ onto the distinguished predicates
I and O generates a reactive sequence of A, satisfies the temporal formula ¢.

Table 2. The system TL for tccp.

T1 tell(c) sat O(c) AVp(O(p) — Fq(1(q) A gqUc=p)) A OOstut
A; sat ¢, Vi € [1,n]

Zask(ci)—néli sat \/((/\_‘[j A stut) U (Il-/\stut/\O@)) v E\(/\ —1I; Astut)

i=1 i=1 j=1 j=1

T4 A sat ¢
Az A sat Fx(¢ A loc(x)) A inv(z)

T5 A sat ¢ B sat Y
Al B sat 3X,Y (6[X/O] AY[Y/O] A par(X,Y))

p(z) sat ¢ Fp A sat ¢
T6 p(x) sat ¢

Asatd -t
T7 A sat Y

p(z) declared as A

Table 2] presents the proof-system. Axiom T1 states that the execution of
tell(c) consists of the output of ¢ (as described by O(c)) together with any
possible input (as described by I(g)). Moreover, at every time-instant in the
future no further output is generated, which is expressed by the formula

Vp(O(p) < 1(p)),
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which we abbreviate by stut (since it represents stuttering steps). In rule T2 I;
stands for I(¢;). Given that A; satisfies ¢;, rule T2 allows the derivation of the
specification for X" ;ask(c;) — A;, which expresses that either eventually ¢; is
an input and, consequently, ¢; holds in the nezt time-instant (since the evaluation
of the ask takes one time-unit), or none of the guards is ever satisfied. Rule T3
simply states that if A satisfies ¢ and B satisfies v then every computation
of now ¢ then A else B satisfies either ¢ or v, depending on the fact that ¢
is an input or not. Hiding of a local variable z is axiomatized in rule T4 by
first existentially quantifying x in ¢ A loc(x), where loc(z) denotes the following
formula which expresses that x is local, i.e., the inputs of the environment do
not contain new information on x:

Vp(3ep # p — (—1(p) AO(OI(p) — FIr(O(r) A JepUr =p)))).

This formula literally states that the initial input does not contain information
on x and that everywhere in the computation if in the next state an input
contains information on x then this information is already contained by the
previous output. Finally, the following formula inv(z)

VpO(Fzp #p — (O(p) — Ir(I(r) A JzpUr = p)))

states that the process does not provide new information on the global variable
. Rule T5 gives a compositional axiomatization of parallel composition. The
‘fresh’ constraint predicates X and Y are used to represent the outputs of A and
B, respectively (¢[X /0] and [Y/O] denote the result of replacing O by X and
Y). Additionally, the formula

VpO(O(p) < (3q1,¢2(X(q1) AY (g2) A g1 U g2 = p))),

denoted by par(X,Y), expresses that every output of A || B can be decomposed
into outputs of A and B. Rule T6, where -, denotes derivability within the
proof system, describes recursion in the usual manner (see also [4]) and in this
rule z is assumed to be both the formal and the actual parameter. We do not
need more rules since, as previously mentioned, we may assume without loss
of generality that the set D of procedure declarations is closed wrt parameter
names. Rule T'7 allows to weaken the specification.
As an example of a sketch of a derivation consider the agent JxA where

A i ask(z = a) — tell(true)
_l’_
ask(true) — tell(y = b).

(constraints are equations on the Herbrand universe). By T1 and T7 we derive
tell(y = b) sat O(y =b) and tell(true) sat O(true).

By T2 and T7 we subsequently derive A sat I(z = a) vV OO(y = b) (note
that —I(true) is logically equivalent to false and false U¢ is equivalent to ¢).
Using rule T4, we derive the correctness assertion

JzA sat Jx((I(xz = a) V OO(y = b)) Aloc(x)).



48 Frank S. de Boer, Maurizio Gabbrielli, and Maria Chiara Meo

It is easy to see that I(z = a) A loc(x) implies false. So we have that Jx((I(z =
a) vV OQO(y = b)) A loc(z)) implies Jz(loc(x) A OO(y = b)). Clearly this latter
formula implies QO(y = b). Summarizing the above, we obtain a derivation of
the correctness assertion 3z A sat (O O(y = b) which states that in every reactive
sequence of 3z A the constraint y = b is produced in the next (wrt the start of
the sequence) time instant.

4 Soundness and Completeness

We denote by F, A sat ¢ the derivability of the correctness assertion A sat ¢
in the proof system introduced in the previous section (assuming as additional
axioms in rule T'7 all valid temporal formulas). The following theorem states the
soundness and (relative) completeness of this proof system.

Theorem 1. We have b, A sat ¢ iff = A sat ¢, for every correctness assertion
A sat ¢.

At the heart of this theorem lies the compositionality of the semantics R’
which follows from the compositionality of the underlying semantics R as de-
scribed in [5]. Given the compositionality of the semantics R’ soundness can be
proved by induction on the length of the derivation. As for completeness, fol-
lowing the standard notion for Hoare-style proof systems as introduced by [12]
we consider here a notion of relative completeness. We assume the existence of a
property which describes exactly the denotation of a process, that is, we assume
that for any process A there exists a formula (A), such that p € R'(A) iff,
for any v, p =, ¥(A) holdd]. This is analogous to assume the expressibility of
the strongest postcondition of a process P, as with standard Hoare-like proof
systems. Furthermore, we assume as additional axioms all the valid temporal
formulas, (for use in the consequence rule). Also this assumption, in general,
is needed to obtain completeness of Hoare logics. Using these assumptions, the
proof of completeness follows the lines of the analogous proof in [4].

5 Related Work

A simpler temporal logic for tcep has been defined in [7] by considering epistemic
operators of “belief” and “knowledge” which corresponds to the operators I and
O considered in the present paper. Even though the intuitive ideas of the two
papers are similar, the technical treatment is different. In fact, the logic in [7] is

4 In order to describe recursion, the syntax of the temporal formulas has to be ex-
tended with a fixpoint operator of the form up(x).¢, where p(z) is supposed to occur
positively in ¢ and the variable x denotes the formal parameter associated with the
procedure p (see [4]). The meaning of up(z).¢ is given by a least fixpoint-construction
which is defined in terms of the lattice of sets of sequences of predicate assignements
ordered by set-inclusion.
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less expressive than the present one, since it does not allow constraint (predicate)
variables. As a consequence, the proof system defined in [7] was not complete.

Recently, a logic for a different timed extension of ccp, called ntcc, has been
presented in [23]. The language ntcc [2921] is a non deterministic extension of the
timed ccp language defined in [26]. Its computational model, and therefore the
underlying logic, are rather different from those that we considered. Analogously
to the case of the ESTEREL language, computation in ntce (and in the language
defined in [26]) proceeds in “bursts of activity”: in each phase a ccp process
is executed to produce a response to an input provided by the environment.
The process accumulates monotonically information in the store, according to
the standard ccp computational model, until it reaches a “resting point”, i.e.
a terminal state in which no more information can be generated. When the
resting point is reached, the absence of events can be checked and it can trigger
actions in the next time interval. Thus, each time interval is identified with the
time needed for a ccp process to terminate a computation. Clearly, in order
to ensure that the next time instant is reached, the ccp program has to be
always terminating, thus it is assumed that it does not contain recursion (a
restricted form of recursion is allowed only across time boundaries). Furthermore,
the programmer has to transfer explicitly the all information from a time instant
to the next one by using special primitives, since at the end of a time interval
all the constraints accumulated and all the processes suspended are discarded,
unless they are argument to a specific primitive. These assumptions allow to
obtain an elegant semantic model consisting of sequences of sets of resting points
(each set describing the behavior at a time instant).

On the other hand, the tccp language that we consider has a different notion
of time, since each time-unit is identified with the time needed for the underlying
constraint system to accumulate the tell’s and to answer the ask’s issued at each
computation step by the processes of the system. This assumption allows us to
obtain a direct timed extension of ccp which maintain the essential features of
ccp computations. No restriction on recursion is needed to ensure that the next
time instant is reached, since at each time instant there are only a finite number
of parallel agents which can perform a finite number of (ask and tell) actions.
Also, no explicit transfer of information across time boundaries is needed in
tcep, since the (monotonic) evolution of the store is the same as in ccp (these
differences affects the expressive power of the language, see [H] for a detailed
discussion). Since the store grows monotonically, some syntactic restrictions are
needed also in tcep in order to obtain bounded response time, that is, to be able
to statically determine the maximal length of each time-unit (see [5]).

From a logical point of view, as shown in [4] the set of resting points of a ccp
program characterizes essentially the strongest post condition of the program
(the characterization however is exact only for a certain class of programs). In
[23] this logical view is integrated with (linear) temporal logic constructs which
are interpreted in terms of sequences of sets of resting points, thus taking into
account the temporal evolution of the system. A proof system for proving the re-
sulting linear temporal properties is also defined in [23]. Since the resting points
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provide a compositional model (describing the final results of computations), in
this approach there is no need for a semantic and logical representation of “as-
sumptions”. On the other hand such a need arises when one wants to describe
the input/output behavior of a process, which for generic (non deterministic)
processes cannot be obtained from the resting points. Since tccp maintains es-
sentially the ccp computational model, at each time instant rather than a set
of final results (i.e. a set of resting points) we have an input/ouput behavior
corresponding to the interaction of the environment, which provides the input,
with the process, which produces the output. This is reflected in the the logic
we have defined.

Related to the present paper is also [13], where tcc specifications are repre-
sented in terms of graph structures in order to apply model checking techniques.
A finite interval of time (introduced by the user) is considered in order to obtain
a finite behavior of the tcc program, thus allowing the application of existing
model checking algorithms.

6 Conclusions

We introduced a temporal logic for reasoning about the correctness of a timed
extension of ccp and we proved the soundness and (relative) completeness of
a related proof system. As discussed in the previous section, due to the need
to characterize the input/output behaviour of processes (rather than the rest-
ing points) our logic is rather complex. Therefore it is important to investigate
possible axiomatizations and decision procedures for this logic (for example con-
sidering a semantic tableaux method). We are currently investigating these is-
sues, also in order to assess the practical usability of our proof-system (as the
consequence rule requires a certain implication in the logic to be valid). Since re-
active sequences have been used also in the semantics of several other languages,
including dataflow and imperative ones [2009J8/ITI6], we plan also to consider
extensions of our logic to deal with these different languages.
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Abstract. We establish the concept of regularity for languages consist-
ing of Message Sequence Charts (MSCs). To this aim, we formalise their
behaviour by string languages and give a natural definition of regular-
ity in terms of an appropriate Nerode right congruence. Moreover, we
present a class of accepting automata and establish several decidabil-
ity and closure properties of MSC languages. We also provide a logical
characterisation by a monadic second-order logic interpreted over MSCs.
In contrast to existing work on regular MSC languages, our approach
is neither restricted to a certain class of MSCs nor tailored to a fixed
communication medium (such as a FIFO channel). It explicitly allows
MSCs with message overtaking and is thus applicable to a broad range
of channel types like mixtures of stacks and FIFOs.

1 Introduction

Components of distributed systems usually communicate with each other via
message passing: A sender process sends a message over a channel, from which
it is taken by the receiver process. A prominent formalism to model this kind of
systems is that of Message Sequence Charts (MSCs) [89]. They are standard-
ised, can be denoted both textually and graphically, and are often employed in
industry. Furthermore, they are quite similar to the notion of sequence charts of
the Unified Modelling Language (UML) [2].

An MSC defines a set of processes and a set of communication actions be-
tween these processes. In the visual representation of an MSC, processes are
drawn as vertical lines. A labelled arrow from one line to another corresponds
to the communication event of sending the labelling value from the first process
to the second. As the vertical lines are interpreted as time axes, there is the
general rule that arrows must not go “upwards” because this would describe a
situation that a message is received before it has been sent. Figure[I[(a) gives an
example of an MSC. Collections of MSCs are used to capture the scenarios that
a designer might want the system to follow or to avoid.

When one considers the dynamic behaviour of an MSC, i.e., the sequences of
actions that may be observed when the system is executed, one distinguishes be-
tween the so-called visual-order semantics and the causal-order semantics. The

* Most of the work was completed during the author’s employment at Lehrstuhl fiir
Informatik II, Aachen University of Technology, Germany.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 52-166] 2002.
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P \al Q| [ R | S?(a) — R3(a) ‘

R3(b) =— S3(b)

Fig. 1. An MSC and its formalisation

visual order assumes that the events are ordered as shown in the MSC. That is,
the events on a single process line are linearly ordered, and sending events pre-
cede their corresponding receiving events. For example, Process @ in Figure[I{a)
has to read the a symbol before it can read b. In the causal order-based semantics,
a concrete communication medium between the processes is taken into account,
e.g., a first-in-first-out (FIFO) channel. Furthermore, receiving events on the
same process line are not ordered unless they are “causality dependent”. For
instance, reading event b may occur before reading a: As Process P might have
sent a after R has sent b and assuming a single FIFO incoming channel for @,
Q@ will potentially receive b before a. Note that, under the same communication
assumption, reading ¢ must occur before reading d. To simplify our presentation,
we adopt the visual-order point of view in the following. But we would like to
stress that—with minor modifications—our very general approach also works
wrt. the causal order.

Given the system specification in the form of a collection of MSCs, one is
interested in doing formal analysis to discover errors at the early stages of system
design. Of course, the first question arising is which kinds of collections of MSCs
are amenable to formal methods. In a pioneering work by Henriksen et al. [7], a
definition of regularity of MSC languages is proposed. A characterisation in terms
of message-passing automata and in terms of monadic second-order logic is also
given. The paper explains in a convincing way the benefits of these alternative
descriptions, arguing that this is the “right” notion of regularity for MSCs. For
example, a characterisation in terms of finite devices (automata) gives evidence
for a collection of MSCs to be realisable.

However, this approach has a serious limitation. So-called “MSCs with mes-
sage overtaking” cannot be considered. But these are explicitly defined in the
official standard [8] and must be taken into account. The limitation stems from
the fact that, for establishing a link between MSCs and classical language the-
ory, the graphical representation of an MSC has somehow to be mapped to the
domain of strings. The straightforward approach, enumerating the possible lin-
earisations of the events that occur in an MSC, only works for simple types of
MSCs where the correspondence between a sending event and its receiving coun-
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terpart can be derived from the order in which they occur in the string. Note
that also [1] has to restrict the admissible class of MSCs in order to be able to
relate MSCs and string languages.

Our solution to this problem is to associate with every communication event
in the string representation of an MSC a natural number that explicitly es-
tablishes this correspondence. As it will become clear in the next section, this
allows us to drop any restriction on the set of MSCs under consideration. The
price to pay is that, for arbitrary collections of MSCs, we have to work with
strings, automata, etc. over infinite alphabets. For practical applications though,
the “simple” collections of MSCs are of interest. Therefore, within the domain of
(MSC word) languages, we will spot the regular ones. These are defined in terms
of a Nerode right congruence, which allows a straightforward generalisation to
languages over infinite alphabets.

To support formal analysis, we introduce a new kind of automaton (MFA)
accepting linearisations of MSCs. More precisely, our notion of MFAs guarantees
that every accepted word is indeed a linearisation of an MSC. Moreover, we es-
tablish several closure properties and decidability results. In particular, we show
that language inclusion is decidable, a crucial property for model-checking appli-
cations. Our concept of automata is similar to the one introduced by Kaminski
and Francez [10]. Note, however, that in their setting the problem of language
inclusion is undecidable [I4]. Furthermore, our framework is well suited for ex-
tensions. In [6], compositional message sequence graphs (CMSGs) are introduced
to describe larger classes of MSCs. Our automata model MFA is well prepared
to accept languages of CMSGs, which can be characterised by MSC languages
with regular representative linearisations, a concept defined and studied by Mad-
husudan and Meenakshi [12]. However, due to lack of space, this topic will be
discussed elsewhere.

Subsequently, we follow the line of [7] and develop an alternative automata-
theoretic characterisation based on message-passing automata as well as a de-
scription in terms of monadic second-order logic. Although the results are similar,
the proofs are of a different nature because it is generally impossible to lift proofs
directly from the setting of languages over finite alphabets to the infinite case.

Our main contribution is to develop a theory of regular collections of MSCs in
terms of Nerode right congruences, finite automata, message-passing automata,
and models of MSO formulas for the full class of MSCs. Thus, we provide the
formal basis for subsequent verification questions. Our approach has already
turned out to be useful in the setting of LTL model checking for MSCs [3].

Due to space constraints, we omit most proofs for the presented results. These
can be found in the full version of the paper [4].

2 Message Sequence Charts and Their Linearisations

In this section, we present our formal model for MSCs and establish a string
representation, which describes their behaviour in a linear way.
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2.1 Message Sequence Charts

For N > 2, let Py := {1,...,N} be a set of processes and A a finite message
alphabet. Let further Ys := {SI(A\) | p,q € Py, p # ¢, A € A} and Y :=
{REZ(N) | p,q € Py, p# q, A € A} denote the sets of send and receive actions,
respectively, and ¥ := YsUXr their union. An action SJ()) stands for sending a
message A from Process p to Process ¢, and Rg()\) represents the corresponding
receive action, which is then executed by Process ¢. In this sense, Corr :=
{(SE(A),RE(N) | p,g € Py, p # g, A € A} relates those actions that belong
together. From now on, all premises and definitions are made wrt. a fixed set
Pn of processes and a fixed message alphabet A.

An MSC is a tuple of the form M = ({E,}pepry, {Zptpery, [, L) where
{Ep}pepy is a family of pairwise disjoint finite sets of events, each of which
is totally ordered by a relation <,C E, x E,. (For simplicity, we consider <,
as a relation over F := UpePN E,, the set of all events.) Let P: EUX — Py
yield the process an event or an action belongs to, i.e., P(e) = p for any e € E,,
P(S{(N\)) = p, and P(R{()\)) = ¢. M is required to induce a partition ' = SUR
of the events into send (S) and receive events (R) such that f : S — R is a
bijective mapping satisfying the following:

— The visual order X CE x E of M, i.e., the reflexive and transitive closure
of Upepy =p U{le. fle)) | e € S}, is a partial order; in particular, it is
antisymmetric.

— L : F — X provides information about the messages being interchanged by
communicating events whereby, for all e € S, there is some A € A such that

L(e) = SpH(\) and L(f(e)) = Rp(( ().

Figure [[[(b) presents a formal version of the MSC shown in Figure [[[a).

A partial execution (configuration) of an MSC can be described by a down-
wards closed subset of events, containing those events that occurred so far. For-
mally, given an MSC M = ({E, }pepy: {=Zptpery, [ L), a configuration of M is a
subset E’ of E satisfying E' = |F' :={e€ E |3’ € E' : e < €'}. Let Conf(M)
denote the set of configurations of M. The execution of M can be described by
a transition relation —sy; C Conf (M) x X x Conf (M) where ¢ —=y; ¢ iff there
exists e € E — ¢ such that L(e) = o and ¢/ = cU {e}.

2.2 MSC Words

A suitable notion of regularity for a class of objects should have similarities with
existing notions for regular sets of objects. We will therefore reduce regularity
of collections of MSCs to regularity of word languages. Thus, we have to iden-
tify an MSC with a set of words, which will be called linearisations or MSC
words. A linearisation represents a possible execution sequence of the events oc-
curring in an MSC. To justify this view, it is necessary to guarantee that—up to
isomorphism—from a set of linearisations a corresponding MSC can be unam-
biguously inferred and vice versa. We are then able to define an equivalence on
MSC words whose equivalence classes on their own determine exactly one MSC
and, as a whole, stand for the set of all MSCs.
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So one of the main prob-

lems is how to define an ‘( | ‘(
MSC word. For example, w = $2(a) — R2(a 2(a R2(a
@SRRI €z 0@ ST

might define the MSC M; given R3(a)
in Figure 2l But as w is also a M, M>
correct linearisation of the MSC

aside, we could likewise imagine Fig. 2. MSCs generated by a1 and az

that w represents Ms, relating

the first and the fourth position

of w. We therefore cannot unambiguously correlate a word in X* with an MSC.
Faced with causal-order semantics, the problem of relating events will be even
more involved. In particular, if we make use of nondeterministic channels (which
might allow MSCs to behave both in a FIFO manner and as a stack, for exam-
ple), we need some information about which positions belong together. For this
purpose, each position of a word w € X* is equipped with a natural number in-
dicating the matching positions (namely those showing the same number). The
words ag, as € (X x IN)* from Figure[3 are such MSC words. Notice that a; will
determine the MSC M, whereas My will emerge from «s. To avoid these diffi-
culties, [7] and [I] do not allow an MSC like M>. However, My is a perfect “MSC
with message overtaking”, which is explicitly allowed in the MSC standard [8]9].

Developing our theory step by step, we first call a word a € (X x IN)*

— proper iff for all (o,7) € Corr, 7 € IN, and prefixes o/ of «, |a/|(; )
0/ |(om) < | |2y + 1, and

— complete iff it is proper and for all (o,7) € Corr and 7 € IN, |a|(y,r) =
|a‘(‘r,‘n')'

IN

Thus, in a proper word every receiving event (we sometimes refer to positions of
MSC words as events) must be preceded by a sending counterpart, and, for each
number 7 and each send action, at most one “open” sending event is admitted.

Definition 1 (MSC Word). A word 1--- 26 € (¥ x IN)* is called an MSC

word iff it is complete. Let MW denote the set of all MSC words and PW the
set of proper words.

To see some examples, look at the words ai,...,a4 € (X x IN)* given in
Figure[3 As mentioned before, a1 and as are MSC words, whereas a3 is certainly
proper but not complete and a4 is not even proper. We will refer to a; and as
as exemplary MSC words throughout the rest of the paper.

Given a proper word o = ?r% e % € PW, we determine which positions are
matching. For i,j € {1,...,4}, we write i \o j iff i < j, (04,0;) € Corr, and
j=min{k | k > i and 7 = m; and (04, 04) € Corr}.

Referring to the previous example, 1 N4, 3 and 2 N\, 4 as well as 1 \q, 4
and 2 N\, 3.
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a :Sf(a) Si(a) Ri(a) Ri(a) = Si(a) Si(a) Ri(a) Ri(a)
1 3 1 3 1 2 2 1
oy — Sia) SH(E) RO) SH0) Ri(a)  _ SR(a) SH0) RA(H) SI() Si(a)

Fig. 3. Exemplary words

2.3 From MSC Words to MSCs

Let us show that MSC words indeed represent MSCs. Falling back on the match-
ing relation, a word a = % e % € MW generates an MSC M(«) := ({E,}pepy s
{=Zp}pery fi L) where

- E,={ne{l,...,0}| P(o,) =p},
S={ne{l,....,0} | on € Xs},
R={ne{l,...,t} |0, € Xr},
n <, miff n,m € E, and n <m,
— f(n) =m iff n \, m, and

— L(n) = o,.

For example, o generates the MSC M; illustrated in Figure [2, whereas aq
generates Ms.

Moreover, there is no problem in extending the above definition to proper
words, which then determine prefixes of MSCs.

Note that two different proper words can stand—up to isomorphism—for
one and the same MSC or configuration of an MSC, respectively: Since the
naturals are only used for identifying matching positions, we have some freedom
in choosing the actual value. Furthermore, we are free to choose the linearisation
of independent events. Therefore, we define two equivalence relations ~ C PW x
PW and ~ C MW x MW. The first identifies words with equivalent projections
onto the second component; the latter, as introduced further below, allows to
permute the positions of an MSC word.

Thus, for o = %%'_::% € PW and § = ;}:::E% € PW, let a =~ g iff
01...00=T1...Tp and for all 4,5 € {1,..., €}, i N\ J iff i \5 7.

For instance, let af emerge from «; by replacing 3 in the natural-number
component with some n € IN. Then, af € MW ift n # 1, and of € MW implies
a1 ~ of . But notice that a; % ag because the second condition in the definition
of ~ is violated.

For a proper word o = Z1---9¢ € PW, let open(a) € Xs x IN denote the
set of those send events that are not followed by a matching receive event, i.e.,
open(a) := {(04,m;) | 0; € Xs and there is no j > i such that i N\, j}. We call
the elements of open(a) open events. A word a € PW is called in normal form
iff for all prefixes F1--- 7k of , 0, € Xs implies 7, = min{m € IN | (o, 7) ¢

open(;‘r% e %ﬁj)} Thus, for every sending event, the lowest available number

is chosen. Note that every equivalence class in PW/ ., contains exactly one word
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in normal form. For a« € PW, let furthermore nf(a) = 8 iff @ = 8 and § is in
normal form. For instance, nf(c;) = a2, whereas as is already in normal form
so that nf(as) = as. nf is applied to sets of words in the expected manner.

In the following, we will not distinguish ~-equivalent words.

Definition 2 (MSC Word Language). A set L C MW s called an MSC
word language iff L = L™ where L~ denotes the ~-closure of L.

Note that, for any MSC word language £, it holds £ = nf(L£)~.

Characterising regular languages within the scope of MSCs, a certain re-
striction of words and MSCs will prove to be important. Given a natural num-
ber B, a € MW is called B-bounded iff for all prefixes o’ of « and actions
o € Xs, |open(a/) N {(o,7) | # € N} < B. This means that, for every
send action, the number of open events is bounded by B. Examples for 2-
bounded MSC words are a7 and «y. Note that we could likewise call o B-
bounded iff for all prefixes o’ of «, |open(a’)| < B, i.e., the total number of open
send events is bounded by B, or also iff for all prefixes o’ of o and p € Py,
lopen(a’) N {(o,7) | m €N, P(o) = p}| < B, which means that the number of
open events per process is bounded by B.

The definitions differ in the concrete bound, and the appropriate definition
taken may vary depending on an underlying channel type. However, all presented
results hold for every of these definitions.

2.4 Linearisations of MSCs

To finally relate MSCs to the rich theories of languages and automata over words,
the concept of linearisations of an MSC is essential. We call an MSC word a =
T Gh € (U x IN)* a linearisation of an MSC M = ({E;}iepy, {Zitiery. f, L)
with a set of events E = {ey,...,e;} iff there are ¢1,...,¢ € Conf (M) with
0-Zonrer s - - ~Sprce and there is a bijective mapping x 1 E — {1,...,4}
such that for all e € E, L(e) = 0(c), and for alle € S, ¢’ € R, f(e) = ¢’ implies
x(€) N\ x(€'). Lin(M) denotes the set of linearisations of M. For a set M of
MSCs, we canonically define Lin(M) := [J{Lin(M) | M € M}. For instance,
the exemplary word « is a linearisation of the MSC M; shown in Figure 2] and
a9 is a linearisation of M. When, above, we spoke of isomorphism of two MSCs,
we actually meant “inducing the same set of linearisations” instead.

An MSC is called B-bounded iff all of its linearisations are B-bounded. A
collection of MSCs (a collection of MSC words, respectively) is B-bounded iff
all members are B-bounded. Furthermore, we speak of boundedness in general
iff we deal with B-boundedness for an arbitrary B.

We now turn towards ~ C MW xMW, the second natural equivalence relation
to study on linearisations of MSCs because it takes permutations of positions
into account. For example, in Figure [I it makes no real difference whether
S2(b) occurs before R%(a) or after it. Given X, we define the dependence relation
D(X) C (¥ x IN)? and write (o, 7)D(X)(o’,7') iff P(o) = P(o’) or [(0,0") €
Corr and m = 7’| or [(¢/,0) € Corr and 7 = 7']. It turns out that the pair
(X x{1,...,B},D(X) N (¥ x {1,...,B})?) is a Mazurkiewicz trace alphabet
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[6] for every natural B—a fact which was already used in [11] providing a direct
link between Mazurkiewicz traces and MSCs.

We then define the relation ~ to be the least equivalence relation satisfying
the following: If a = B1(o,7)(0’,7")B2 and o’ = B1(0’,7")(0, 7) B2 for suitable
B1, B2 and not (o, 7)D(X) (o', 7'), then a ~ &',

This section concludes with the following important properties of sets of lin-
earisations that are induced by MSCs. In particular, they establish the expected
connections between linearisations and the equivalence relations ~ and ~.

Theorem 1. For an MSC M and o € Lin(M), Lin(M) = Lin(M(«)).

Theorem 2. For a € MW, Lin(M(a)) = [0 (xu~y=-

Theorems 1 and 2 can be shown by employing standard techniques taken, for
example, from the Mazurkiewicz trace theory. The proofs are left to the reader.

3 Regular MSC Word Languages and Their Automata

We already mentioned that the regularity of collections of MSCs will be defined
in terms of regular MSC word languages. But as MSC words are defined over the
infinite alphabet X x IN, we have to modify the usual notion of regularity. In [10],
a definition of regular word languages over infinite alphabets is proposed by pro-
viding an extended automata model that employs a finite transition relation but
generates a behaviour catering for the fact that we deal with an infinite alpha-
bet. However, important questions for these automata are undecidable. Thus,
we follow a different approach. We first constitute an algebraic characterisation
of regularity by means of a slightly adapted version of the Nerode right congru-
ence, which allows a straightforward extension to infinite alphabets. Then, we
establish its equivalence to an automata model that has similarities with the one
described in [I0] but is better suited for MSCs and provides desired properties.

3.1 Regular MSC Word Languages

Given an MSC word language L, recall the definition of the Nerode right con-
gruence = CPW xPW: a =, fiff Vy € (X x IN)*.(ary € L iff fy € £). As we
want to identify ~-equivalent words, we define &, C PW x PW as an extension
of the Nerode right congruence by a &, iff nf(a) =, nf(5).

Definition 3 (Regular MSC Word Language). An MSC word language L
is called regular iff X, has finite index.

The next characterisation of regular MSC word languages prepares for prov-
ing their correspondence with a certain class of finite automata, which we intro-
duce further below.

Theorem 3. Let L be an MSC word language. L is reqular iff nf(L) is a regqular
word language over X X @Q for a finite subset Q) of IN.
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Corollary 1. Regular MSC word languages are bounded.

The next theorem will be useful when, in Section 4, we consider ~-closed
MSC word languages.

Theorem 4. Let L be a ~-closed regular MSC word language. Then nf(L£)™ is
a regqular word language over a finite alphabet.

The proof of Theorem Blis technically involved while the one for Theorem H
proceeds by establishing a link to Mazurkiewicz trace theory and borrows deeper
results to show the claim. Cf. the long version of the paper for details.

3.2 MSC Finite-Memory Automata

We now present an automata model characterising the class of regular MSC word
languages. Our definition is inspired by [10] but modified to suit the requirements
for MSCs and to allow stronger decidability results. Our model can be described
as a finite automaton that makes use of a finite window whose positions occur in
the labellings of the transitions—as well as elements of >—and indicate where to
store a symbol of the infinite alphabet X x IN (concerning send actions) and where
to take it from (concerning receive actions), respectively. Normal forms of regular
MSC word languages could also be accepted by “standard” finite automata and
we can use this fact to establish certain closure properties. However, not every
finite automaton accepts normal forms of MSC words so that we do not get
a precise automata-theoretic characterisation of regular MSC word languages
which is the basis for a powerful algorithmic support of the theory on MSCs.

Definition 4 (MSC Finite-Memory Automaton). An MSC finite-memory
automaton (MFA) is a quintuple of the form A= (S,r, A, qo, F) where

S is a nonempty finite set of states,

— r > 1 4s a natural number called window length,

- ACSx (X xA{l,...,r}) xS is the transition relation,
— qo € S is the initial state, and

— F C S is the set of final states.

Figure @l shows two MFAs, each
with a window of length two. Let A
thereby S stand for S?(a) and R for
R¥(a).

Given an MFA A as above, a
configuration of A lists the current @
state and the current window en-
tries, which are either numbered
send events or empty (denoted by @
#). Thus, let Conf, := S x ((Zs x
IN)U{#})" denote the (infinite) set
of configurations of A. We define a
transition relation =4C Conf, x
(X x IN) x Conf, as follows: Fig. 4. Two MFAs

As:

S,1

S,2
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— For 0 € X, (s,w) w’:@A (t,v) iff (o,7) does not occur in w and there is a

transition (s, (0, k),t) € A such that wlk] = #, v[k] = (o,7), and for each
£k, wll] = v[i].

— For 0 € YXg, (s,w) QA (t,v) iff there is a transition (s, (o, k),t) € A
such that w[k] = (7,7) where (1,0) € Corr, v[k] = #, and for each | # k,
wll] = v][i].

Thus, the meaning of a transition (s, (S§()), k),t) is the following: If A is in
state s, it is able to read an input symbol (S{ (), 7), 7 € IN, iff the kth position of
its window is currently free and, furthermore, (S (\),7) does not occur elsewhere
in the window, i.e., there is no further open (Sf()), 7)-labelled send event. Taking
the transition, the automaton stores (Sf(A),m) in the kth position and enters
state t. If, in contrast, the automaton reads an input symbol (Rf()), ), there
has to be a transition (s, (Rf(A), k),t) such that the kth position of the window
currently shows the corresponding send symbol (S (A), 7). Replacing this symbol
with #, the automaton enters state ¢.

A run of A on a word §1---2¢ € (X' x IN)* is a corresponding sequence
(s0,Wo)(s1,W1)...(sg,wy) of configurations such that so = gg, wg = #", and

(03,m3)

for each i € {1,...,0}, (si—1,Wi—1) ==4 (s;,w;). The run is accepting iff
sp € F and wy = #". L(A) := {« | there is an accepting run of A on a} forms
the language defined by .A. We conclude that matching events in an accepted
word use one and the same position of the window for their “agreement”.

Due to the conditions we laid down for making transitions and accepting
words, an MFA will accept MSC words only. A receive symbol has to be pre-
ceded by a corresponding send symbol, which, on its part, has to wait for the
corresponding receive symbol before repeating the identical send symbol. Thus,
we make sure that an accepted word is proper. Furthermore, as a run is ac-
cepting as soon as it ends in a final configuration featuring an empty window,
completeness of accepted words is ensured. Moreover, the recognised language
is ~-closed because matching symbols can be read with—up to the MSC-word
condition—arbitrary natural numbers. Notice that a regular MSC word language
is not necessarily ~-closed, a key feature allowing [12] to model CMSGs in terms
of MSC word languages. We sum up these considerations as follows:

Proposition 1. Given an MFA A, L(A) is an MSC word language.

For example, let us consider the MFAs A; and Ajs illustrated by Figure Hl
and behaving in a FIFO manner and as a stack, respectively. For the sake of
clarity, let S stand for S?(a) and R for R?(a). Note that our MFAs permit only
Process 1 to send and only Process 2 to receive a message a.

Recall our exemplary words oy and . In fact, a3 € £(A1) and ap € L(Asg),
but a1 € L(As) and as € L(A;). An accepting run of A; on ap first writes
(S2(a), 1) into the first position of the window and then (S2(a), 3) into the second,
whereupon the window is cleared in the same order, reading first (R?(a), 1) and
then (R?(a), 3).

Our notion of MFAs covers exactly the class of regular MSC word languages.
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Theorem 5. An MSC word language L is regular iff there is an MFA A such
that L = L(A).

Proof. Exploiting Theorem B] we specify respective automata.

(=) Let A= (S,—, qo, F') be a finite automaton with —C S x (¥ x Q) x S
for a finite set @ C IN such that £(A) = nf(L). The MFA A’ = (S',r, A, ¢}, F")
satisfying £(A") = L(A)® = L is given by S’ =S5, r =|Q|, (s,(0,k),t) € A iff

k
s(g—’gt,qé:qo,andF’:F.

(<) Given an MFA A = (S,r, A, qo, F), let first Q@ = {1,...,7} and let
A= (5", —, ¢{, F') be the corresponding finite automaton satisfying £(A") =
nf(L(A)), defined as follows: S" = SX ((Xs x Q)U{#})", — C ' x (I xQ) x5’

where (s, w) (@m) (t,v) iff both (s, w) MZ’QA (t,v) and o € Xs implies 7 =

min{7’ € IN | (¢,7") does not occur in w}, ¢, = (g0, #"), and F' = F x {#"}. O

Given an MSC word language in terms of an MFA, the first natural question
is whether it defines the trivial language.

Theorem 6. [t is decidable whether a reqular MSC word language given by an
MFA is empty.

We obtain this result applying the construction shown in the proof of Theorem Bl

Theorem 7. The class of reqgular MSC word languages is closed under union,
intersection, concatenation, and Kleene star.

Theorem [7] follows from Theorem Bl and the fact that the concatenation of two
MSC words in normal form is again in normal form.

To support the algorithmic handling of MFAs, one could alternatively provide
automata-theoretic constructions that also establish the above closure proper-
ties. These are explained in the full version of the paper.

The class of regular MSC word languages is not closed under complement
because the complement of a regular MSC word language is always unbounded.
Thus, the standard way to show decidability of language inclusion does not
work. However, in contrast to the general case of regular languages over infinite
alphabets where this problem is undecidable (see [14]), we can show decidability
in our setting, again applying the construction used for proving Theorem [5l This
is of great importance for the development of model-checking algorithms.

Theorem 8. Given MFAs Ay and As, it is decidable whether L(A1) C L(As).

4 Regular MSC Languages and Their Automata

4.1 Regular MSC Languages

We now extend our theory of regular MSC word languages to collections of MSCs.
Regularity of such a collection is reduced to regularity of the set of corresponding
linearisations.
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Definition 5 (Regular MSC Language). A collection M of MSCs is called
a regular MSC language iff Lin(M) is a regular MSC word language.

According to this definition, the set of linearisations of a regular MSC lan-
guage is necessarily ~-closed by Theorem 2] Hence, regular MSC languages can-
not be characterised by MFAs because these accept also non-~-closed languages.
We therefore develop a generalisation of message-passing automata [7] that ac-
cepts exactly regular MSC word languages corresponding to regular MSC lan-
guages. Note that a regular MSC language is bounded.

One might ask at this stage for the reason considering regular MSC word
languages as well as regular MSC languages because the latter seem to be the
first choice studying linearisations of MSCs. This is true when we abstract from a
communication medium between the processes of an MSC. Consider for example
the MSC presented in Figure [dI(b). In the visual-order approach, there is no
difference whether S3(b) occurs before R?(a) or vice versa. However, turning
towards more complex semantics of MSCs, this might not be true any longer.
Suppose the two processes communicate via a one element buffer. Then the only
linear execution we will see is that R?(a) occurs before S3(b). Thus, the set of
linearisations of an MSC is no longer necessarily ~-closed. It is indeed possible
to model communication mediums by means of certain MFAs, which enrich a
specification in form of MSCs [3].

4.2 Generalised Message-Passing Automata

The following automata model employs different automata components, each
of which executes the actions of one single process. They communicate with
each other over a window roughly as featured by an MFA. The length of this
window is still bounded by a natural number r. The crucial point is that the
window entries are no longer single send events (each paired with a natural num-
ber) but sequences of send events (each paired with a natural number and an
additional message). To preserve ~-closedness of the recognised languages, the
components rather have to restrict themselves, whereas the window is a commu-
nication medium only. For example, we could imagine an automata component
that has to keep a send action waiting until it executes a certain receive action,
which, in turn, has to be preceded by a corresponding send action executed
by another component. In fact, our view generalises the model proposed in [7],
which has its origins in [I5].
Definition 6 (Generalised Message-Passing Automaton). A generalised
message-passing automaton (GMPA) is a family A = ({Ap}pepy T, G, F, Mess)
of local automata together with a natural number r > 1, a global initial state
Tin» @ set of global final states F', and a nonempty finite set of messages Mess.
A local automaton is of the form A, = (Sp, A,) where S, is a nonempty finite
set of local states and A, C Sy x (X, x {1,...,7} x Mess) x S, is a set of local
transitions (X, contains the actions belonging to Process p). @, is an element
and F' a subset of Sa :=X pepy Sp, the set of global states of A.

For a GMPA A, the (infinite) set of its configurations is defined by Conf 4 :=
Sax{x|x:Xsx{l,...,7} = (IN x Mess)*}. Let 3[p] be the pth component of
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a global state s € S4. Furthermore, for W: Xs x {1,...,7} — (IN x Mess)*, let
W[(o, k) / w] denote the function that coincides with W with the exception that,
for (o, k), it yields w. We define =4C Conf 4 x (X x IN) x Conf 4 as follows:

— For ¢ € Y5 with P(o) = p, (5,W) @) (t,V) iff for all &' € {1,...,r}
and m’ € Mess, (m,m’) does not occur in W(o, k'), and there is a transition
(3[pl, (o, k,m), t[p]) € A, such that V=W[(o, k) / W(o, k) - (7, m)] and, for all
L€ Py —A{p}, sll] = t[1).

— For 0 € X' with P(0) =p and (7,0) € Corr, (5,W) @A (t,V) iff there are
a transition (3[p], (o, k,m),t[p]) € A, and a word w € (IN x Mess)* such that
W(T, k) = (m,m) - w, V=W[(1,k) / w], and, for all | € Py — {p}, 5[] = ¢[I].
A run of A on a word Z1---F6 € (X' x IN)* is defined in analogy to the

MFA case. That is, we are dealing with a sequence (5o, Wo)(51,W1) ... (S¢, We) of
configurations such that 59 = g,,, Wo(o, k) = ¢ for all (0,k) € s x {1,...,r},

and (S;—1,W;—1) (!%)4 (8;,W;) for each ¢ € {1,...,¢}. The run is accepting iff
5S¢ € F and Wy(o,k) = ¢ for all (0,k) € s x {1,...,r}. Finally, £(A) := {a |
there is an accepting run of A4 on a} denotes the language defined by .A.

Let Reach(A) denote the set of configurations reachable within a run of A.
For B € IN, we call A B-bounded iff for all (5,W) € Reach(A) and o € Xg,
> okeq1,...ry W0, k)| < B. We call it bounded iff it is B-bounded for some B.

Let us formulate the fundamental result of this section.

Theorem 9. Let L C MW be an MSC word language. The following statements
are equivalent:

1. There is a regular MSC language M with Lin(M) = L.
2. L is a ~-closed reqular MSC word language.
3. There is a bounded GMPA A such that L(A) = L.

Proof. The equivalence of 1. and 2. immediately follows from the definitions.
Given a bounded GMPA, it is an easy task to define an equivalent MFA which
shows that 3. implies 2. The other direction, however, is more involved and
requires some results on regular Mazurkiewicz trace languages and related au-
tomata due to Zielonka [I5]. We give a sketch of the proof and refer to the full
version for the details.

Given a ~-closed regular MSC word language £, we build a bounded GMPA
A with £(A) = L. The outline of this construction is as follows: We first observe
that, for a certain B, nf(£)™~ can be considered to be a regular Mazurkiewicz
trace language over X' x {1,..., B} with an appropriate dependence alphabet.
Then we can find an asynchronous automaton recognising nf(£)~. The under-
lying distributed alphabet will comprise, apart from alphabets for each process,
some additional components, which guarantee that the induced dependence re-
lation complies with D(X) (see also the proof of Theorem HJ). These additional
components have to be factored into the process components and the transi-
tion relation, making the transformation of the asynchronous automaton into a
GMPA complicated. Concretely, the transitions synchronously taken by several
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local automata have to be simulated by message passing. For example, consider
Process P; sending a message to Process P, by executing (o, k). Actually, an
equally labelled transition would have to be taken on the part of an additional
component, in which (o, k) is involved. But as in the GMPA such a component
is not at the disposal of P;, P; guesses a corresponding move and writes it, along
with the original message, into the message pool. The receiving process can take
this message if the guessed move corresponds to the actual state of the additional
component, which P, carries along. Our construction is similar to the one in [7]
and uses the time-stamping protocol for non-FIFO computations described in
[13] to ensure boundedness of the constructed GMPA O

Thus, bounded GMPAs characterise exactly the ~-closed regular MSC word
languages and therewith exactly the regular MSC languages. For example, the
2-bounded GMPA A given in Figure Bl recognises the (&~ U ~)*-closure of

S2(a) S2(a) R2(a) R3(a) Sy(b) RL(b) )
{<1<> Ha) Ri(o) () 30) 1()) nzo},

We formulate a monadic second-order logic that characterises exactly the class of
regular MSC languages. Given supplies Var = {z,y, ...} of individual variables
and VAR = {X,Y]...} of set variables, the syntax of MSO(Py, A) is defined by

pu=Le(x) |z eX |z =2y || p1Ves|dze | IXp € MSO(Py, A)

where 0 € X, z,y € Var, and X € VAR. Given an MSC, individual variables are
interpreted as events and set variables as sets of events. L, (x) is satisfied if the
event of x is labelled with o, < is interpreted as the partial order of the MSC,
and the remaining constructs are defined as usual. We only consider formulas
without free variables. For ¢ € MSO(Py, 4) and B € IN, let M5 := {M | M is
B-bounded, M = ¢}. We conclude with the fundamental result of this section.

Theorem 10. Given a set M of MSCs, M is a regular MSC' language iff there
eist a formula o € MSO(Py, A) and B € N such that Lin(M) = Lin(MZ).

The proof follows the outline of [7] although the concrete steps are different.

5 A Logical Characterisation

Fig. 5. A 2-bounded GMPA
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Abstract. Observational equivalences can be used to reason about the
correctness of security protocols described in the spi-calculus. Unlike
in CCS or in m-calculus, these equivalences do not enjoy a simple
formulation in spi-calculus. The present paper aims at enriching the
set of tools for reasoning on processes by providing a few equational
laws for a sensible notion of spi-bisimilarity. We discuss the difficulties
underlying compositional reasoning in spi-calculus and show that, in
some cases and with some care, the proposed laws can be used to build
compositional proofs. A selection of these laws forms the basis of a proof
system that we show to be sound and complete for the strong version of
bisimilarity.

Keywords: process calculi, axiomatization, reasoning on security

1 Introduction

Observational equivalences can be used to reason about the correctness of secu-
rity protocols described in the spi-calculus [2]. Unlike in CCS or in m-calculus,
these equivalences do not enjoy a simple formulation in spi-calculus. One rea-
son is the interplay between cryptography and handling of private names, which
somehow forces a distinction between the knowledge of the observer and the in-
terface of the observed process (i.e. the set of its free names). On the contrary, in
the simpler non-cryptographic setting, these two notions coincide. To illustrate
this point, let us consider two processes that send different, encrypted messages
along a public channel ¢: P 2 (vk)e{a}r.0 and Q 2 (vk)e{b}.0. According
to m-like bisimulation, P and @ are not equivalent, because they give rise to
syntactically different transitions (names a and b are different). On the other
hand, messages {a}; and {b}; have the same effect upon an external observer:
in both cases, he/she simply cannot open the message because has no access to
the private key k. Thus, it would be reasonable to regard P and @) as equivalent.

In [6], these considerations have led to the introduction of environment sen-
sitive (e.s.) bisimulation, written ~ below, where each process comes equipped
with an explicit representation of what its environment knows. The latter is
used to tell if two messages can be distinguished or not. Continuing with the
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European FET project MIKADO (IST-2001-32222).

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 67-81] 2002.
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example above, P and @) are e.s. bisimilar under the environment €, ) that
accounts for the knowledge of the free names a, b and c: this is written as
( €abe) » €ape) ) - P ~ Q. Environmental knowledge grows after an output
action is observed and two processes being compared may end up being placed
in two different, though in some sense ‘equivalent’, environments. For instance,
this is the case for P and @ above after the firing of the output actions. In [6],
~ is shown to capture precisely barbed equivalence [12] in spi-calculus, which
adds to the evidence that it is a sensible semantical notion.

The interplay between cryptography and private names makes compositional
reasoning in spi-calculus difficult, when not impossible at all. A private name
k can be extruded and hence become free, without this implying that k is
learnt by the observer. Thus, we are sometimes confronted with equivalences
like: (o1, 02 ) F¢{a}r. Py ~ ¢{b}r.P» where both oy and o3 know a, b, ¢, but
neither knows k. In general, this kind of equivalences are not preserved by parallel
composition. For instance, when putting ¢k.0 in parallel to both sides of the pre-
vious relation, the equivalence breaks down. The reason is that ¢k.0 may provide
the observer with the key k to open {a}; and {b}x, thus enabling a distinction
between these two messages. Similar problems arise from the non-deterministic
choice and output prefix operators. (On the contrary, the congruence rules for
restriction and input prefix appear to be somehow more liberal in spi-calculus
than in 7-calculus; this is further discussed in the paper).

In fact, one can devise congruence rules that work in some special cases and
that are often sufficient to analyze concrete examples. In the paper, we show how
to reason compositionally on a small security protocol like Wide Mouthed Frog
[2]. However, special-case congruence rules appear to be not powerful enough
to achieve completeness results in the same fashion as for CCS and mw-calculus
(see, e.g., [1O/13]). Indeed, proving any process equivalent to, say, a head normal
formal (hnf) requires a congruence law for parallel composition that, as seen
above, is not sound in general for ~. We get round this difficulty by noting that
the set of equations needed to re-write every spi-process to a hnf are preserved
by parallel composition. Starting from this consideration, we design a two-level
proof system. The first level only contains these general, hnf-related equations.
The second level contains those identities that are specific to spi-calculus, plus
a law for importing equalities from the first level. The resulting proof system
is perhaps not as elegant as a one-level proof system might be, but provides a
reasonably informative axiomatization of ~ over finite processes.

For the sake of presentation, in this paper we confine ourselves to shared-key
cryptography, as presented e.g. in [6]. We believe that, with obvious modifi-
cations, the same arguments apply when the language is extended with other
crypto-primitives, like public-key encryption (see [2I]).

The rest of this paper is organized as follows. Sect. Bl provides a summary of
the spi-calculus as presented in [6]. A set of equational laws that are meant to be
useful in practice is presented in Sect. Bl together with some examples of their
application. A more extensive example is in Sect. [d Sect.[d presents the proof
system, and discuss its completeness. A few concluding remarks are in Sect. [Gl
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2 The Calculus and Its Semantics

In this section we only define the basics of the calculus. We refer to [6] for a com-
prehensive presentation. The syntax of the calculus is summarized in Table m

Table 1. Syntax of the calculus

a,b...,hk,...;z,y 2. .. names N
M, N :=a | {M}r | (Mi, M) messages M
n, ¢ u=a | {n}c | decy(C) expressions Z

| (00 | m(Q) | m2(C)

o, =1t | name(C) | [¢ =] formulae &
| letz=Cing | ¢AY | —¢

P,Q =0 | nx).P |7CP| P+Q | P|Q processes P
| 'P | (wa)P | ¢P | let z=(in P

It is assumed that dec.(-) and 7;(-) do not occur in name(¢), [(=n], n(z) and 7C.
Operators a(z).., (va)- and let z = ¢ in - are binders, with the obvious scope,
for names x, a and z, respectively. In let z = ¢ in -, it is assumed that z & n(¢).

As usual, we use - to denote tuples of objects. Notions of alpha-equivalence,
free names (fn(P)), bound names (bn(P)) and names (n(P)) of a process P arise
as expected; in particular, we identify alpha-equivalent processes and formulae.
We use two evaluation functions. The first one (=: Z — M U{L} ) transforms
an expressi(gl into a message by proi)srly evaluating decryptions and projections
(e.g. dec({M}r) = M while decp,({M}r) = L if h # k). The second function
([-]1:2— {tt, ff}) takes a formula and gives its boolean value as expected.

Informally, an environment represents the knowledge of names and keys that
an external observer has acquired about a certain process. We represent and use
an environment as a substitution o of names with messages. The domain and
proper co-domain of o are written as dom(c) and range(o), respectively; we
let n(o) 2 dom(o)U (UMerange(a)n(M>)‘ With er we denote the substitution
that acts like the identity on the set of names T'. The extension of environment
o with the binding [M/z], written o[M/z], and application o to a term ¢, written

to, are defined as usual.
A configuration is a pair o > P formed by an environment o and a process

"
P. Transitions between configurations take the form ¢ > P —— ¢’ > P’ and
5

represent atomic interactions between P and o. Here, p is the process action

! Compared to the spi-calculus in [2], we have the traditional process operators (i.e.

input and output prefixes, non-deterministic choice, parallel composition, replication
and restriction) plus a more general form of boolean guard and an operator for
decryption and pair splitting.
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(i.e. input, output or 7) and § is the complementary, under o, environment
action (respectively output, input and ‘no action’). The inference rules in Table P
mention in the premises early-style transitions of the form P —~ P’: the latter
just account for actions that processes are willing to do, regardless of whether
an external observer can react or not to them. Its definition is standard and can
be found in [6].

Table 2. Rules for the environment-sensitive calculus

It is assumed that n(n) C dom(o) and that names in b are fresh for o and P.
P _whaisM) | P npo=a P, p
(E-Ovur) W () (E-Tau) .
o> P—o[Mpi] » P o> P—onp> P
n(z) =
a M ’ — = TA
PP no=a M= b= (n()— dom(o))
(E-InP) .y — ,
o> P \~—7 O'[b/b] > P
(vb)7 (C)

2.1 Environment-Sensitive Strong Bisimulation

Definition 1 (Equivalence on environments). Two environments o1 and
o9 are equivalent (written o1 ~ o3) if dom(o1) = dom(og) and ¥V ¢ s.t. fn(p) C
dom(oy) it holds [ po1 | = [ ¢o2 ].

For example, o 2 [/ | by , {atr/z] and oy 2 [@/z | by , {b}k/z] are equiva-
lent. On the contrary, o 2 o1[Fp] and o 2 aa[Fp] are not (consider the formula
let w = dec,(z) in [z = w]). A metatheory to reason on environment equiva-
lence ~ is presented in [6]; in particular, an equivalent definition is given there
that leaves out universal quantifiers on ¢ and only works on the structure of the
environments. However, the present definition suffices for our purposes.

If R is a binary relation over configurations, we write (o1 > P,oy > Q) € R
as (o1, o2 ) PR Q; if 01 ~ 09 whenever (o1, 03 ) - P R Q, we call R
compatible. We now give the strong version of e.s. bisimilarity from [6].

Definition 2 (Environment-sensitive strong bisimilarity). Let R be a bi-

nary and symmetric compatible relation of configurations. We say that R is an

environment-sensitive strong bisimulation if whenever ( o1 , 02 ) - P R Q and
© W

o1 > P —— o} > P’ then there are i/, ol and Q' such that oo > Q —— b > Q'
5 §

and (o} , o ) P’ R Q. Environment-sensitive bisimilarity, written ~, is the
largest environment-sensitive strong bisimulation.
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3 Laws for Compositional Reasoning

In this section we list and explain some laws that, in many cases, can be useful to
prove bisimilarity of two processes in a simple and compositional way. As we shall
see in Sect. Bl with some modifications, these laws form the basis of a complete
proof system for ~. In what follows, we discuss a little about significance of
each law and provide explicative examples and countrexamples. Each law is a
judgement of the form (o1, 02 ) F P ~ @, where o1 ~ 05.

Basic laws : The following laws are easily derived from the definition.

(0'1,0'2)|_PNQ
(UQ,Ul)FQNP

(REFL) (o, 0)FP~P (Sym)

(0‘1,0‘2)FP~Q AN (0’270'3)FQNR

(TRANS)
(0'1 5 U&)"PNR

We then have a form of ‘weakening’ which states that discarding some entries
from the environments does preserve equivalence.

(on[My] , oa[Mafs] )b P~ Q
(0’170'2)FP~Q

(WEAK)

The following law provides a basic step in compositional reasoning. Note that
the more general formulation “ (o1, 02 )F P~ P if 01 ~ 02" does not hold.

(NIL) (0’1,0’2)|—0N0 if0'1N0'2

Ezample 1. In fact, let us consider P 2 p(z).let y = deck(z) in [y = alpy.0

and the equivalent environments oy 2 P, {akefy] and oy 2 P, {btep]. A

transition from oy > P with 6 = py leads to a process that is capable of a pa-
action, while the corresponding transition from oy > P leads to a process that
is stuck, because the matching [b = a] is not satisfied. Thus (o1 , o9 ) - P & P.

O

The standard scope extrusion law can also be useful:

(ExTR) (01, 02 ) (vk)(P|Q)~((vk)P)|Q  ifk ¢&[fn(Q)

The last basic law can be used to replace a decryption underneath a let with
an equality test, under some conditions. Here and in the rest of this paper, we
will use the abbreviation “a({y}x).P” for “a(z).let y = deci(x) in P”, where
x & fn(P, k). In the following law we also use the notion of context that is a
generic process with a ‘hole’ that can be filled by any process.
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(Lety) (o0, 0) FWwhk)(CIB{M}.P]| Dlp{y}r)Q]) ~
(wh, k) (C[B{M}x.P ]| D[p(x).[r = {M}x]Q[Mpy] )

k & n(P,C, D), contexts C' and D do not bind names in p{M }, and x is fresh

Ezample 2. In order to better understand the above law, consider the process

P2 (vk)(A|B) where A 2 {M},.R , B 2 p({y}x).Q and k ¢ n(R). Intu-

itively, since k is initially not known by the environment, the only message
B can read and then decrypt using k is the one written by A, ie. {M}g.
In fact, the condition k ¢ n(R) prevents the environment from learning k,
or anything encrypted with it, before @ evolves. Thus P is equivalent to

(vk)(A|p(x).[r = {M}r]Q[M})]), where z is a fresh variable. O

Output congruence :

(o1 [Mya] , oo[M2fa] ) - P~ Q

(OuT)
(o1[Myjz] | o9[M2/z] ) - arMy.P ~ a3 M,.Q

where a; = no; for i = 1,2 and for some 7 s.t. n(n) C dom(o1)

Notice that the two channels a; and as may be different but are related via the
two environments (e.g. a; and as may be stored in the same entry of the two
environments). Similarly, the messages M; and My may well be different, but
they must correspond to the same environment entry z. The use of (OUT) is
tipically joined with the use of (WEAK), as shown below.

Ezample 8. We want to prove ( 0 , 0 ) b P ~ @, where o = ] , P 2

p{a}x.0 and Q 2 P{b}.0. Notice that o[{atr/z] ~ o[{b}r/z], since neither of
{a}r and {b}x can be opened using the knowledge in o. So, by (NIL), we get
( o[{atw/e] , o[{0Ix/z] ) - 0 ~ 0. Then, by (OuT) and (WEAK) (discarding the
x entry), we conclude. O

Input congruence : In the rest of the paper we shall use the following predicate:

F(Caz7017027P5Q) é @#J—Afbv:n(g)idom(al)/\
E ﬂn(JhO’z,P,Q) =0

(IlOtiCQ that F( C, g, o1, 02, P, Q ) <:>F( C, g, g9, 01, P, Q ), if o ~ 0'2).

V¢ bst I(¢ b, o1, 02, P, Q ) N
(In) (o1[%] , o2[bp] ) - P[CT1/x] ~ Q[CT3/x]
(o1, o2 )Fai(z).P~ax(zx).Q

where a; = 7jo; for i = 1,2 and for some 7 s.t. n(n) C dom(o1)
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The above formulation of the input rule is somehow more generous than the
m-calculus style one. In fact, the premise does not require instantiating x to all
possible messages, but only to those that can be built out of o1, 02 and some
new names b, as specified by all (’s that satisfies the predicate I'. This is made
clearer in the following example.

Ezample 4. Using (IN), we can prove an equivalence quite similar to (LET;) (in
the sense that a “let” is replaced with a test), that is
(o, 0)Fa(z).let 2’ =decy(z) in P ~ a(x).[t = {b}x] P[b']

where o 2 [@a , {b}kw]. Indeed, it is easy to check that, whenever

I'id¢, ¢ o, 0, let..., [x =...) and (o = {M}y, then M = b. This is a
consequence of the fact that the environment does not know k£ and k£ ¢ ¢. On
the contrary, if the environment knew k, it could have created the message {a},
which, upon reception, would have stopped the second process and not the first
one. Of course, the above two processes are not equivalent according to tradi-
tional bisimilarity. ]

The formulation of the input rule given above fails to capture some equivalences:
in fact, in the proof system, it will be replaced by a more general rule.

Ezample 5. Let us consider the following o = [Yal], P 2 a(z).a{z}r.0 and

Q £ a(z).[z # ba{z}r.0 + a(z).a{b}.0. It is easy to see that (o, 0 ) - P ~ Q
but this equivalence is not an instance of (IN). O

Parallel composition :

( g1, 02 ) P~ Q
(PAR) fn(R) C dom(o1)
(0’1,02)"P|R0’1NQ|R02

As pointed out in the introduction, congruence under parallel composition is a
major problem in spi-calculus. In fact, a naive formulation like

(Ul,Uz)FPNQ A (Ul,Uz)FRNS
(0'1,0'2)|_P|RNQ|S

is not valid.

Ezxample 6. To see this, let us consider P = pla}i.0, Q 2 p{b}r.0, R = pk.0

and o 2 [Pl , %a , bp]. Following Example 8] we can prove (o, o ) F P ~ Q.
However, (o, 0 )b P|R # Q] R. In fact the output of the key k enables an
external observer to distinguish {a}; from {b}, hence P|R from Q| R. O

The side condition of (PAR) reduces the set of processes that can be composed
with P and @, by requiring that the composed processes are consistent with
the knowledge available to the environment. In spite of this limitation, the rule
allows for non trivial forms of compositional reasoning, as shown in Sect. .
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Other Congruences :

(o1,020)FPi~Ps AN (01,02)FQ1~Q2
(01,020 )FPL+Q1~P + Q2

(Sum)

(o01,00)FP~Q _
(RES) B B hinn(o:) =0 fori=1,2
(01,02 )F(Whi)P~(rh)Q

(U1,0’2)|—P~Q
(o1, 02)F @¢P ~ ¢Q

(GUARD)

CAEL A (v, 02)F PG ~ QG

(o1,02)Fletz=(in P ~ letz=(inQ

(LETQ)

The only surprising aspect of these laws is in (RES): the tuples of restricted
names h; and hg can be different even in length.

Ezample 7. Using (RES) one can prove (o, 0 )= P ~ (vk) P, provided that
k¢&n(o). O

4 A Compositional Secrecy Proof for WMF

In this section we verify a property of the Wide Mouthed Frog (WMF) protocol.
Differently from [2[6], our proof is entirely compositional and syntactical, based
on the simple equational laws introduced in the previous section.

Consider a system where two agents A and B share two secret keys, kag and
kpg respectively, with a server S. The purpose of the protocol is to establish a
new secret key k between A and B, which A may use to pass some confidential
information d to B. We suppose that the protocol is always started by A and that
all communications occur on a public channel, say p. Informally, the protocol
can be described as follows:

Message 1 A—S: {k}r,s
Message 2 S —B: {k}trps
Message 3 A—B: {d} .

Our intent here is to verify a secrecy property for one run of the protocol. In our
language, the above notation translates to a process P(d) defined, like in [2], as
follows (we use the notation ¢(w) to emphasize that name w may occur free in
t and, for any M, t(M) abbreviates t[M/w]; bound names are all distinct):

A(d) = B{k}i s PLd}1-G
S = p({x}ins) P{e}ips-0
B = p({y}eps)-p({z}y) F(2)
P(d) = (vkas, kps)((vk) A(d)| S| B) .
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The processes G and F(z) represent behaviuor of A and B respectively upon
completion of the protocol. Below, we make the following assumptions:

1.
2.

3.

the key k does not occur in G and F (that is, k is one-time);

kas and kpg are used only to establish the new session key (in particular
kas,kps & n(F(2),G));

for each My, My € M and for each o1(w) and o3(w) s.t. o1 (My) ~ o2(Ma),
it holds ( 0'1(M1) s O’Q(MQ) ) = F(Ml) ~ F(Mg)

Assumption 1 is necessary in order to apply (PAR), while assumtion 2 is nec-
essary to apply (LET;). At the moment we do not know how to discard these
assumptions while preserving the compositionality of the proof. Assumption 3
seems reasonable because F' should not leak the received datum itself. Following

21,

the desired secrecy property is

“P(d) does not leak d” :¥V M,M' e M (ev , ev )b P(M) ~ P(M')
where V 2 fn(P(M), P(M'))

The proof of the above assertion takes these four steps (by alpha-equivalence,
we assume kg, kps, k & n(M, M’)):

(i)

(iv)

By (EXTR), (ev , ev ) b P(M) ~ (vkas, kps, k)(A(M)|S|B). Then,
by (LET;) (applied to A and S) and (TRANS), (ey , ey ) F P(M) ~
(vkas, kps, k)(A(M)|S"|B) where S’ £ p(u).Ju = {k}i,sP{k}rps-0.
Again by (LET;) (applied to S’ and B) and (TRANS), we obtain

(6\/, GV)FP(M)N(VkAs, k‘Bs, ]f)(A(M)|S/|B/) (1)

where B' 2 p(v).[v = {k}kys|p(w).1let z = decg(w) in F(z).

Similarly, replacing M with M’ we obtain
(ev, ev ) F P(M') ~ (vkas, kps, k)(AM')|S"|B') . (2)

Let us define the environments o 2 ev[{FYbas/er , {ktepsfrs , {MIr/zs] and

o' 2 ev[{keasfer , {F}rssfes , {M Ir/zs], that are equivalent. Now suppose
that we can prove
(0,0 )FB' ~B". (3)

We let §” 2 p(u).fu = x1]pr2.0 and A" 2 px1.pr3.G. We trivially

have S = S"0c = §"0¢', A(M) = A”0 and A(M') = A”¢’. Thus, by
(PAR) and @), we have ( ¢ , o' ) F (A"|S")o|B ~ (A"|S")o’| B’
which is the same as ( o , ¢ ) F AM)|S'|B ~ AM'")|S|B.
By (WEAK), we obtain ( ey , ey ) b AM)|S"|B" ~ AM')|S"| B’
and by (RES) we have ( ey , ey ) F (Vkas,kps,k)(A(M)|S"|B’) ~
(vkas,kps, k) (A(M')| S| B"). This equation, together with (TRANS), (1)
and (), allows us to conclude the desired ( ey , ey ) P(M) ~ P(M').

We are now left with proving (3]). The following steps prove our claim.
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1. (0,0 )FF(M)~F(M)
2. (o, 0 )Flet z=decy({M}k) in F(z) ~
let z =decg({M'}x) in F(2)
3. (o, 0" )k plw).let z =decy(w) in F(z) ~
p(w).let z = deck(w) in F(z)
, 0 Y E v ={k}rgslp(w).let z = decy(w) in F(z) ~
[v={k}rps|p(w).let z = deci(w) in F(z)
5. (o, 0" ) Fp).[v={k}rss|p(w).let z = deci(w) in F(z) ~
p(v).[v = {k}rys|p(w).let z = deci(w) in F(z)
6. (0,0 )FB ~B
where: step 1 follows by assumption, step 2 by (LET2), step 3 by (IN) step
4 by (GUARD), step 5 by (IN) (with considerations similar to 3) and finally
step 6 by definition of B’.

Before leaving this example, we would like to stress that, in a similar way, we
can prove other properties of the protocol, like integrity ( “if B accepts a mes-
sage {N}, then N = d”) and key authentication ( “B accepts only the key k
generated by A”). Moreover, following [7], we have also applied the same steps
to a simplified Kerberos protocol, obtaining similar results; the work was only
complicated by the presence of tuples of messages. We have presented WMF for
its readability.

5 A Proof System

In this section we present a sound and complete proof system for ~ over finite
processes; we leave out from our language the replication operator (‘!’) which
would lead to an undecidable theory (as shown in [II] for the m-calculus). The
proof system has two levels. The first level is a proof system sound for ordinary
strong bisimilarity (in the same vein as, e.g., the classical ones of the m-calculus
[13]). The second level is tailored to the environment-sensitive semantics. Since
ordinary bisimulation is finer than e.s. bisimulation, equivalences proven within
the first proof system can be imported into the second one.

5.1 The Proof System S1

Definition 3. A strong bisimulation is a symmetric relation between processes

R s.t. whenever P R Q and P —*— P’ then there is Q' s.t. Q -~ Q' and
P’ R Q. We call bisimilarity (written ~) the largest strong bisimulation.

2 It is easy to check that for each ¢ and b s.t. (¢, 3 o, o, let..., let... ),

if (o0 = {N}x and (o’ = {N'}y, then N = M and N’ = M’. In other words, the
only readable message of the form {-}; is that contained in z3 and by assumption

(0,0 ) F(M)~FM').If Co is not of the form {}k, then both processes are
stuck, thus trivially equivalent to 0.
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Table 3. The proof system S1

T

Axioms :
Monoid axioms for + and 0

Monoid axioms for | and 0

(ABS) P+P =P

(Exp) > o aiPil Zje] BiQi = D e i (P Zje] B3;-Q;) +
Z]EJ @'-(Zig ;. P Q;) +

(b ) arM;

Zﬁj “@ L w&E) (P Qi[Ni))

a; = (veg)ajN;

(RES1) (vm)P = P ifn ¢ fn(P)

oo =1
(LET3) letz=(in P = L ¢
P[¢/z] otherwise

ST ee  rwh) (PIMifa] Q) +

(RESQ) (Vn) Eiel o;. P = Z::'LEITL(CY@') ai.(yn)Pi =+
Zfilz (VE)EM n Fa A nen(M)((Vn)ai).Pi
- 0 if [[(M] =ff
(PH1) or = {P otherwise

Congruence laws :

Congruence laws for + , | and v
P =
(PHIo) 7Q
PP = ¢Q
(Lot P = QIS o
let z=(in P = let z=(in Q
Table [ displays the axioms for = . Essentially these are the axioms for

bisimilarity in the m-calculus (see for example [13]) with some additional laws
specific to the spi-calculus. Note that (LETg) can be derived from (LET3); we

keep both for the sake of uniformity.

Proposition 1. If P = Q then P ~ Q.
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In what follows, we use the notion of bound output prefiz, that is an output
prefix with some restrictions of the form (vb)aM, where a ¢ b and b C n(M).

Definition 4. A process P is in head normal form (written hnf) if it is of the
form . ;. Py where o is a generic input-, (bound) output- or T-prefiz.

Let us denote by | P | the depth of a process P, inductively defined by

0 ifP=0
NEEa if P=0a.Q
|P|= 4 max{|Q|,|R|} f P=Q + R
Q|+ R ifP=QIR
| Q| fP=wn)Q, P=¢gQor P=(1let z=(in Q) .

Lemma 1. For each process P there is a hnf P' s.t. |P'| <|P| and P = P'.

The proof is by a standard induction over the number of operators in P. The
inductive case for P = P | P, relies on 7-like congruence of ~ for ‘|’

5.2 The Proof System S2

The proof system is presented in Tabledl It consists of a selection (and modifi-
cation) of laws presented in Sect. B, plus the rule (IMPORT). The latter can be
used to import equalities proved within S7 into S2. Also notice the more general
form of the input congruence, akin to those found in [95].

Theorem 1 (Soundness). If (o1, 02 )F P=Q then (o1, 02 )F P~ Q.

The main step of the completeness proof is that S2 is complete for finite hnf
(then, using (IMPORT), the proof for general finite processes is immediate). In
order to obtain this first result we need a simple lemma:

Lemma 2. For each a € N let a ! 2 {n € Z:n(n) Cdom(o1) N o1 = a}.

If o1 ~ 09, then there is a unique name b s.t. oz = b for eachn € a; ! .

Proposition 2 (Completeness for hnf). Let P and Q be finite hnf. If
(01 y UQ)"PNchCTL(Jl y UQ)"P:Q

Proof. By induction on | P |+ | @ |. The base case is trivial using (NIL). For the
inductive step, we group the summands by the kind of their prefixes, obtaining

A A .
P=3%,0;Pi =P+ Py + Py, and Q =3, 3;.Qj = Qr + Qout + Qin- It is
sufficient to prove that (o1, 02 ) F Ps=Qs for s€ {7, out, in }.

s = 7. We will prove that each summand of P, is provably equal to a sum-

mand of @,. Consider o; > P — o1 > P;. By hypothesis, there is j € J s.t.

oo > Q s o9 > Qjand (01, 02 ) F Py ~ @Q;. We cannot apply induction be-

cause P; and Q; are in general not hnf. However, by Lemma [[land (IMPORT), we
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Table 4. The proof system S2

Axioms :
(N1L) (o01,020)F0=0 ifor~o2 (REFL) (01,01 )FP=P

- L, 0 )P =
(IMPORT) F ? (Sym) Lox, o2) 9
(o,0)FP=Q (o2,010)FQ=P

_ _ (01,02 )FP=QA
(A )P0 (e

(o1,02)FP=0Q (o1,03)FP=R

(WEAK)

Congruence laws :

(01702)}—]3:@

(Tau)
(o1, 020)FT.P=7.Q
(o1[Mifa] , oa[Mzfa] ) - P = Q
(OuT)
(o1 [Mofe] , oaMafe] ) - @My P = @M2.Q
where a; = n0; for i = 1,2 and for some 7 s.t. n(n) C dom(o1)
V¢ bsit I ¢, b, o1, 02, Ve P X0, @) .
1) (ol . ool ) X, mPCov] = 0, Qs o]
( g1, 02 ) - Zie[ a1($).Pi = Z].EJCLQ(l').Qj
where a; = n0; for i = 1,2 and for some 7 s.t. n(n) C dom(o1)
(O’1,0’2)|—P1:P2 N (01,02)}_621:@2
(Sum)

(o1, 00)F P+ Qi1=PFP + Q2

(o1,00)FP=Q B
(RES) _ _ hiNn(o;) =0 fori=1,2
(o1, 02)F(vhi)P~(vh2)Q

can find a hnf P’ such that (o7, 01 )F P; = P’ and | P'| < | P;| (and similarly
for Q; and Q). By Theorem [l and (TRANS), we obtain ( o1 , 02 ) F P’ ~ Q.
By induction and (TRANS), we obtain ( o1 , 02 ) F P; = Q; and thus, by (TAv),
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(o1, 02 ) F 7.P, = 7.Q;. Repeating this for each summand of P;, then for each
summand of @, and finally summing up (using (ABS) if necessary), we have the
desired (o1, 02 ) F Pr = Q.

s = out. Similar to the previous case.

s = in. Let us partition the summands of P;,, and @;,, according to their input
channels, that is, let us write Py, = P,, +... 4+ FP,,, and Qip, = Qp, + ... + Qs
Let us consider now P, and let us pick up any 5 s.t. 761 = a;. By Lemma[2 we

know that, indipendently from our choice of 7, there is a unique h € {1,...,m}
s.t. oz = by,. We want to prove that (o1, o2 ) F Py, = Qp, . We define the sets

e {iel: a;=ai(z)}and J 2 {j € J: Bj =bp(x)} and consider a generic
¢ and ¢ such that I'( ¢, ¢, o1, 02, > Pi, >, Q; ); moreover, let M; 2 C/O\'i,
for ¢ = 1,2. By bisimilarity hypotesis and Lemma ] for any ¢ € I’, there is a
ji € J' st (a1]9e] , o2[6f] ) F Pi[Mifz] ~ Q;,[Ma/x]. Similarly to T-case, we
can prove that ( 01[60] , 02[¢f] ) - 7.P[Mi/z] = 7.Q;,[M2/x]. Repeating this for
each i € I’ and finally summing up these equalities (using (ABS) if necessary)

we have . ~
(1[5 , o2[6) ) F Y mPi[My] =" 7.Q;, [M2/a] . (4)

el el
Similarly, for each j € J', we can find i; € I' s.t.

(1T, oafdd )b S Py M) = 3 QM) (5)
jeJ jed’

Now, notice that the left hand side of (@) is a sub-summatory of the left hand
side of (@), and symmetrically for the right hand sides. Thus, by (Sum) and
(ABs), we obtain ( 01[9] , o2[5] ) b >0y TP [Mfx] = 3 5 7.Q;[Mafz]. We
can apply (INP) and obtain (o1, 02 ) = >, a1(w).P; = ijeJ/ br(x).Q;, that
is, (o1, 02 ) F Py, = @, Repeating this for each summand of P;,, then for
each summand of @;, and finally summing up (using (ABS) if necessary), we
obtain ( o1 , 02 ) F Py, = Qin. O

Theorem 2 (Completeness). Let P and Q be finite processes. If (o1, o9 ) F
P~Qthen (o1, 00 ) FP=Q.

6 Conclusions and Related Work

We have presented a set of equational laws for the spi-calculus that is useful to
reason on concrete examples and forms the basis for a complete two-level proof
system.

Our work can be extended in several directions. For example, one might
consider the weak version of e.s. bisimilarity and/or a language extended with
different crypto-primitives (in both cases, we do not foresee serious conceptual
obstacles, though). Another direction is related to finding equational rules for
the replication operator, which could be useful when, e.g., reasoning on pro-
tocols with an unbounded number of participants. A problem left open by our



On Compositional Reasoning in the Spi-calculus 81

presentation is how to reduce to a finitary form the input congruence rule, which
contains an infinitary premise. We think that, at least in the case of finite pro-
cesses, bounds on the size of the (’s can be statically determined. Symbolic
techniques, in the same vein as [95/4], could be helpful (see also [g]).

The spi-calculus was introduced by Abadi and Gordon in [2]. Early work on
spi-bisimilarity was presented in [3], where framed bisimulation was presented as
a proof technique, though incomplete, for reasoning on contextual equivalences.
In [6], e.s. bisimilarity was introduced and proved to be a (purely coinductive)
characterization of barbed equivalence [12] in spi-calculus. Some of the congru-
ence rules used in this paper were introduced there, but no proof system was
defined.

References

1. M. Abadi, C. Fournet. Mobile Values, New Names and Secure Communication.
POPL’01, Proceedings, 104-115.

2. M. Abadi, A.D. Gordon. A calculus for cryptographic protocols: The spi calculus.
Information and Computation, 148(1):1-70, Academic Press, 1999.

3. M. Abadi, A.D. Gordon. A Bisimulation Method for Cryptographic Protocols.
Nordic Journal of Computing, 5(4):267-303, 1998.

4. M. Boreale. Symbolic trace analysis of cryptographic protocols. ICALP’01, LNCS
2076, pp.667-681, Springer-Verlag, 2001.

5. M. Boreale, R. De Nicola. A Symbolic Semantics for the m-calculus. Information
and Computation, vol.126, pp.34-52, 1996.

6. M. Boreale, R. De Nicola, R. Pugliese. Proof Techniques for Cryptographic Pro-
cesses. LICS’99, Proceedings, IEEE Computer Society Press, pp.157-166, 1999.
Full version to appear in SIAM Journal on Computing.

7. M. Boreale, R. De Nicola, R. Pugliese. Process Algebraic Analysis of Cryptographic
Protocols. Proc. of 13th FORTE / 20th PSV, Kluiver, 2000.

8. A.S. Elkjaer, M. Hohle, H. Hiittel, K.O. Nielsen. Towards Automatic Bisimilarity
Checking in the Spi Calculus, Proc. of DMTCS’99+CATS’99, 1999.

9. M. Hennessy, H. Lin. Symbolic Bisimulations. Theoretical Computers Science,
138, pp. 353-389, 1995.

10. R. Milner. Communication and Concurrency. Prentice Hall International, 1989.

11. R. Milner. The poliadic 7-calculus: a tutorial. Logic and Algebra of Specification,
ed. F.L.Bauer, W.Bauer and H.Schwichtenberg Springer-Verlag, 1993.

12. R. Milner, D. Sangiorgi. Barbed Bisimulation. ICALP’92, Proceedings (W. Kuich,
Ed.), LNCS 623, pp.685-695, Springer-Verlag, 1992.

13. J. Parrow, D. Sangiorgi. Algebraic theories for name-passing calculi. Information
and Computation, 120, pp.174-197, 1995.



On Specification Logics
for Algebra-Coalgebra Structures:
Reconciling Reachability and Observability

Corina Cirstea*

Oxford University Computing Laboratory
Wolfson Building, Parks Road
Oxford OX1 3QD, UK

Corina.Cirstea@comlab.ox.ac.uk

Abstract. The paper builds on recent results regarding the expressive-
ness of modal logics for coalgebras in order to introduce a specification
framework for coalgebraic structures which offers support for modular
specification. An equational specification framework for algebraic struc-
tures is obtained in a similar way. The two frameworks are then inte-
grated in order to account for structures comprising both a coalgebraic
(observational) component and an algebraic (computational) component.
The integration results in logics whose sentences are either coalgebraic
(modal) or algebraic (equational) in nature, but whose associated notions
of satisfaction take into account both the coalgebraic and the algebraic
features of the structures being specified. Each of the logics thus obtained
also supports modular specification.

1 Introduction

In studying structures that involve construction (e.g. data types), one typically
uses algebras and their underlying equational logic for specification and reason-
ing. Such use is supported by the existence of characterisability results for classes
of algebras, both in the concrete setting of many-sorted algebras [3] and in a
more abstract, categorical setting [2l[I], whereby equationally-specifiable classes
of algebras coincide with varieties (that is, classes of algebras closed under sub-
algebras, homomorphic images and productﬂ). In recent years, coalgebras (the
categorical duals of algebras) have been used to study structures that involve
observation (e.g. systems with state) [14l16], and various modal logics have been
used to specify and reason about such structures [13[I5]10/7]. Moreover, the re-
sults in [2] have been dualised in [9], where it was shown that modally-definable
classes of coalgebras coincide with covarieties (the duals of varieties).

A framework which integrates algebraic and coalgebraic specification meth-
ods in order to specify structures comprising both computational and observa-
tional features was described in [5]. The approach taken there was to clearly

* Research supported by St. John’s College, Oxford.
! In an abstract setting, the notions of subalgebra and homomorphic image are defined
relatively to a factorisation system for the category of algebras in question.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 82-[07] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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separate the two categories of features, and to use algebra and respectively coal-
gebra for specifying them. Such an approach yielded an algebraically-defined
notion of reachability under computations, as well as a coalgebraically-defined
notion of indistinguishability by observations. Equational, either algebraic or
coalgebraic sentences were then used to formalise correctness properties of com-
bined structures, with both algebraic and coalgebraic features playing a réle in
defining the associated notions of satisfaction. Both notions of satisfaction were
shown to give rise to institutions [6].

The equational sentences used in [5], although similar in their expressive-
ness to the equational formulae of [2] and the modal formulae of [9], have a
strong semantic flavour, being indexed by classes of algebras and respectively
coalgebras. This makes such sentences difficult to use for actual specification. In
addition, the coalgebraic framework described in [5] only considers (coalgebras
of) w°P-continuous, pullback-preserving endofunctors, and thus does not account
for endofunctors defined in terms of powersets. Similar w-cocontinuity restric-
tions are imposed to the endofunctors used in [B] to specify algebraic structures.
A first goal of this paper is to define individual frameworks for the specification
of coalgebraic and respectively algebraic structures, which, on the one hand, have
a more concrete notion of syntax associated to them, and, on the other hand,
are more general than the ones in [5] w.r.t. the endofunctors considered. Then,
a second goal of the paper is to integrate the resulting frameworks in order to
account for structures having both a coalgebraic and an algebraic component.

In the first part of the paper, coalgebraic and respectively algebraic struc-
tures are considered independently of each other. In each case, an institution
is shown to arise from suitable choices for the notions of signature, signature
morphism, sentence and satisfaction (with the choices for the notion of sentence
being driven by the results in [9] and respectively [2]). In the second part of the
paper, structures comprising both observational and computational features are
considered. As in [5], the choice of models incorporating both coalgebraic and al-
gebraic structure, and of the syntax used to specify these models is based on the
approach in [I7], and results in a compatibility between the two categories of fea-
tures, in that computations preserve observational indistinguishability whereas
observations preserve reachability. The sentences used for specification are the
ones employed by the individual frameworks, while the associated notions of
satisfaction exploit the previously-mentioned compatibility in order to abstract
away unwanted detail (in the form of unreachable and respectively observation-
ally indistinguishable behaviours). This results in the availability of inductive
and respectively coinductive techniques for correctness proofs. Suitably restrict-
ing the notions of signature morphism associated to the individual frameworks
yields institutions w.r.t. each of the two notions of satisfaction.

2 Coalgebras and Modal Logic

This section builds on the approach in [J] in order to obtain notions of cosig-
nature, modal formula and satisfaction of a modal formula by a coalgebra, and
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subsequently derives a specification logic for coalgebras based on these notions.
The multi-modal logic described in [7] is used to exemplify the approach.

Definition 1. A cosignature is a pair (C,G), with C a category and G an
endofunctor on C, subject to the following constraints:

1. C is complete, cocomplete, Tegulaﬂ, wellpowered and has enough injectives;

2. G preserves weak pullback;

3. the functor Ug : Coalg(G) — C which takes G-coalgebras to their carrier has
a right adjoint Rg.

G-coalgebras are taken as models for a cosignature (C,G). A consequence
of Def.M and of [8, Prop.2.1] is that the functor Ug is comonadic, and hence
Coalg(G) ~ Coalg(D) for some comonad (D, e, d). Specifically, D : C — C is given
by Ug o Rg, € : D = Id is given by the counit of the adjunction Ug 4 Rg, while
0 : D= DoD is given by Ugngr., with  : Id = Rg o Ug denoting the unit of
Uc 1 Re.

Remark 1. The following hold for a cosignature (C, G):

1. Ug preserves and reflects monomorphisms. This is a consequence of Def.[T] ().

2. The components of 1 are monomorphisms. This follows from Ug7n, being a
split monomorphism (as ec o Ugny, = 1¢) for any G-coalgebra (C, 7).

3. Coalg(G) has a final object, given by Rg1. The final G-coalgebra incorporates
all abstract G-behaviours. The homomorphisms into it abstract away the
non-observable information contained in arbitrary coalgebras.

4. Largest bisimulations on G-coalgebras are constructed as kernel pairs of the
C-arrows underlying the unique homomorphisms into the final G-coalgebra.
Again, this is consequence of Def.[Il(E).

Definition 2. Given a cosignature (C,G), a G-coalgebra is observabld] if and
only if its unique homomorphism into the final G-coalgebra is a monomorphism.

Ezample 1. Finitely-branching transition systems are specified using the cosig-
nature (Set, Grg), where Grg = Ps(Id) (with the functor Py : Set — Set taking
a set to the set of its finite subsets). Finitely-branching, A-labelled transition
systems are specified using the cosignature (Set, Grrs), where Grrs = Pr(A x Id).

The following is a direct consequence of [8, Lemma 3.9].

Proposition 1. For a cosignature (C,G), the category Coalg(G) is regular, and
the functor Ug preserves regular-epi-mono factorisations.

2 Hence, C has regular-epi-mono factorisations. The existence of strong-epi-mono fac-
torisations (which is a consequence of the completeness and wellpoweredness of C) is
actually sufficient for the approach in this section. Regularity is only required here
for consistency with the next two sections.

3 Weak pullbacks are defined similarly to standard pullbacks, except that the mediat-
ing arrow is not required to be unique.

4 Observable coalgebras are called simple in [16].



On Specification Logics for Algebra-Coalgebra Structures 85

The existence of a factorisation system for Coalg(G) yields notions of G-
subcoalgebra (given by a monomorphism in Coalg(G)), G-homomorphic image
(given by a regular epimorphism in Coalg(G)), and G-covariety (given by a class
of G-coalgebras which is closed under subcoalgebras, homomorphic images and
coproduct). A characterisability result for covarieties in terms of modal formu-
lae is given in [9]. There, covarieties are defined in terms of factorisation systems
(€, M) for categories of coalgebras, while modal formulae are defined as subcoal-
gebras with M-injective codomains. However, as noted in [0] Thm. 2.5.4], in order
to characterise covarieties it suffices to consider modal formulae given by sub-
coalgebras whose codomains belong to a subclass of M-injective objects, namely
a subclass which provides enough M-injectives for the category of coalgebras in
question. The notion of covariety considered here is obtained by instantiating
the one in [9] with the factorisation system (RegEpi(Coalg(G)), Mono(Coalg(G))).
The following observations can be made relatively to this factorisation system:

1. If a C-object Z is injective (and hence Ug(Mono(Coalg(G)))-injective), then
the G-coalgebra RgZ is injective (by [9) Prop.2.2.10]).

2. If C has enough injectives, then Coalg(G) has enough injectives. Moreover,
the cofree G-coalgebras over injective C-objects still provide enough injectives
for Coalg(G). For, if (C,~) is a G-coalgebra and f : C' — Z is a Mono(C)-
arrow with an injective codomain, then f° = Rgfon, : (C,7) — RgZ
is a Mono(Coalg(G))-arrow with an injective codomain. (Rem.[ (@) and the
preservation of monomorphisms by Rg are used here.)

These observations together with the previous remarks justify the following.

Definition 3. A modal formula over a cosignature (C,G) is a G-subcoalgebra
L:{D,8) = RgZ with Z an injective C-object. A G-coalgebra (C,v) satisfies a
modal formula of this form (written (C,~) |E ¢) if and only if, for any C-arrow
f:C — Z, the G-coalgebra homomorphism f° : (C,~) — RgZ factors through .

(C, )

C
/] L
A (D,8) —+ReZ

Modal formulae ¢ : (D,d) — RgZ with Z final in C (and hence RgZ final in
Coalg(G)) specify properties up to observational equivalence. Existing specifica-
tion frameworks for coalgebras [13[1510l[7] only employ such modal formulae.

The satisfaction of modal formulae by coalgebras is preserved along homo-
morphic images and reflected along subcoalgebras. These are consequences of [9]
Coroll. 2.4.6] and respectively [9, Prop. 2.4.8], but also follow directly from Def.[]
together with Prop.[l Also, a consequence of [9, Coroll. 2.5.5] and of the dual of
[l Coroll.20.29] is that, for a cosignature (C,G), modally definabld] classes of
G-coalgebras coincide with covarieties.

® Note that the cocompleteness of C results in the cocompleteness of Coalg(G), with
colimits in Coalg(G) being created by Ug.
6 In the sense of Def.[3
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We now show that monomorphisms into the carriers of coalgebras induce
largest subcoalgebras factoring through such monomorphisms.

Proposition 2. Let (C,G) denote a cosignature, let (C,v) denote a G-coalgebra,
and let v + X — C denote a C-monomorphism. Then, the full subcategory of
Coalg(G)/(C,~) whose objects ({D,d),d) are such that Ugd factors through v has
a final object ((E,n), m). Moreover, m defines a G-subcoalgebra of (C,~).

Proof (sketch). Since C is wellpowered, there is only a set D of G-coalgebra homo-

morphisms d : (D, §) — (C,~) whose image under Ug is a monomorphism which

factors through ¢. If ¢ : [ dom(d) — (C,~) is the G-coalgebra homomorphism
deD

arising from the universality of [[ dom(d), and if ¢ = m o e is a regular-epi-
deD
mono factorisation for ¢, then one can show that m defines a final object in the

full subcategory of Coalg(G)/(C,~) whose objects ((D,d),d) are such that Ugd
factors through ¢. (The preservation of coproducts and of regular-epi-mono fac-
torisations by Ug and the unique (RegEpi(C), Mono(C))-diagonalisation property
of C are used.)

Similarly, modal formulae induce largest subcoalgebras of given coalgebras.

Proposition 3. Let (C,G) denote a cosignature, let (C,~) denote a G-coalgebra,
and let F denote a set of modal formulae over (C,G). Then, the full subcategory
of Coalg(G)/(C,~) whose objects satisfy the modal formulae in F has a final
object, which at the same time defines a G-subcoalgebra of (C,~).

Proof. Similar to the proof of Prop.[2. The set D of G-coalgebra homomorphisms
d: (D,d) — (C,v) which are such that Ugd is a C-monomorphism and such that
f?:(D,8) — RgZ factors through ¢ for any ¢ € F with codomain RgZ and any
f+D — Z is considered this time.

[7 (see also [15]) develops a modal logic for coalgebras of (finite) Kripke
polynomial endofunctors, that is, endofunctors G on Set constructed from con-
stant and identity endofunctors using products, coproducts, exponentials with
constant exponent and (finite) powersets. Here we use finite Kripke polynomial
endofunctors (which satisfy the conditions in Def.[dl, and therefore give rise to
cosignatures) to exemplify our approach. The modal formulae associated to such
endofunctors, built from basic formulae of form a with a € A (where the set A
appears covariantly in the definition of G) using propositional connectives and
modal operators (whose form depends on G), induce predicates on the carriers
of final G-coalgebras, and therefore, by Prop.[2, are an instance of the notion
of modal formula given by Def.Bl Moreover, the fact that bisimulation coin-
cides with logical equivalence (see [d, Coroll.5.9], or [I5] Prop.4.8]) results in
the notion of satisfaction used in [7] agreeing with the one given by Def.Bl

Ezample 2. Consider the cosignature (Set, Grrs), with Gprs = Py(ld) x N. Under
the approach in [7], the modal language associated to Gprg is given by:

pu=L1]p—v|[succlp | [depthlon o =L | oy =ty |n, neN
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while its associated notion of satisfaction is given by:

Cn'En e n=n
C,C ): [succ](p = (VS) (S S succ(c) = C,S ': go)
C,c = [depth]py < (Vn) (depth(c) =n = C,n = ¢n)

for any Grrg-coalgebra C' = (C, (succ : C — Py(C),depth : C — N)), n,n’ € N
and ¢ € C. One can also define modal operators (succ) and (depth), namely by
(succ)p ::= —1[succ]p and (depth)py ::= —[depth|—y. Thus:

C,c = (succ)p < (Is) (s € succ(c) and C, s = @)
C,c = (depth)pon < (In) (depth(c) =n and C,n |= ¢n)

(Note therefore that (depth)pn and [depth]yn are semantically equivalent for any
©.) Finitely branching transition systems of finite depth can now be specified
using the following modal formulae:

[depth]0 < [succ] L
[depth](n+1) <> (succ)[depth]n A [succ][depth](0V ...V n), n € N

formalising the statement that a rooted transition system has depth 0 precisely
when its root has no successors, and has depth n + 1 precisely when its root has
a successor of depth n, and the depth of any of its successors does not exceed n.
Alternatively, natural numbers can be regarded as colours used to decorate the
states of an unlabelled transition system. The decorations of interest are those
where the colour decreases by 1 in successor states, and where (only) states with
no successor have colour 0. Such an approach, equivalent to the previous one,
corresponds to specifying a subcoalgebra of the cofree Py (ld)-coalgebra over N.

We now introduce a notion of cosignature morphism, capturing translations
between different types of observational structures.

Definition 4. A cosignature morphism between cosignatures (C,G) and
(C',G') consists of a pair (U,7) with U : C' — C a functor with right adjoint
R, and with 7 : Uo G’ = Go U a natural transformation.

Cosignature morphisms (U, 7) : (C,G) — (C’, G') induce reduct functors U, :
Coalg(G’') — Coalg(G), with U, taking (C’,~') € |Coalg(G’)| to (UC’, 7 oUr') €
|Coalg(G)|. Moreover, the existence of cofree coalgebras w.r.t. the functors Ug and
Ugs, together with the existence of largest subcoalgebras induced by monomor-
phisms into the carriers of coalgebras (see Prop.2]) can be used to show that the
reduct functors induced by cosignature morphisms have right adjoints.

Proposition 4. Let (U,7) : (C,G) — (C',G’) denote a cosignature morphism.
Then, the reduct functor U, : Coalg(G') — Coalg(G) has a right adjoint.

Proof (sketch). A cofree G'-coalgebra over a G-coalgebra (C,~) w.r.t. U, is ob-
tained as the largest G’-subcoalgebra of the cofree G’-coalgebra over RC w.r.t. Ug
whose image under U, has a homomorphism into (C,~).
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The right adjoint to U is denoted R,. The uniqueness up to isomorphism of
right adjoints yields a natural isomorphism i : R o Rg = Rg' o R.

The existence of right adjoints to the reduct functors induced by cosignature
morphisms yields translations of modal formulae over the sources of cosignature
morphisms to modal formulae over their targets. Specifically, a modal formula
t: (D,d) — RgZ translates along a cosignature morphism (U,7) : (C,G) —
(C', @) to the modal formula 7(:) = iz o Ryt : Ry (D,d) — Rg'RZ. (The fact
that RZ is injective whenever Z is injective follows from the preservation of
monomorphisms by Ug. Also, the fact that Ug/R¢, and hence i zoUg R, ¢, belongs
to Mono(C’) follows from Ug: being a monomorphism together with the reflection
of monomorphisms by Ug and their preservation by each of R; and Ug/.)

The translation of modal formulae along cosignature morphisms is such that
the satisfaction condition of institutions (formalising the statement that truth is
invariant under changes of notation [6]) holds for the resulting logic.

Theorem 1. Let (U,7) : (C,G) — (C',G') denote a cosignature morphism, let
(C",~") denote a G'-coalgebra, and let v : (D,0) — RgZ denote a modal formula
over (C,G). Then, U(C',~") E ¢ iff (C",v) =7(¢).

Proof (sketch).
U-(C",9) Bt & (defn. of )
for all f:UC" — Z, f* factors through « < (UAR, U, 4R;, i-iso)
for all f/: C" — RZ, " factors through iz o Ryt < (defn. of )
(€ A)ETW)

uc’ U-(C",7") , ()
~ g _ - ,
fJ, zg/ lfb - lf’b if
Z (D, §) — RgZ R-(D, ) R—) R RgZ T) Rg/'RZ RZ
Tt z

The second equivalence exploits the existence of isomorphisms C(UC’,Z) ~
C'(C",RZ) and Coalg(G)(U,(C",~"),(D,d)) ~ Coalg(G")({C",~),R-(D,6)), and
the relationship between the counits of the adjunctions U 4 R, U, 4R, Ug 14 Rg
and Ug 4 Rg/, determined by the existence of the natural isomorphism 1.

Ezample 3. Consider the cosignature (Set, Grers), with Grrrs = Pr(A4 x Id) x N.
Then, (Id,7) with 7 = Py(m2) x 1y : Py(A x Id) x N = P;(ld) x N defines a
cosignature morphism from (Set, Ggrs) to (Set, Grrrs). The induced reduct func-
tor takes a Grrrs-coalgebra (C, (next,depth)) to the Gprs-coalgebra (C, (Py(m2) o
next, depth)). The modal language associated to Grprs is given by:
pu= 1@ — 1| [label]pa | [succ]y | [depthlon @a =L |pa — Yala, a € A
while its associated notion of satisfaction is given by:

C,cl=labellps & (Va) (a € Py(mi)(next(c)) = C,a = pa)

C,c ': [succ](p = (VS) (S S 'Pf(ﬂ'g)(next(c)) =C,s ': <p)
C,c |= [depth]pn < (Vn) (depth(c) =n = C,n = ¢N)
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for any Grrrs-coalgebra C = (C, (next : C — Pf(A x C),depth : C — N))
and ¢ € C. The translation along (Id,7) of modal formulae over Ggrs to modal
formulae over Gpprs leaves Gprs-formulae (including the ones in Ex.[2) unchanged.

Remark 2. Cosignature morphisms (U,7) : (C,G) — (C’',G’) induce comonad
morphismsm (U,p) : (D,¢,8) = (D, €,d"). Specifically, if 6 : D = G oD and
& : D' = G’ oD’ denote the G- and respectively G’-coalgebra structures on
D and respectively D', then the natural transformation p : Uo D’ = Do U
arises from the cofreeness of (D o U,dy) w.r.t. Ug: for C' € |C'|, pcr is the
C-arrow underlying the G-coalgebra homomorphism (Uel,)” : (UD'C’, Tpicr ©
Ud'cr) — (DUC,Sycr) (where Uel, : UD'C’ — UC”). The induced comonad
morphism provides some information about the relationship between the notions
of observability associated to G and G’. For, if 1’ denotes a final C’-object, then
the C-arrow p1s : UD’l’ — DU1’ defines the unique homomorphism from the
U,-reduct of the final G’-coalgebra to the final G-coalgebra. Hence, the fact that
p1- belongs to Mono(C) reflects the fact that the target cosignature does not
refine the notion of observability induced by the source cosignature.

Definition 5. A cosignature morphism (U, 1) is horizontal if and only if p1/ €
Mono(C), with (U, p) denoting the induced comonad morphism.

3 Algebras and Equational Logic

A framework for the specification of algebraic structures can be obtained using
an approach similar to that of the previous section.

Definition 6. A signature is a pair (C,F), with C a category and F an endo-
functor on C, subject to the following constraints:

1. C is complete, cocomplete, regular, RegEpi(C)-cowellpowered and has enough
RegEpi(C)-projectives;

2. all reqular epimorphisms in C are split;

3. the functor taking F-algebras to their carrier has a left adjoint.

It then follows by [T, Thm. 20.17 and respectively by [4, Thm.4.3.5] that,
for a signature (C,F), the functor taking F-algebras to their carrier is monadic
and preserves regular epimorphismsﬁ. Hence, by [I, Thm. 20.32], this functor
is RegEpi(C)-monadic. Thus, Alg(F) ~ Alg(T), with the monad (T,7, 1) being
defined similarly to the comonad (D, ¢, d) induced by a cosignature.

T-algebras are taken as models for a signature (C, FE. The functor taking
T-algebras to their carrier is denoted U+, while its left adjoint (whose existence
is guaranteed by Def.[d([3]) is denoted Lt.

7 The notion of (co)monad morphism considered here generalises the standard one,
as defined e.g. in [, Def. 20.55], being given by a pair (U, p) with U : C" — C and
p:UoD’ = DoU, rather than by a natural transformation p : D’ = D.

8 See also [9) Thm. 1.1.8] for a proof in the dual case.

? Note that [4] Thm. 4.3.5] requires Def.[B (&) to hold, and the category C to be regular.

10 The choice of working with algebras of the induced monads rather than with algebras
of endofunctors is driven by the approach in Section HEl
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Remark 3. The following hold for a signature (C, F):

1. Alg(T) is cocomplete. This follows by [4] Thm.4.3.5]. In particular, Alg(T)
has an initial object, which incorporates all ground F-computations. The
homomorphisms from it interpret ground computations in arbitrary algebras.

2. Ut preserves and reflects regular epimorphisms. Again, this follows by [4]
Thm. 4.3.5].

3. The components of the counit € of the adjunction Lt - Ut are regular
epimorphisms (as the components of Ute are split, and hence regular epi-
morphisms).

Definition 7. Given a signature (C,F), a T-algebra is reachable if and only if
the unique homomorphism from the initial T-algebra into it is a regular epimor-
phism.

Ezxample 4. Non-deterministic, sequential processes over an alphabet A are spec-
ified using the signature (Set, Fygp), with Fysp = 14+ A X X + X x X + X x X.
An Fygp-algebra is given by a Set-arrow « : FygpC — C, or equivalently, by
four Set-arrows nil : 1 — C, _._: AxC —- C, _+_: CxC — C and
_; _: C x C — C (corresponding to the empty process, the prefixing operator,
the non-deterministic choice operator and respectively sequential composition).

Proposition 5. For a signature (C,F), the category Alg(T) is regular, and the
functor Ut preserves reqular-epi-mono factorisations.

The existence of a factorisation system for Alg(T) yields notions of T-sub-
algebra, T-homomorphic image and T-variety.

Definition 8. An equation over a signature (C,F) is a T-homomorphic image
q: LtX — (B, ) with X a RegEpi(C)-projective C-object. A T-algebra (A, «)
satisfies an equation of this form (written (A, «) = q) if and only if, for any
C-arrow f : X — A, the T-algebra homomorphism f# : LtX — (A, a) factors
through q.

LrX -5 (B, B)

X
7] #lo
A (A, )

Equations as defined above are an instance of the notion of equation defined
in [2]. Moreover, equations over a signature are sufficient to characterise varieties.
These are consequences of the following observations:

1. If a C-object X is RegEpi(C)-projective (and hence Ut (RegEpi(Alg(T)))-
projective), then the T-algebra Lt X is RegEpi(Alg(T))-projective.

2. If C has enough RegEpi(C)-projectives, then Alg(T) has enough
RegEpi(Alg(T))-projectives. Moreover, the free T-algebras over RegEpi(C)-
projective C-objects still provide enough RegEpi(Alg(T))-projectives for
Alg(T).
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Remark 4. Given a signature (C,F), equations ¢ : Lt X — (B, 8) over (C,F) can
be specified using pairs of C-arrows [,r : K — UtLtX, with X a RegEpi(C)-
projective C-object. For, such pairs induce pairs of T-algebra homomorphisms
I#,r#% . Lt K — LtX, whose coequaliser defines an equation over (C,F). (The
preservation of regular epimorphisms by Ut is used to show this.)

f#
1# — T
A(T)  LrK 41X —» (B.5) 3 (A.a)
UTLTLT 1 Ut f#
C K=—=UrltX ———— A4

Moreover, a T-algebra (A, o) satisfies the induced equation if and only if Ut f# o
Il = Urf# or for any f : X — A. This follows from the definition of ¢ using
standard properties of adjunctions.

Equations ¢ : LtX — (B, ) with X initial in C specify properties up to
reachability under (ground) computations. Results dual to Props.2 and B hold
for algebras of signatures (with the proofs also dualising).

Ezample 5. The commutativity of the non-deterministic choice operator on pro-
cesses is formalised by the equation: (VX)(VY) X +Y =Y + X.

Definition 9. A signature morphism between signatures (C,F) and (C',F')
consists of a pair (U,€) with U : C' — C a functor with left adjoint L, and with
¢:FolU= UoF a natural transformation. (U,&) is horizontal if and only if
vy € RegEpi(C), with (U,v) the induced monad morphisn and 0 initial in C'.

Signature morphisms (U,¢) : (C,F) — (C',F’) induce reduct functors U, :
Alg(T") — Alg(T), with U, taking (C’,a’) € |Alg(T")] to (UC',Ua’ o ver) €
|Alg(T)|. Horizontal signature morphisms capture situations where the target
signature does not enrich the notion of reachability induced by the source sig-
nature. For, the C-arrow vo : TUO' = UT’0’ defines the unique homomorphism
from the initial T-algebra to the U,-reduct of the initial T’-algebra.

Proposition 6. Let (U,§) : (C,F) — (C',F') denote a signature morphism.
Then, the reduct functor U, : Alg(T") — Alg(T) has a left adjoint.

Proof. The conclusion follows from L 4 U, L+ 4 U, L+ 4 U and Uy o U, =
Uo Ut using the Adjoint Lifting Theorem (see e.g. ] Thm. 4.5.6]), after noting
that Alg(T’) has coequalisers (by Rem.B|([)).

The left adjoint to U, is denoted L,. And, as in the coalgebraic case, there
exists a natural isomorphism j: Lt oL =L, oLy.
Signature morphisms also induce translations of equations over their source
to equations over their target: an equation ¢ : LtX — (B, ) translates along a
signature morphism (U, &) : (C,F) — (C',F’) to the equation v(¢q) = L,qo jx.
' The natural transformation v : To U = Uo T’ is obtained similarly to the natural
transformation p: Uo D’ = Do U in Rem.B.
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Remark 5. A signature morphism (U,¢) : (C,F) — (C',F’) also induces a map-
ping from pairs of C-arrows defining equations over (C,F) (see Rem.H) to pairs
of C’-arrows defining equations over (C’, F'). The mapping takes a pair [,r : K —
UtLt X to the pair (U UT/j)_(1 o UT"?u,LTX Ol)#7 (UUT/j)_(l o UT771/,L-|—X OT)# LK —
Ut/LtLX, where 1, : Id = U, oL, denotes the unit of the adjunction L, 4 U,.

(UUp 55 oUrny Lo xol)#
c’ LK < UT/ LT/ LX
UHL (UUpr g oUrny,Lpxor)®
1 Utny, UUq/jgt
C K;;UTLTX& UrU L e X — 2% & YU L LX

Moreover, the mapping thus defined agrees with the translation of equations
over (C,F) to equations over (C',F’). That is, the translation along (U,§) of
the equation induced by [, coincides (up to isomorphism in Alg(T’)) with the
equation induced by (UUt/jx" o Urn, 1, x o )%, (UUt/ 5" o Utn, 1, x or)#. This
follows using standard properties of adjunctions.

Theorem 2. Let (U,¢) : (C,F) — (C',F') denote a signature morphism, let
(A", ') denote a T'-algebra, and let q : Lt X — (B, 3) denote an equation over
(C,F). Then, U, (A", d') |= q iff (A",o/) = v(q).

4 Combined Structures and Their Logic

The frameworks described in Sections 2] and [B] are now integrated in order to
account for structures incorporating both algebraic and coalgebraic features.
Modal as well as equational formulae are used to formalise correctness properties
of such structures, with the associated notions of satisfaction abstracting away
unreachable and respectively observationally indistinguishable behaviours. Such
an abstraction is possible due to a compatibility between computational and
observational features in the structures considered. This compatibility, which
amounts to computations preserving observational indistinguishability and to
observations preserving reachability, is attained using an approach similar to
that of [I7], where liftings of monads to categories of coalgebras are used to
define operational semantics which are well-behaved w.r.t. denotational ones.

Definition 10. A combined signature is a tuple (C,G,F,o), with (C,G) a
cosignature, (C,F) a signature inducing a monad (T,n, 1), and o : T o Ug =
Go ToUg a natural transformation, such that the following diagram commutes:

TNug Hug
Ug=———-TolUge=———=ToTolUg

el .

Mg Grug
GoUg=——=GoTolUg<——=GoToTolUg

where the natural transformation A : Ug = G o Ug is given by Ay = v for
(C,v) € |Coalg(G)|, while the functor T, : Coalg(G) — Coalg(G) is given by
T,(C,v) = (TC,0,) for (C,v) € |Coalg(G)| (and consequently UgoT, = ToUg).
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A combined signature morphism from (C,G,F, o) to (C',G',F',0’) is a
tuple (U, 7, &), with (U,7) : (C,G) — (C', G') a cosignature morphism and (U, ) :
(C,F) — (C',F) a signature morphism inducing a monad morphism (U,v) :
(Tyn, ) — (T,n', 1), such that the following diagram commutes:

oy

ToUoUg =ToUgoU, = GoToUgoU,=GoToUoUg

DUG/\U/ Uo’ TT’OUG/ ‘U’GVUG/
UoT' oUgg=———=UoG oT oUgr =———=GoUoT oUg

The natural transformation ¢ used in the definition of combined signatures
specifies the relationship between the algebraic and coalgebraic substructures
of combined structures. Its components define G-coalgebra structures on (the
carriers of) the free T-algebras over (the carriers of) G-coalgebrad!d. The ad-
ditional constraints on o ensure that, for any G-coalgebra (C,~), the C-arrows
nc : C — TC and pc : TTC — C define G-coalgebra homomorphisms. This
results in the tuple (T,, 7, 1) defining a monad on Coalg(G). The algebras of this
monad are taken as models for a combined signature (C,G,F, o). A T,-algebra
is thus given by a C-object C carrying both a G-coalgebra structure (C,~) and
a T-algebra structure (C, ), such that « defines a G-coalgebra homomorphism
from (TC,o,) to (C,~). Then, the constraints defining a combined signature
morphism (U, 7, §) ensure that, for a G'-coalgebra (C’, '), the G’-coalgebra struc-
ture induced by ¢’ on T'C’ agrees with the G-coalgebra structure induced by
o on TUC’. This results in combined signature morphisms (U, 7,¢) inducing
reduct functors U,y : Alg(T;,) — Alg(T,), with U(,,) taking a T/,-algebra
((C",4"y, ) to the Ty-algebra ((UC’, 7 o Uy'), Ua/ o ver).

Remark 6. In [T12|T1], combined structures are captured using pairs consisting
of an algebra and a coalgebra structure on the same carrier, with the addi-
tional requirement that bisimulation on the coalgebraic structure is a congruence
w.r.t. the algebraic structure. Here, the presence of natural transformations o
in the definition of combined signatures ensures this, as well as the fact that
reachable subalgebras carry coalgebraic structure. Another consequence of the
use of such natural transformations is the existence of reduct functors induced
by combined signature morphisms. An alternative approach to specifying com-
bined structures would be to require the above-mentioned compatibility between
the algebraic and coalgebraic structure directly, rather than ensuring it through
the natural transformations o. Formally, this would amount to requiring the
reachable subalgebras of the underlying algebras to carry coalgebraic structure,
and the observable homomorphic images of the underlying coalgebras to carry
algebraic structurd™. However, in this case, horizontality of the signature and
cosignature morphisms used to define combined signature morphisms would be

12° A dual approach would be to consider natural transformations of form FoD o Ur =
D o Ug, with D the comonad induced by G.

13 The existence of factorisation systems for Alg(T) and Coalg(G) results in the reachable
subalgebra of a T-algebra and the observable homomorphic image of a G-coalgebra
being defined uniquely up to isomorphism in Alg(T) and respectively Coalg(G).
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needed to ensure the well-definedness of reduct functors. ([11] also uses a con-
dition which resembles horizontality to ensure that reduct functors preserve the
compatibility between the algebraic operations and the bisimulation relation.)

Ezample 6. Non-deterministic, sequential processes are specified using the com-
bined signature (Set, Grgrs, Fysp, o), with o : Tygp o U = Grprs © Tysp © U (where
Tysp denotes the monad induced by Fysp) being defined inductively by:

O~ (c) = <next(c),depth(c)>

)= (0,0)

oy (a.c) = ({{a,)}, 1 + deptn(c))

U’Y(C + d) = <next(c) U next(d), max(depth(c), depth(d)))

o (cid) {(next(d),depth(d)), if depth(c) = 0
v\& ({{a,c’;d) | {(a,c’) € next(c)}, depth(c) + depth(d)), o/w

0y (nil

for any Grrrs-coalgebra (C, (next,depth)), a € A and ¢,d € C.

It follows from [17] that, for a combined signature (C, G, F, o), the category
Alg(T,) has both an initial and a final object. The initial T,-algebra provides an
observational structure on ground computations, whereas the final T,-algebra
provides a computational structure on abstract states. These T,-algebras will,
from now on, be denoted ((I,~r), ar) and respectively ((F,vr), ap).

Proposition 7. For a combined signature (C,G,F, o), the factorisation system
for Coalg(G) given by Prop.[ lifts uniquely to a factorisation system for Alg(T,).
Moreover, the functor taking T,-algebras to their underlying T-algebras preserves
factorisations.

Proof. The first statement follows by [T, Prop. 20.28], after noting that T, pre-
serves regular epimorphisms (as T preserves regular epimorphisms). For the sec-
ond statement, let US : Alg(T,) — Coalg(G) and UT : Alg(T,) — Alg(T) denote
the functors taking T,-algebras to their underlying G-coalgebras and respec-
tively T-algebras. Then, the statement follows from UgoUS = Ut o U], together
with Ug o US preserving factorisations and Ut creating them.

As a consequence of Prop.[d, the observable homomorphic images of the G-
coalgebras underlying T,-algebras carry T-algebra structure, whereas the reach-
able subalgebras of the T-algebras underlying T,-algebras carry G-coalgebra
structure.

Definition 11. Let (C,G,F,0) denote a combined signature. A T,-algebra
((C,), o) satisfies a modal formula v : (D, ) — RegZ over (C,G) up to reach-
ability (written ((C,~),a) E" ¢) if and only if, for any C-arrow f : C — Z, the
G-coalgebra homomorphism f°o! : (I,v;) — ReZ, with ! : (I,~r) — (C,~) arising
from the initiality of ({I,~1),ar), factors through ¢.

C (L) = (C)
L Ls
7 <D,(S> T> RgZ
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Also, a T,-algebra ((C,7),a) satisfies an equation q : LtX — (B,() over
(C,F) up to observability (written ((C,v),a) E° q) if and only if, for any
C-arrow f : X — C, the T-algebra homomorphism ! o f# : L1 X — (F,arp), with
V' {C,a) — (F,ap) arising from the finality of ((F,vr),ar), factors through q.

X x5 (B
ol
c <C,OA>‘/><F,OAF>

!

Remark 7. If the equation ¢ in Def.[TTl is given by a pair of C-arrows [,r : K —
ULt X, then ((C,7), ) =° q translates to Ut! o Ut f# ol = Ut/ o Ut f# or for
any C-arrow f : X — C. This follows similarly to Rem.H]

Remark 8. The notions of satisfaction introduced in Def.[[Tl can also be defined
in a more general setting, which does not assume the existence of initial/final
T,-algebras. In particular, in a setting where combined structures are given
by compatible algebra-coalgebra pairs (see Rem.[l), a notion of satisfaction of
modal formulae up to reachability is obtained by replacing the G-coalgebra ho-
momorphism ! : (I,v7) — (C,v) in Def.[[T with the G-coalgebra homomorphism
r: (R,yr) — (C,v) (with (R,vgr) denoting the G-coalgebra structure on the
carrier of the reachable T-subalgebra of (C, a)). A notion of satisfaction of
equations up to observability can be defined in a similar way.

The satisfaction of a modal formula by a T,-algebra only requires the formula
to hold in reachable states. Also, as shown by the next result, the satisfaction of
an equation by a T,-algebra only requires the equation to hold up to bisimilarity.

Proposition 8. Let (C, G, F, o) denote a combined signature. Then, a T,-algebra
((C, ), &) satisfies an equation l,r : K — UtLtX over (C,F) up to observability
if and only if, for any C-arrow f : X — C, (Ut f# ol,Utf# or) factors through
(m1,m2), with m,m : R — C defining the kernel pair of UT!.

Proof (sketch). Rem.[T is used.

The next result gives a necessary and sufficient condition for the satisfaction
of modal formulae up to reachability by algebras of combined signatures.

Proposition 9. Let (C,G,F, o) denote a combined signature, let ((C,7),a) de-
note a T,-algebra with ((R,vR),ar) its reachable T,-subalgebra, and let ¢ :
(D, 8y — RgZ denote a modal formula over (C,G). Then, ((C,7),a) =" ¢ iff

<Ra 7R> >: L.

Proof (sketch). The unique (RegEpi(Coalg(G)), Mono(Coalg(G)))-diagonalisation
property of Coalg(G) and the injectivity of Z are used for the only if direction.

14 The preservation of monomorphisms by G ensures the uniqueness of (R,YR)-
5 Hence, by Rem.d@), (R, 71, T2) gives precisely the bisimilarity relation on (C,~).
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A similar result holds for the satisfaction of equations up to observability:
a T,-algebra satisfies an equation up to observability if and only if the algebra
underlying its observable homomorphic image satisfies that equation.

Initiality yields an inductive technique for proving the satisfaction of modal
formulae up to reachability by algebras of combined signatures. Also, finality
together with the existence of largest bisimulations yield a coinductive tech-
nique for proving the satisfaction of equations up to observability by algebras of
combined signatures. These techniques are briefly illustrated in the following.

Example 7. Proving that the modal formulae defining finitely-branching, A-
labelled transition systems of finite depth hold, up to reachability, in algebras
of the combined signature for non-deterministic, sequential processes can be re-
duced to proving that they hold in nil and that their satisfaction is preserved
by _._, _+ _and _; _. But this follows directly from the constraints defining this
combined signature. Also, proving that the equation in Ex.[H holds, up to observ-
ability, in algebras of the same combined signature can be reduced to exhibiting a
generic bisimulation relation (given by a functor R : Coalg(Grrrs) — C together
with two natural transformations my,m2 : R = Ug, such that (Ry,m 4, m2)
is a bisimulation relation on (C,~) for each Grrrs-coalgebra (C,7)), such that
R~ relates the interpretations in (C,«) of the two sides of the equation, for
any (Grrrs, Fysp, 0)-algebra ((C,v), ). Here, Ry is taken to be the least reflexive
relation on C' such that (c+d) Ry (d+c¢) for any ¢,d € C and any (Grgrs, Fysp, 0)-
algebra ((C,~), ). The fourth constraint in the definition of this combined sig-
nature results in Ry being a bisimulation relation on (C, 7).

Finally, we show that combined signature morphisms whose underlying sig-
nature and respectively cosignature morphisms are horizontal give rise to institu-
tions w.r.t. the satisfaction of modal formulas up to reachability and respectively
of equations up to observability by algebras of combined signatures.

Theorem 3. Let (U, 7,¢) : (C,G,F,0) — (C',G',F,0’) denote a combined sig-
nature morphism, and let ((C’,~'),a') denote a T, ,-algebra. The following hold:

1. If (U,&) is horizontal and ¢ : (D,6) — RgZ denotes a modal formula over

(C,G), then U, ,((C",4"), ')y E" ¢ iff ((C",~"),a) E"7(¢).
2. If (U, 7) is horizontal and q : Lt X — (B, 8) denotes an equation over (C,F),

then U, ((C',~'),a') E° q iff ((C",7), /) E° v(q).

Proof. U, ,((C",7"),/) =" ¢ amounts to the existence, for any C-arrow f :
UC" — Z, of a G-coalgebra homomorphism g making the outer left diagram
below commute, whereas ((C’,+'), ') E" 7(¢) amounts to the existence, for any
C'-arrow [/ : C' — RZ, of a G'-coalgebra homomorphism ¢’ making the right
diagram below commute. Also, since U 4 R, C(UC’, Z) ~ C'(C",RZ).

(L) DUl ) D UAC ) (T ) ——— (O )

~
~

Y

| A ’

PR Lr Iy L

(D,6) ———R¢Z R-(D,é) = R;R¢Z — R¢'RZ
L iz
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For the if direction, let f : UC’ — Z denote a C-arrow, let f' : C' — RZ
denote its corresponding C’-arrow, and let ¢’ : (I',yp) — R.(D,d) denote the
G’-coalgebra homomorphism which makes the right diagram commute. Then,
g is taken to be g’# o y.. For the only if direction, let f' : ¢/ — RZ de-
note a C’-arrow, and let f : UC" — Z denote its corresponding C-arrow. Since
Uely = vp € RegEpi(C) and Ugt € Mono(C), the unique (RegEpi(Coalg(G)),
Mono(Coalg(G)))-diagonalisation property of Coalg(G) yields a G-coalgebra ho-
momorphism h : U, (I, vp/) — (D, ) satisfying ho iy =g and toh = f> o U,!.
This, in turn, yields a G’-coalgebra homomorphism ¢’ : (I’,v;:) — R (D, d) (by
U, - R,).
The proof of the second statement is similar.

References

1. J. Adamek, H. Herrlich, and G.E. Strecker. Abstract and Concrete Categories.
John Wiley and Sons, 1990.

2. B. Banaschewski and H. Herrlich. Subcategories defined by implications. Houston
Journal of Mathematics, 2(2), 1976.

3. G. Birkhoff. On the structure of abstract algebras. In Proceedings of the Cambridge
Philosophical Society, volume 31, 1935.

4. F. Borceux. Handbook of Categorical Algebra, volume 2. CUP, 1994.

5. C. Cirstea. Integrating observational and computational features in the specifica-
tion of state-based, dynamical systems. Theoretical Informatics and Applications,
35(1), 2001.

6. J. Goguen and R. Burstall. Institutions: Abstract model theory for specification
and programming. Journal of the ACM, 39(1), 1992.

7. B. Jacobs. Many-sorted coalgebraic modal logic: A model-theoretic study. Theo-
retical Informatics and Applications, 35(1), 2001.

8. P. Johnstone, J. Power, T. Tsujishita, H. Watanabe, and J. Worrell. On the
structure of categories of coalgebras. T'CS, 260(1), 2001.

9. A. Kurz. Logics for Coalgebras and Applications to Computer Science. PhD thesis,
Ludwig-Maximilians-Universitat Miinchen, 2000.

10. A. Kurz. Specifying coalgebras with modal logic. T'CS, 260(1), 2001.

11. A. Kurz and R. Hennicker. On institutions for modular coalgebraic specifications.
To appear in Theoretical Computer Science.

12. G. Malcolm. Behavioural equivalence, bisimulation, and minimal realisation. In
M. Haveraaen, O. Owe, and O.-J. Dahl, editors, Proceedings, WADT, volume 1130
of LNCS. Springer, 1996.

13. L.S. Moss. Coalgebraic logic. Annals of Pure and Applied Logic, 96, 1999.

14. H. Reichel. An approach to object semantics based on terminal coalgebras. Math-
ematical Structures in Computer Science, 5, 1995.

15. M. Rofliger. Coalgebras and modal logic. In H. Reichel, editor, Coalgebraic Methods
in Computer Science, volume 33 of ENTCS. Elsevier Science, 2000.

16. J.J.M.M. Rutten. Universal coalgebra: a theory of systems. T'CS, 249(1), 2000.

17. D. Turi and G. Plotkin. Towards a mathematical operational semantics. In Pro-
ceedings, LICS, 1997.



A First-Order One-Pass CPS Transformation

Olivier Danvy and Lasse R. Nielsen

BRICS*

Department of Computer Science, University of Aarhus
Ny Munkegade, Building 540, DK-8000 Aarhus C, Denmark
{danvy,lrn}@brics.dk
http://www.brics.dk/"{danvy,lrn}

Abstract. We present a new transformation of call-by-value lambda-
terms into continuation-passing style (CPS). This transformation oper-
ates in one pass and is both compositional and first-order. Because it
operates in one pass, it directly yields compact CPS programs that are
comparable to what one would write by hand. Because it is composi-
tional, it allows proofs by structural induction. Because it is first-order,
reasoning about it does not require the use of a logical relation.

This new CPS transformation connects two separate lines of research.
It has already been used to state a new and simpler correctness proof
of a direct-style transformation, and to develop a new and simpler CPS
transformation of control-flow information.

1 Introduction

The transformation into continuation-passing style (CPS) is an encoding of arbi-
trary A-terms into an evaluation-order-independent subset of the A-calculus [30,36].
As already reviewed by Reynolds [35], continuations and the CPS transformation
share a long history. The CPS transformation was first formalized by Plotkin
[B0], and first used in practice by Steele, in the first compiler for the Scheme pro-
gramming language [39]. Unfortunately, its direct implementation as a rewriting
system yields extraneous redexes known as administrative redexes. These re-
dexes interfere both with proving the correctness of a CPS transformation [30]
and with using it in a compiler [22/39]. At the turn of the 1990’s, two flavors of
“one-pass” CPS transformations that contract administrative redexes at trans-
formation time were developed. One flavor is compositional and higher-order,
using a functional accumulator [IJI0/41]. The other is non-compositional and
first-order, using evaluation contexts [37]. They have both been proven correct
and are used in compilers as well as to reason about CPS programs.

Because the existing one-pass CPS transformations are either higher-order or
non-compositional, their correctness proofs are complicated, and so is reasoning
about CPS-transformed programs. In this article, we present a one-pass CPS
transformation that is both compositional and first-order and thus is simple to
prove correct and to reason about. It is also more efficient in practice.
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© Springer-Verlag Berlin Heidelberg 2002



A First-Order One-Pass CPS Transformation 99

Overview: The rest of this article is structured as follows. We present three
derivations of our first-order, one-pass, and compositional CPS transformation.
We derive it from the higher-order one-pass CPS transformation (Section [2)),
from Sabry and Wadler’s non-compositional CPS transformation (Section [3]),
and from Steele’s two-pass CPS transformation (Section [). We also prove its
correctness with a simulation theorem & la Plotkin (Section [).

higher-order first-order first-order
one-pass one-pass two-pass
compositional non-compositional compositional
CPS transformation CPS transformation CPS transformation
. Secti .
Section ection | Section @
first-order
one-pass
compositional

CPS transformation

Section |Gl

correctness

We then compare the process of reasoning about CPS-transformed programs,
depending on which kind of CPS transformation is used (Section [B]). Finally, we
conclude (Section 7).

Prerequisites: The syntax of the A-calculus is as follows. We follow the tradition
of distinguishing between trivial and serious terms. (This distinction originates
in Reynolds’s work [36] and has been used by Moggi to distinguish between
values and computations [25].)

ex=t| s e € Expr (terms)
tu=2a | Axe t, K € Val  (trivial terms, i.e., values)
s 1= eg €1 s € Comp (serious terms, i.e., computations)

x,k € Ide  (identifiers)

We distinguish terms up to a-equivalence, i.e., renaming of bound variables.

2 From Higher-Order to First-Order

2.1 A Higher-Order Specification

Figure [M displays a higher-order, one-pass, compositional CPS transformation.
£ is applied to terms in tail position [3] and £’ to terms appearing in non-tail
position; they are otherwise similar. S is applied to serious terms in tail position



100 Olivier Danvy and Lasse R. Nielsen

& : Expr — Ide — Comp
EMt] = ek QTt]
Els] = M. S[s]Qk

S : Comp — Ide — Comp
S[eo 61]] = Xk.g/ﬂe()]] @ (X{E().Slllel]] @ (Xml.xo @:El @k‘))

7T : Val — Val
Tz] ==
T[x.e] = Az k.E[e] Qk

&' Expr — (Val — Comp) — Comp
E'M = M.k QTt]
E'ls] = AeS'[s]@x

S’ : Comp — (Val — Comp) — Comp

S'[eo e1] = Ae.E'[eo] @ (Mwo.E [e1] @ (Az1.w0 Q21 @ (Az2.k Q 22)))

Fig. 1. Higher-order one-pass CPS transformation

and 8’ to terms appearing in non-tail position; they are otherwise similar. 7 is
applied to trivial terms.

In Figure [[] transformation-time abstractions (\) and applications (infix @)
are overlined. Underlined abstractions (A) and applications (infix @) are hygienic
syntax constructors, i.e., they generate fresh variables.

An expression e is CPS-transformed into the result of M\k.E[e] Q k.

2.2 Circumventing the Higher-Order Functions

Let us analyze the function spaces in Figure [Il All the calls to &, S, &, and
S’ are fully applied and thus these functions could as well be uncurried. The
resulting CPS transformation is only higher order because of the function space
Val — Comp used in £ and S’. Let us try to circumvent this function space.

A simple control-flow analysis of the uncurried CPS transformation tells us
that while both £ and £’ invoke 7, 7 only invokes £, £ only invokes S, and
S only invokes & while & and &’ invoke each other. The following diagram
illustrates these relationships.
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£ S & =8

T

Therefore, if we could prevent S from calling £, both £’ and 8’ would become
dead code, and only &£, S, and 7 would remain. We would then obtain a first-
order one-pass CPS transformation.

Let us unfold the definition of & and reason by inversion. The four following
cases occur. (We only detail the S-reductions in the first case.)

S[[to tl]] @k —def g/[[to]] @ (Xl‘o 8/[[?51]] @ (X.Il To &Y @ T @k‘))
=def ()\(I}O 5 [[tl]] ()\371 oY @ xr1p @ @ k‘)) @T[[to]]
-3 5/[[751]]@()\,%1 T[[to]]@.’l)l@k)
=det Az1.T[to] Qw1 QK) QT [t,]
—p T[] QT[] Qk

S[[to Sﬂ]@k‘ =g ]] (/\],‘1 [[to]]@l‘l @k)

S'[s
SIISO tl]] @]{3 =B Sl [[So]] (AI’O o @ Tﬂtl]] (@ k)
S

S[[SO 81]]@]6 =3 So]] ()\ZL’O S/[[Sﬂ] ()\.’El o @1’1 @k))

This analysis makes explicit all of the functions x that S passes to S’. By def-
inition of &', we also know where these functions are applied: in the two-level
eta-redex \xo.k @ xo. We can take advantage of this knowledge by invoking S
rather than &', extend its domain to Comp — Expr — Comp, and pass it the
result of eta-expanding . The result reads as follows.

Hto tl]] @ = Hto]] @T[[tlﬂ Qk
S[[to 51]]@]65 IIS ]] ()\1’1 [[to]]@l’l@k)
S[[So t1]] @]{i = [[8 ]] (/\l‘o o @T[[tl]] @ ]41)

S[[So 81]] Qk = S[[SQ]] @ (ALE()S[[ 1]] @ (A.’El.l‘o @l’l @k‘))

In this derived transformation, £ and S’ are no longer used. Since they are the
only higher-order components of the uncurried CPS transformation, the derived
transformation, while still one-pass and compositional, is first-order. Its control-
flow graph can be depicted as follows.

5—>sk\

\\
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& : Expr x Ide — Comp
EMtNk = kT[t]
Els]k = S[s] k

S : Comp x Expr — Comp
Slto t1] K = Tto] Tt1] K
Slto s1] K = S[s1] (Az1.T[to] z1 K)
S[so t1] K = S[so] (Azo.zo T [t1] K)
Slso s1] K = S[so] (Azo.S[s1] (A\z1.20 21 K))

T :Val — Val
Tlz] = =
T z.e] = Mz k.Ee] k

Fig. 2. First-order one-pass CPS transformation

The resulting CPS transformation is displayed in Figure . Since it is first-order,
there are no overlined abstractions and applications, and therefore we omit all
underlines as well as the infix @. An expression e is CPS-transformed into the
result of \k.E[e] k.

This first-order CPS transformation is compositional (in the sense of denota-
tional semantics) because on the right-hand side, all recursive calls are on proper
sub-parts of the left-hand-side term [42], page 60]. One could say, however, that it
is not purely defined by recursive descent, since S is defined by cases on immedi-
ate sub-expressions, using a sort of structural look-ahead. (A change of grammar
would solve that problem, though.) The main cost incurred by the inversion step
above is that it requires 2™ clauses for a source term with n sub-terms that need
to be considered (e.g., a tuple).

3 From Non-compositional to Compositional

3.1 A Non-compositional Specification

The first edition of Essentials of Programming Languages [18] dedicated a chap-
ter to the CPS transformation, with the goal to be as intuitive and pedagogi-
cal as possible and to produce CPS terms similar to what one would write by
hand. This CPS transformation inspired Sabry and Felleisen to design a radi-
cally different CPS transformation based on evaluation contexts that produces
a remarkably compact output due to an extra reduction rule, 55 [ITJ37]. Sabry
and Wadler then simplified this CPS transformation [38] Figure 18], e.g., omit-
ting Bup. This simplified CPS transformation now forms the basis of the chapter
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on the CPS transformation in the second edition of Essentials of Programming
Languages [19].

Using the same notation as in Figure[d, Sabry and Wadler’s CPS transforma-
tion reads as follows. An expression e is CPS-transformed into Ak.E[e], where:

Ele] = S[e] k S[t] K = K T[t]
Slto t1] K = Tto] T[t1] K
T[[x]] =X S[[to 81]] K = S[[S1]] ()\.731.8[[150 l‘l]] K)
T z.€] = Az k.E]e] S[so e1] K = S[so] (A\xo.S[zo e1] K)

For each serious expression s with a serious immediate sub-expression s’, S
recursively traverses s’ with a new continuation. In this new continuation, s’
is replaced by a fresh variable (i.e., a trivial immediate sub-expression) in s.
The result, now with one less serious immediate sub-expression, is transformed
recursively. The idea was the same in Sabry and Felleisen’s context-based CPS
transformation [37, Definition 5], which we study elsewhere [12/1527].

These CPS transformations hinge on a unique free variable k and also they
are not compositional. For example, on the right-hand side of the definition of
S just above, some recursive calls are on terms that are not proper sub-parts
of the left-hand-side term. The input program changes dynamically during the
transformation, and proving termination therefore requires a size argument. In
contrast, a compositional transformation entails a simpler termination proof by
structural induction.

3.2 Eliminating the Non-compositionality

Sabry and Wadler’s CPS transformation can be made compositional through the
following unfolding steps.

Unfolding S in Sty z1] K: The result is 7 [to] 7 [z1] K, which is equivalent
to T[[to]] Iy K.
Unfolding S in S[zg e1] K: Two cases occur (thus splitting this clause for S
into two).
— If ey is a value (call it ¢1 ), the result is 7 [xo] 7 [t1] K, which is equivalent
to o T[[tl]] K.
— If €7 is a computation (call it s1), the result is S[s1] (Ax1.S[zo z1] K).
Unfolding the inner occurrence of S yields S[s1] (Az1.7 [zo] 7 [z1] K),
which is equivalent to S[s1] (Az1.20 21 K).

The resulting unfolded transformation is compositional. It also coincides with the
definition of § in Figure[d and thus connects the two separate lines of research.

4 From Two Passes to One Pass

4.1 A Two-Pass Specification

Plotkin’s CPS transformation [30] can be phrased as follows.
Clt] = M\k.k &(¢) P(x)==x
Cleo e1] = Mk.Cleo] (Azo.Cler] (Az1.zo 1 k)) P(Az.e) = Ax.C[e]
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Directly implementing it yields CPS terms containing a mass of administrative
redexes that need to be contracted in a second pass [39).

4.2 A Colon Translation for Proving Simulation

Plotkin’s simulation theorem shows a correspondence between reductions in the
source program and in the transformed program. To this end, he introduced the
so-called “colon translation” to bypass the initial administrative reductions of a
CPS-transformed term.

The colon translation makes it possible to focus on the reduction of the
abstractions inherited from the source program. The simulation theorem is shown
by relating each reduction step, as depicted by the following diagram.

reduction ,
e e
CPS transformation CPS transformation
Cle] K Cle']1K
administrative administrative
reductions W reductions
e: K e K

The colon translation is itself a CPS transformation. It transforms a source
expression and a continuation into a CPS term; this CPS term is the one that ap-
pears after contracting the initial administrative redexes of the CPS-transformed
expression applied to the continuation. In other words, if we write the colon
translation of the expression e and the continuation K as e : K, then the follow-
ing holds: C[e] K —e: K.

The colon translation can be derived from the CPS transformation by pre-
dicting the result of the initial administrative reductions from the structure of the
source term. For example, a serious term of the form tg e; is CPS-transformed
into Ak.(Ak.k D(v)) (Azo.Cle1] (Ax1.mo z1 k)). Applying this CPS term to a
continuation enables the following administrative reductions.

-3 ()\kk‘ @(to)) ()\l’().C[[el]] ()\.’ﬂl.xo T K))
-3 ()\(E(}C[[@ﬂ] ()\l‘l.{L‘O T1 K)) @(to)
-3 C[[el]] Aa?l.@(to) T1 K

The result is a smaller term that can be CPS-transformed recursively. This
insight leads one to Plotkin’s colon translation, as defined below.

t:K =K &(t)
to tl K = @(to) @(tl) K
to 81 K= S1: ()\(El@(to) I K)
so e1: K = sg: (Axo.Cler] (A\z1.20 21 K))
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4.3 Merging CPS Transformation and Colon Translation

For Plotkin’s purpose—reasoning about the output of the CPS transformation—
contracting the initial administrative reductions in each step is sufficient. Our
goal, however, is to remove all administrative redexes in one pass. Since the colon
translation contracts some administrative redexes, and thus more than the CPS
transformation, further administrative redexes can be contracted by using the
colon translation in place of all occurrences of C.

The CPS transformation is used once in the colon translation and once in the
definition of @. For consistency, we distinguish two cases in the colon translation,
depending on whether the expression is a value or not, and we use the colon
translation if it is not a value. In the definition of @, we introduce the continuation
identifier and then we use the colon translation. The resulting extended colon
translation reads as follows.

t:K = K ®(t)
to tl K = @(to) @(tl) K
to S1 K = 51 ()\(Elé(to) I K)
S0 tl K = S0 - ()\xo.wo (p(tl) K)
s0 81: K = sp: (Azo.(s1: (Ax1.20 21 K)))

d(x) ==
d(Ax.e) = Az \k.(e: k)

With a change of notation, this extended colon translation coincides with the
first-order one-pass CPS transformation from Figure[2l In other words, not only
does the extended colon translation remove more administrative redexes than
the original one, but it actually removes as many as the two-pass transformation.

5 Correctness
of the First-Order One-Pass CPS Transformation

Theorem 1 (Simulation). A term e reduces to a value t if and only Ee] A\z.x
reduces to T[t], where & and T are defined in Figure[3.

The complete proof appears in the full version of this article [I3]. It is more
direct than Plotkin’s [30] since we do not need a colon translation.

6 Reasoning about CPS-Transformed Programs

How to go about proving properties of CPS-transformed programs depends on
which kind of CPS transformation was used. In this section, we review each of
them in turn. As our running example, we prove that the CPS transformation
preserves types. (The CPS transformation of types exists [24140] and has a log-
ical content [20§26].) We consider the simply typed A-calculus, with a typing
judgment of the form I'Fe: 7.
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6.1 A Higher-Order One-Pass CPS Transformation

Danvy and Filinski used a typing argument to prove that their one-pass CPS
transformation is well-defined [L0, Theorem 1]. To prove the corresponding sim-
ulation theorem, they used a notion of schematic continuations. Since then, for
the same purpose, we have developed a higher-order analogue of Plotkin’s colon
translation [14127].

Proving structural properties of CPS programs is not completely trivial.
Matching the higher-order nature of the one-pass CPS transformation, a log-
ical relation is needed, e.g., to prove ordering properties of CPS terms [9IT6//17].
(The analogy between these ordering properties and substitution properties of
linear A-calculi has prompted Polakow and Pfenning to develop an ordered logi-
cal framework [31I32I83].) A logical relation amounts to structural induction at
higher types. Therefore, it is crucial that the higher-order one-pass CPS trans-
formation be compositional.

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we proceed by structural induction on the typing derivation
of the source term (or by structural induction on the source expression), together
with a logical relation on the functional accumulator.

6.2 A First-Order Two-Pass CPS Transformation

Sabry and Felleisen also considered a two-pass CPS transformation. They used
developments [2, Section 11.2] to prove that it is total [37, Proposition 2.

To prove structural properties of simplified CPS programs, one can (1) char-
acterize the property prior to simplification, and (2) prove that simplifications
preserve the property. Danvy took these steps to prove occurrence conditions of
continuation identifiers [8], and so did Damian and Danvy to characterize the
effect of the CPS transformation on control flow and binding times [4[6]. It is
Polakow’s thesis that an ordered logical framework provides a good support for
stating and proving such properties [311[34].

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we first proceed by structural induction on the typing deriva-
tion of the source term. (It is thus crucial that the CPS transformation be
compositional.) For the second pass, we need to show that the administrative
contractions preserve the typeability and the type of the result. But this follows
from the subject reduction property of the simply typed A-calculus.

6.3 A First-Order One-Pass CPS Transformation

The proof in Section [ follows the spirit of Plotkin’s original proof [30] but is
more direct since it does not require a colon translation.

A first-order CPS transformation makes it possible to prove structural prop-
erties of a CPS-transformed program by structural induction on the source
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program. We find these proofs noticeably simpler than the ones mentioned in
Section [6.1] For another example, Damian and Danvy have used the present
first-order CPS transformation to develop a CPS transformation of control-flow
information [5] that is simpler than existing ones [4]6l29].

Again, for structural induction to go through, it is crucial that the CPS
transformation be compositional.

The CPS transformation preserves types: To prove the well-typedness of a CPS-
transformed term, we proceed by structural induction on the typing derivation
of the source term.

6.4 Non-compositional CPS Transformations

Sabry and Felleisen’s proofs are by induction on the size of the source pro-
gram [37, Appendix A, page 337]. Proving type preservation would require a
substitution lemma.

7 Conclusion and Issues

7.1 The Big Picture

Elsewhere [ITJT2[15], we have developed further connections between higher-
order and context-based one-pass CPS transformations. The overall situation is
summarized in the following diagram.

The following diagram is clearly in two parts: the left part stems from
Plotkin’s work and the right part from the first edition of Essentials of Pro-
gramming Languages. The left-most part represents the CPS transformation
with the colon translation. The vertical line in the middle represents the path
of compositional CPS transformations. The vertical line on the right represents
the path of non-compositional CPS transformations. The right arrow from the
colon translation is our higher-order colon translation [14]. The upper arrows be-
tween the left part and the right part of the diagram correspond to our work on
B-redexes [11], defunctionalization [12], and refocusing in syntactic theories [15].

The present work links the left part and the right part of the diagram further.

7.2 Scaling Up

Our derivation of a first-order, one-pass CPS transformation generalizes to other
evaluation orders, e.g., call-by-name. (Indeed each evaluation order gives rise to
a different CPS transformation [21I].) The CPS transformation also scales up
to the usual syntactic constructs of a programming language such as primitive
operations, tuples, conditional expressions, and sequencing.
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Plotkin, 1975 EoPL1, 1991
Sabry &
Felleisen,
Danvy & 1993
. Filinski, context-based
Pllogt%n, 1992 CPS
Danvy & transformation
Nielsen, Sabry &
2001 Wadler,
1997
Danvy &  compositional “ Dapyy & simplified
colon Nielsen, higher-order Nielsen, context-based
_— - -
translation 2001 s 2001 CPS
. transformation
transformation
Friedman,
i 2]
Section Section |2 Section [3] Wand, &
Haynes,
compositional 2001
first-order
one-pass EOPL2, 2001
CPS
transformation

A practical problem, however, arises for block structure, i.e., let- and letrec-
expressions. For example, a let-expression is CPS-transformed as follows (ex-
tending Figure[d).

Sllet x = ey in €3] = Ak.E[e1] @ (Az.Eex] Q k)
S'[let 7 = ey ineg] = Ax.E'[e1] @ (M\z.E'[e2] Q k)

In contrast to Section[22] the call site of the functional accumulator (i.e., where
it is applied) cannot be determined in one pass with finite look-ahead. This
information is context sensitive because k can be applied in arbitrarily deeply
nested blocks. Therefore no first-order one-pass CPS transformation can flatten
nested blocks in general if it is also to be compositional.

To flatten nested blocks, one can revert to a non-compositional CPS trans-
formation, to a two-pass CPS transformation, or to a higher-order CPS transfor-
mation. (Elsewhere [11], we have shown that such a higher-order, compositional,
and one-pass CPS transformation is dependently typed. Its type depends on the
nesting depth.)

In the course of this work, and in the light of Section[3.2] we have conjectured
that the problem of block structure should also apply to a first-order one-pass
CPS transformation such as Sabry and Wadler’s. This is the topic of the next
section.
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7.3 A Shortcoming

Sabry and Wadler’s transformation [38] also handles let expressions (extending
the CPS transformation of Section B.I):

Sllet x = €1 inez] K = S[e1] (Ax.S[e2] K)

If we view this equation as the result of circumventing a functional accumulator,
we can see that it assumes this accumulator never to be applied. But it is easy to
construct a source term where the accumulator would need to be applied—e.g.,
the following one.

S[to (let x = t1 into)] K = S[let & = t;1 in ta] (Ax1.7 [to] 21 K)
= S[t1] (Az.S[t2] (Az1.T ko] 21 K))
= S[t1] Ax.(Az1.T[to] =1 K) T[t2])
= (A\e.(Ax1.Tto] 21 K) T[t2]) T[t1]

The resulting term is semantically correct, but syntactically it contains an ex-
traneous administrative redex.

In contrast, a higher-order one-pass CPS transformation yields the following
more compact term, corresponding to what one might write by hand (with the
provision that one usually writes a let expression rather than a J-redex).

The CPS transformation of the second edition of Essentials of Programming
Languages inherits this shortcoming for non-tail let expressions containing com-
putations in their header (i.e., for non-simple let expressions that are not in tail
position, to use the terminology of the book).

7.4 Summary and Conclusion

We have presented a one-pass CPS transformation that is both first-order and
compositional. This CPS transformation makes it possible to reason about CPS-
transformed programs by structural induction over source programs. Its correct-
ness proof (i.e., the proof of its simulation theorem) is correspondingly very
simple. The second author’s PhD thesis [27[28] also contains a new and simpler
correctness proof of the converse transformation, i.e., the direct-style transforma-
tion [7]. Finally, this new CPS transformation has enabled Damian and Danvy
to define a one-pass CPS transformation of control-flow information [4/5].

Acknowledgments: Thanks are due to Dan Friedman for a substantial e-mail dis-
cussion with the first author about compositionality in the summer of 2000, and
to Amr Sabry for a similar discussion at the Third ACM SIGPLAN Workshop on
Continuations, in January 2001. This article results from an attempt at unifying
our points of view, and has benefited from comments by Daniel Damian, An-
drzej Filinski, Mayer Goldberg, Julia Lawall, David Toman, and the anonymous
referees. Special thanks to Julia Lawall for a substantial round of proof-reading.
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An Example of Continuation-Passing Program

The following ML functions compute the map functional. One is in direct style,
and the other one in CPS.

(*

map : (a -> ’b) * ’a list -> ’b list *)

fun map (f, nil)

= nil
| map (£, x :: xs)
= (f x) :: (map (£, xs))
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(x map_c : (a *x (°b -> ’c) -> ’c) * ’a list * (°b list -> ’c) -> ’c *)
fun map_c (f_c, nil, k)

=k nil
| map_c (f_c, x :: xs, k)
=f_c (x, fn v => map_c (f_c, xs, fn vs => k (v :: vs)))

The direct-style function map takes a direct-style function and a list as argu-
ments, and yields another list as result.

The continuation-passing function map_c takes a continuation-passing func-
tion, a list, and a continuation as arguments. It yields a result of type ’c, which
is also the type of the final result of any CPS program that uses map_c. Matching
the result type ’b list of map, the continuation of map_c has type ’b list -> ’c.
Matching the argument type ’a -> ’b of map, the first argument of map_c is a
continuation-passing function of type ’a * (°b -> ’¢) -> ’c.

In the base case, map returns nil whereas map_c sends nil to the continuation.
For a non-empty list, map constructs a list with the result of its first argument
on the head of the list and with the result of a recursive call on the rest of the
list. In contrast, map_c calls its first argument on the head of the list with a new
continuation that, when sent a result, recursively calls map_c on the rest of the
list with a new continuation that, when sent a list of results, constructs a list
and sends it to the continuation. In map_c, all calls are tail calls.
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Abstract. The demonic product of two probabilistic relations is defined
and investigated. It is shown that the product is stable under bisimula-
tions when the mediating object is probabilistic, and that under some
mild conditions the non-deterministic fringe of the probabilistic relations
behaves properly: the fringe of the product equals the demonic product
of the fringes.
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1 Introduction

Let R C Ax B and S C B x C be set theoretic relations, then, interpreting
R and S as filters which form the pipe Ro S, input a may yield output c iff
there exists an intermediate value b such that both (a,b) € R and (b,c) € S
hold, hence input a produces output b via R which in turn is fed into S giving c.
This is an angelic version of the composition of two relations. Demonic behavior,
however, is worst case behavior: if something bad can happen, it happens. Thus
if on input a relation R produces an output b which is not in the domain of
relation S, then a will not be in the domain of the demonic product of R and
S. This consideration leads [} p. 169] to the definition of the demonic product

RoSof Rand Sas RoS:=RoSNRoSo (CxC(C). Hence (a,c) € Ro S iff
(a,c) € Ro S, and if for all b € B the following holds: if (a,b) € R, then there
exists ¢’ € C such that (b,c) € S.

When systems are modelled as stochastic systems rather than non-determi-
nistic ones, demonic behavior can still be described as worst case behavior. In the
discrete case we would say that c is the possible output of the demonic product
of two probabilistic relations K and L upon input a iff ¢ may be produced by the
usual product of K and L with positive probability, and if the following holds:
whenever K (a)(b) > 0 through a terminating computation, we can always find
¢’ € C such that L(b)(¢’) > 0, and the computation for L terminates upon input
b. Widening the scope to probabilities on non-countable spaces, this description
has to be adjusted somewhat, because positive probabilities may not necessarily
be assigned to single outputs. This is what the present paper is about: we show
how to carry over the definition of demonic product from set theoretic relations
to probabilistic ones, and we investigate this product.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 114-[128] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Probabilistic relations are the stochastic counterparts to set based relations
(see [L16] or [7]). A probabilistic relation is a transition kernel between two
measurable spaces, combining measurable maps with subprobability measures
(a formal definition is given in Sect. B). We employ subprobability measures
here rather than their probabilistic step-twins because they permit modelling
non-terminating computations: if K (x)(B) is the probability that K with input
x € X produces an output which lies in B C Y, then K(z)(Y) < 1 means that
the computation does not produce an output with probability 1, i.e., that the
computation does not necessarily terminate. The demon, however, forces us to
continue only on inputs that guarantee termination, because only then the next
computation L may start with an input that K has produced with certainty.
This then leads to the probabilistic version K * L of the demonic product of K
and L.

The analogy between set theoretic and probabilistic relations flows from
two sources. First and informally, set theoretic relations may be used for non-
deterministic processes, so that {y|{x,y) € R} yields the set of all possible results
of computation R after input x. Many applications, however, assign probabili-
ties to possible outcomes (because some events carry more weight than others),
and this leads to the notion of a transition probability which gives us the prob-
ability K (x)(B) that upon input x the output will be an element of set B.
The intuitive reasoning is supported formally, as e.g. [16] points out: the power
set functor forms a monad in the category of sets and has set theoretic rela-
tions as the Kleisli construction; the functor assigning each measurable space its
probability measures forms also a monad and has Markov kernels as its Kleisli
construction, see [10]. In this way a categorical underpinning of the intuitive
reasoning is provided.

This paper discusses the demonic product of two transition kernels, or prob-
abilistic relations, as we will also call them, it proposes a definition for this
product, and it investigates two properties, viz., stability under bisimulation
and the behavior of an associated set theoretic relation. Two notions of bisimu-
lations [418] are defined for transition kernels, and it is shown that they are very
closely related. Then we show that bisimililarity is preserved through the ordi-
nary, and through the demonic product: if the factors are bisimilar, and if the
bisimulation is related through a probabilistic object, so are the respective prod-
ucts. For each probabilistic relation K we can find a set theoretic relation supp K
that characterizes the unweighed outcome of K. This correspondence was investi-
gated in depth in [6] with methods originating from stochastic dynamic program-
ming, it is strengthened here to a relation supp* K (called the non-deterministic
fringe of K) by taking termination into account. It is shown that under some
mild conditions calculating the demonic product and forming the set theoretic
relation may be interchanged, so that supp* (K x L) = supp*K ¢ supp*L holds.

Most of this is only possible under some topological assumptions that are
satisfied e.g. when considering the real line. Some preparations are needed, they
are provided in Sect. [d. Sect. ] defines the demonic product and investigates
some basic properties like associativity, Sect. Hlsuggests two definitions of bisim-
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ilarity, relates them to each other, selects one for further work, and shows that
bisimilarity and forming the product are compatible. Sect. [5 compares the set
theoretic and the probabilistic demonic products, and Sect. [6] offers some con-
clusions together with some suggestions for further work. Most proofs had to be
omitted for reasons of space; the reader is referred to the technical report [8] in
which all proofs are provided.
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2 Preliminaries

This section provides for the reader’s convenience some notions from measure
theory and topology. We introduce transition kernels as, the probabilistic coun-
terpart of set theoretic relations, as members of a suitably chosen comma cat-
egory, remind the reader of Polish spaces, and give some basic definitions for
relations.

Transition Kernels. Let M be the category of all measurable spaces with mea-
surable maps as morphisms. Denote by S (X) the set of all subprobability mea-
sures on (the o-algebra of) X; we usually omit the o-algebra from the notation,
when the context is clear, and talk about measurable subsets as the members
of it. S (X) is endowed with the % — o-algebra, i.e. the smallest o-algebra that
makes for each measurable subset A of X the map p +— p(A) measurable. P (X)
consists of all probability measures on X.

Put for f: X - Y and p€ S (X) S(f) (n) : B pu(f~1[B]), (the image of
p under f; P (f) is defined through exactly the same expression, having P (X)
and P (Y) as domain, and as range, resp.), then S (f) € S(Y). Consequently,
S and P are functors M — M, because S (f) : S(X) — S(Y) and P (f) :
P (X) — P (Y) are * — o-measurable whenever f : X — Y is measurable. The
functor P has been investigated by Giry [10].

We will work in the comma category L | S [I2) I1.6] which has as objects
triplets (X,Y, K) with objects X,Y from M and a morphism K : X — S (Y)
(L aq is the identity functor on M). Thus K has the following properties:

1. 2 — K(z)(B) is a measurable map for each measurable subset B of Y,
2. K(z) € S(Y) for each x € X, thus K(x) is a measure on the o-algebra of
Y such that K(z)(Y) <1 holds.
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Hence K is a transition kernel from X to Y in the parlance of probability theory.
If K(z)(Y) =1 holds for each z € X, then K is called a transition probability or
a Markov kernel, and the corresponding object (X,Y, K) a probabilistic object.

In what follows, K : X <, Y indicates that K is a transition kernel from X to
Y. These kernels are also called probabilistic relations [L7/16].

Given p; € S (X;), the product measure p; ® o assigns to measurable rect-
angles A; x As the product of the single measures: (u; ® ps)(A4; X Ag) =
11(A1) - p2(As). The product is uniquely determined by this property, since the
set of all measurable rectangles generates the product o-algebra and is closed
under finite intersections; whenever we talk about the product of measurable
spaces, we assume that the o-algebra on the Cartesian product is the smallest
o-algebra that contains all rectangles. The product measure has the following
property: if f: X; X X9 — R is measurable and bounded, then

/ fdpy @ pa = / fa1,22) pa(der) pa(des)
X1 XX2 Xz X1
:/ fa1,22) po(das) pa(der)
X, /X,
by Fubini’s Theorem. Now let © € S (X) and K : X <, Y, then

(1 ® K)(A) = /X K(2)(As) plde)

defines a measure on the product X x Y (where A, := {y|(z,y) € A}). If
f: X xY — R is measurable and bounded, then

/Xxyf dpe K= /X/Yf("TW) K(z)(dy) p(dz).

A morphism between (X,Y, K) and (X', Y’ K’) in L | S is a pair (f,g)
of measurable maps f: X — X’ ¢g:Y — Y’ for which K’ o f = S (g) o K holds.
Hence

K'(f(x))(B) = S (g9) (K(x)) (B) = K(z)(¢9~'[B))
is true for € X and the measurable set B C Y".
Denote finally the indicator function x4 of a set A by

xalz)=(xe€A?1 :0).

Polish Spaces. A Polish space is a second countable topological space which
is metrizable with a complete metric. Polish spaces have always their Borel
sets as their measurable structure, hence we talk also about Borel sets when
addressing measurable subsets of a topological space. The Polish space X induces
a metric structure on S (X) through the topology of weak convergence which is
characterized through the famous Portmanteau Theorem [17]:

Proposition 1. The following conditions are equivalent for a sequence (tin)n>0
of finite measures and for the finite measure p on the Polish space X :
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1. pn converges weakly to i,
2. [y fdpn — [y fdp for each bounded and continuous f : X — R,
3. liminf, 0o un(F) < u(F) for each closed subset FF C X. O

With this topology, S (X) becomes a Polish space with P (X) as a closed
subspace. The * — o-algebra are the Borel sets for the topology of weak conver-
gence.

The Borel sets on a Polish space exhibit a certain flexibility because they do
not uniquely determine the topology; in fact, the topology may be manipulated
a bit without affecting the Borel structure. We will make use of this rather
surprising fact, which is quoted from [19 Corollary 3.2.6]:

Proposition 2. Suppose (X,T) is a Polish space, Y a separable metric space,
and f : X — Y a measurable map. Then there is a finer Polish topology T' on
X generating the same Borel o-algebra such that f : (X, T') — Y is continuous.

O

Define for p € S (X) (X Polish) the support supp(p) of p as the smallest
closed subset F' C X such that u(F) = u(X) > 0, hence for positive p(X)

supp(p1) = ({F|F € X is closed, u(F) = p(X)}

Because finite measures on Polish spaces are T-additive, p(supp(u)) = p(X), and
x € supp(p) iff u(U) > 0 for each neighborhood U of x. The support for the null
measure is defined as the empty set.

Relations. A relation R is, as usual, a subset of the Cartesian product X x Y of
two sets X and Y. The universal relation on X is just Ux := {(z,y)|z,y € X},
and sometimes we will need a part of the diagonal Ay := {{x,x)|z € A}.
Assume that X carries a measurable structure, and that Y is a Polish space.
If for each z € X the set valued map induced by R (and again denoted by R)

R(z) :={y € Y|(z,y) € R}
takes closed and non-empty values, and if the weak inverse
(3R)(G) := {z € X|R(z) N G # 0}

is a measurable set, whenever G C Y is open, then R is called a measurable
relation. Since Y is Polish, R is a measurable relation iff the strong inverse

(VR)(F) := {x € X|F(x) C F}

is measurable, whenever F' C Y is closed [I1, Theorem 3.5].

Transition kernels yield measurable relations in a natural way: K : X Sy
with K # 0 induces a relation

supp K = {(z,y)|z € X,y € supp(K(z))}
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so that supp(K (z)) takes closed values, and it is measurable, because for an open
set G C Y the weak inverse

(Fsupp K)(G) = {z € X|K(2)(G) > 0}

is measurable. Measurability is also easily established for the strong inverse
(Vsupp K)(F) whenever FF C Y is closed, and, somewhat surprisingly, F' may
be replaced by an arbitrary measurable subset A C Y, as we will see in Prop. Bl
This seems to be a peculiar property of set valued maps induced by the support
of transition kernels; the general situation is that the weak inverse of a general
measurable subset if analytic [11, Theorem 3.5].

3 The Demonic Product

For motivating the demonic product of probabilistic relations, we first have a
look at the situation in the set based case. This then leads in quite a natural way
to the definition for the probabilistic case. We need some preparations for the
definition proper, mainly showing that sets interesting us here are measurable.
As a byproduct we can establish the measurability of the strong inverse of a
measurable set under a measurable relation, provided this relation is generated
from a transition kernel. This is a rather surprising result when viewed from
the theory of measurable relations. Some elementary properties for the demonic
product are established, it is shown to be associative but not to posses the Dirac
kernel as a neutral element.

Let RC AXx B, S C B x C be relations. The demonic product R¢ S of R
and S is defined as
RoS:=RoSNRoSoUgc.

Thus (a,c) € Ro S iff (a,c) € Ro S, and if it is not possible from a by R to
reach a b that is not in the domain of S [Bl, p. 169], hence (a,c) € R< S iff these
conditions are satisfied:

1. {a,c) € Ro S,
2.VbeB:[(g,b) e R=3 € C:(b)eS|

Call for the moment a € A S-extendable iff whenever (a,b) € R, then (b,¢) € S
for some ¢’ € C, hence (a,c) € Ro S iff (a,c) € Ro S, and a is S-extendable.

Ezample 1. Put X :={1,2,3},Y :={a,b,c} and Z := {a, 3,7}, and let

R:={(2,a),(2,0),(2,¢),(3,a), (3,0},
S = {<CL, a>7 <a’6>a <a77>v <b7 O‘>’ <b7 6>7 <b’ 7>}

Then only 3 is S-extendable, and

RQS:{<370‘>7<3’5>7<377>}' O
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Now suppose that we have stochastic relations K : X SYandL:Y <&
Z for the Polish spaces X,Y and Z. We want to model computations with
these kernels. Intuitively, the K-computation terminates on input x and yields
output y iff both K(2)(Y) = 1 and y € supp(K(z)) are satisfied. Note that
we usually cannot assign positive measure to any single point y, so K(z)({y})
is not a suitable object for argumentation, which is the reason why we resort
to supp(K(x)) as manifesting the set of possible results. Termination of the
computation for input x is thus described by membership of z in the set {z €
X|K(x)(Y) = 1}. The output of this K-computation is thus fed into L, and we
postulate that then the L-computation terminates, too. Call by analogy x € X
L-extendable iff the K-computation on input x terminates with an output for
which the L-computation also terminates, hence, iff the conditions

1. K(z)(Y) =1,
2. supp(K () C Tr(L)
are both satisfied, where we have defined Tr(L) := {y € Y|L(y)(Z) = 1}.
Hence a demon will permit the combined (K, L)-computation to terminate,
and to produce a result on input x iff the conditions above are satisfied for .
Then the result is produced in the usual manner.

Example 2. Continuing Example [[] define the transition kernels K : X < Y,
and L:Y <> Z as follows:

and

Then Tr(K) = {2,3},Tr(L) = {a, c} and
K(z)(Y)=1Asupp(K(z)) C Tr(L) <z = 3.
The following equalities are straightforward:

supp(K (1)) = {b, c},supp(K(2)) = {a, b, ¢}, supp(K (3)) = {a, c}.

It is easy to see that 1 is not L-extendable, since K(1)(Y) < 1, and that 2 is not
L-extendable, because supp(K(2))  Tr(L) holds; input 3, however, turns out to
be L-extendable. O

The product K ; L of the transition kernels K and L is defined as usual
through (K ; L)(z)(C) = [, L(y)(C) K(z)(dy), (x € X, C is a measurable

subset of Z), and K ; L : X & Z s easily established.
Before defining the demonic product for the probabilistic case, we need some
technical preparations.

Proposition 3. Let X be a measurable space, Y and Z Polish spaces with tran-
sition kernels K : X <Y and L : Y <> Z, then {z € X|supp(K(z)) C Tr(L)}.
is a measurable subset of X. O



The Demonic Product of Probabilistic Relations 121

Note that the set Tr(L) introduced above is just the set of points on which L
is a probability measure; modelling computations using transition kernels, Tr(L)
represents the set of terminating computations.

Prop. [3 has a surprising consequence for the strong inverse of general mea-
surable sets under the measurable relation supp K:

Corollary 1. Let under the assumptions of Proposition[ A CY be a measur-
able subset. Then (Vsupp K)(A) is measurable. O

Returning to the preparations for the definition of the demonic product, we
observe that the expression supp(K (x)) C Tr(L) is sometimes a little impractical
to handle; it may be replaced by K(z) ® L € P (Y x Z), provided the input x
to K makes K’s computation terminate. Consequently, the former expression is
equivalent for those inputs to (K(z) ® L) (Y x Z) = 1. Note that this equivalence
depends critically upon Prop. Bl

Corollary 2. Define under the assumptions of Proposition [3 the measurable
sets

V(K,L) = {z € Tr(K)|supp(K(x)) € Tr (L)}
W(K,L) = {z e THK)|K(z)®@ Le P(Y x Z)}
Then V(K, L) = W(K, L) holds. O

Define the L-relativization KhL of K by Ki(m) = xXw(k,r)(x) - K(z). Con-
sequently, KhL assumes the value of K(z) on W(K, L), and shrinks to the null
measure on the complement. Corollary 2] makes sure that KE : X <Y holds.

Definition 1. Let X,Y and Z be Polish spaces, and assume that K : X Sy

and L:Y <> Z are transition kernels. The demonic product K x L of K and L
is defined as K x L := Ki ; L.

The following is immediate:
Observation 1 Under the assumptions of Definition [l we have

1. K«L: X< 7,
2. for each bounded and measurable f : Z — R

[ e D) = e [ ( [ i) >) K(2)(dy).0

Example 8. Define K and L as in Example [, then

K;L‘a 6 v

1 126 .15 .23

2 [.325 .25 .375 and
3 25 3 45

are easily established. O
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Some elementary properties are collected in the next Proposition. Before
stating and proving them, it will be helpful to calculate some W-sets. The next
technical lemma states that termination of compound processes may be con-
sidered at different stages during their composition. The result for the entire
process, however, is the same. We need this statement of course for establishing
associativity of the demonic product in Prop. [l

Lemma 1. W(K xL,M)=W(K,Lx M). O

Some elementary properties of the demonic product are collected for conve-
nience, amplification and illustration. It turns out in particular that the demonic
product K x L coincides with the usual one provided every input to K leads to
a terminating computation.

Proposition 4. Let Ix be the Dirac kernel on X, then

1. Ix*K = XTr(K) ~K,

2. KxIy =Kj_,

3. if Tr(K)=X, then KxL=K; L,

4. the demonic product is associative. (]

4 Bisimulations

The similarity in the behavior of transition kernels is captured through bisimu-
lations, which are introduced as span of morphisms:

Definition 2. Let O and O be objects in Laq | S with O; = (X;,Y;, K;) (i =
1, 2).

1. An object P = (X,Y,K) in L | S together with morphisms o1 = (s1,t1) :
P — 01 and o9 = (s9,t2) : P — Oq is called a 1-bisimulation for O; and
Os.

2. If X is a measurable subset of X1 x Xo, and if both o and T are constituted
by the corresponding projections, then P is called a 2-bisimulation for Oy
and Os. In this case P will be written as (X, K).

P may be interpreted as an object mediating between O; and Oz. A 1-
bisimulation makes the following diagram commutative:

S1 82

X1 < X X2
K K Ky
5(V1) TSTH) S5(Y) % S (Y2)

Suppose that B; is the o-algebra on Y; (i = 1,2), then By := g7 ' [B1]Ngy ' [B2]
is the o-algebra of all shared events on Y (via g1, g2), so that B € By iff we can
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find B; € B; with g;'[B1] = B = g5 '[Bs]. The transition kernels K o s; and
K5 o 59 coincide on By :

In this sense, bisimilar objects display the same behavior on shared events. In
particular, if one of them terminates, the other will, too, since Y € By.

It is plain that there exists always a 2-bisimulation between probabilistic
objects O7 = (X31,Y7, K1) and Oy = (X5,Ys, Ko): define the mediating ob-
ject P := (X1 x Xo,Y1 x Yy, K), where K(x1,22) := Ki(z1) ® Ka(x2) is the
product of K(z1) and K (z3). Then both Ky (z1)(41) = K(z1,22)(A4; x Y3) and
Ks(x2)(As) = K(z1,22)(Y1 X A3) hold, whenever A4; C Y is a measurable subset
(i = 1,2). Consequently, the projections

X1><X2 YIXYZ .
(T, Ty )P = Oy

(w))g;XXQ,WY;XYz) P — O,
are the desired morphisms. Thus bisimulations are only non-trivial for the non-
probabilistic objects in Lo | S, i.e. for such objects the termination of which
cannot always be guaranteed.
The following observation shows why we may and do restrict our attention
to 2-bisimulations:

Proposition 5. Let O; = (X;,Y;, K;) be objects in Lpq | S, then the following
conditions are equivalent:

1. There exists a 1-bisimulation (P, (s1,t1), {s2,t2)) with P = (X,Y, K) for O,
and Oy such that {(s1(x), s2(z))|x € X} is a measurable subset of X1 X Xa.
2. There exists a 2-bisimulation for O1 and Os. 0O

Let us comment briefly on the condition that {(si(z),s2(z))|xz € X} is a
measurable subset of X; x Xo. This condition is in general not easy to handle,
working in Polish spaces, however, a well-known Theorem attributed to Arsenin-
Kunugui [T9, 5.12.1] renders it somewhat more practical:

Observation 2 Let X, X1, Xy be Polish spaces, and assume that s; : X — X;
is measurable. Assume that {x € X|(s1(z), s2(z)) = (x1,22)} is o-compact for
each x; € X;. Then {{s1(z), s2(x))|x € X} is a measurable subset of X1 x Xa. O

Hence if s; has compact or countable inverse point images, the condition is
satisfied, in particular if s; is one-to-one, generalizing the well-known fact that
the image of the domain of a one-to-one Borel map on Polish spaces is a Borel set
(this generalization is well known, too). If X; and X5 are o-compact, and both
s1 and so are continuous, the condition also applies, thus real-valued functions
on a Polish space are captured by Observation

In what follows, bisimulation will mean 2-bisimulation; we write O1 ~ 4 k)
O, if (A, K) is a bisimulation for O; and O,.
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Remarks: 1. Desharnais, Edalat and Panangaden [4] define bisimulations be-
tween labelled Markov processes as spans of zig-zag morphisms in the category
A of analytic spaces. They work in the full subcategory of 1 4 | S that has ob-
jects of the diagonal form (S, S, K). Because the product of two analytic spaces
is an analytic space again [I7, Theorem 1.3.2], two labelled Markov processes
with probabilistic (rather than sub-probabilistic) transition kernels are always
bisimilar.

2. Rutten [[18] defines bisimulations through projections: let S be the category
of sets, and F : § — S a functor, then the pair (S, a) with a: S — F (S5) is a
coalgebra, thus coalgebras are diagonal members of a full subcategory of 1.5 | F.
A bisimulation between the coalgebras (S1, a1) and (Sa, aa) is a coalgebra (R, )
with R C 57 X Sy such that the projections m; : R — §; satisfy a; om; =
F (m;) oy. In [3], de Rutten and Vink define probabilistic bisimulations through
relations quite close to the definition for labelled transition systems given by
Milner [I4], and the definition given by Larsen and Skou [I3]. They define also
bisimulations for a functor similar to P on diagonal objects. They prove the
equivalence on ultrametric spaces for what they call z-closed relations with a
Borel decomposition ([8], Lemma 5.5, Theorem 5.8).

3. Moss [15, Sect. 3] defines a bisimulation on a coalgebra (rather than for two
coalgebras), and he shows that the existence of a bisimulation can be established
under rather weak conditions (Prop. 3.10, which he attributes to Aczel and
Mendler). Moss works in the category of sets and classes, he bases coalgebras on
a functor which is set based, and which preserves weak pullbacks, assumptions
that are not met in the situation considered here.

We will show now that bisimulations respect the conventional and the de-
monic product and start out with a technical observation. It states that bisimi-
larity is maintained when we restrict the possible inputs (otherwise the similarity
of behavior would depend on the chosen base set which would be irritating for
a concept which exhibits local properties):

Observation 3 Denote for K : X .Y and the measurable subset D£ACX
the restriction of K to A by K | A. Then the following holds:

1. K|A:A < Y, and (A,Y,K | A) is a probabilistic object, if (X,Y,K) is
one.
2. If (X1,Y1, K1) ~ay (X2, Ya, Ka), and if ) # A; € X; are measurable (i =
1, 2), then
(A1, Y1, K1 | A1) ~B,r) (A2,Y2, K3 | Ag),

where B := AN (A1 X A2), and R:=T | (A1 x A3). O

We show first that bisimilarity respects the conventional product. Suppose
that (A,T) and (B,S) are the intermediate objects from which the respective
spans are obtained. For maintaining bisimilarity, the composition of the mediat-
ing objects (A, B,T) should be a probabilistic one. This is intuitively clear: the
mediating computation should terminate, otherwise similar behavior cannot be
carried through the composition.
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We will see subsequently that a mediating probabilistic object is also required
for making bisimulation respect demonic products, too.

Proposition 6. Let K; : X; < Y;, and L; : Y; iy (i = 1,2), and assume
that

1. <X1aY1aK1> N(A,T> <X2aYéaK2>7
2. (Y1,21, L1) ~(B,sy (Y2, Za, La).

Then (X1, Z1, K15 L1) ~a, 7; 5y (X2, Z2, K2 5 La), provided (A, B,T) is a prob-
abilistic object. O

This carries readily over to the demonic product:

Corollary 3. Put under the assumptions of Proposition
C:=An(W(K;y,L)) x W(Ks, Ls)),and R:=(T;5) | C,
and assume that (C, B, R) is a probabilistic object. Then
(X1, Z1, K1 % L1) ~c,ry (X2, Za, Ko * Lo)

holds. O

5 Comparing Demonic Products

A transition kernel K : X — Y induces a closed-valued relation via the support
function, whenever Y is Polish (see Sect. [2). This correspondence was investi-
gated in [6] with a view towards stochastic and non-deterministic automata, in
particular it could be shown under which conditions a closed-valued relation in
representable by a Markov kernel. The present line of investigation, however,
requires a somewhat more discriminating instrument than the support function,
because the set supp(K (z)) does not tell us anything about termination upon
input x — it merely states what outputs are produced.
Thus we work with the modified relation

Definition 3. The non-deterministic fringe of the transition kernel K is defined
as the relation supp* K := At (k) o supp K.

Hence the fringe captures exactly those inputs that contribute to termination,
composition with relation Ay (k) serving as a filter. Thus (x,y) € supp* K holds
iff K(x)(Y) =1, and if y is a possible output to K(z).

We will in this section investigate how the demonic product of transition ker-
nels relates to the demonic product of the fringe as a modified support function,
hence we will investigate the question under which conditions supp*(K x L) =
supp™ K o supp*L (or possibly a weaker subset relation) holds, where L : X Sy

is the factor to K in this game. This will shed some light on the relationship
between the set theoretic and the probabilistic version of the demonic product.
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Since the latter is modelled after the former, it would intuitively be gratifying to
see that they behave similar, provided they can be compared at all. The fringe
relation serves exactly this purpose by converting a probabilistic relation into a
set theoretic one.

Ezample 4. Let K and L be defined as in Example [2, then

supp*K = {<2a a>7 <2v b>7 <27 C>7 <37a>a <3’C>}7
Supp*L = {<CL,O(>, <CL, ﬂ>7 <a’7>7 <b7 O‘>a <b7 ﬁ>7 <b’ ’Y>}a

with
supp*K osupp™L = {(3, a), (3, 5), (3,7)} = supp™ (K % L)
(cp. relations R and S from Example[). O

We fix for the rest of this section the measurable space X and the Polish

spaces Y, Z as well as the transition kernels K : X SYandL:Y < Z. L may
be assumed to be (weakly) continuous in view of Prop. 2. To avoid trivialities,
we assume that both Tr(K) # @ and Tr(L) # () holds.

It is known from [7, Obs. 4] that the support function has these properties
when related to the product of transition kernels:

1. supp K osupp L C supp(K ; L),
2. supp(K ; L) C supp K osupp L, provided K(z)(G) > 0 holds for each x € X
and each open ball Gin Y.

These properties have been established for Markov kernels, but the proofs carry
over easily to the present situation.
We collect some readily established properties for the fringe relation:

Observation 4 1. Tr(K xL)=W(K, L),
2. supp(K « L) = Ay (k,1) o supp(K ; L) = supp*(K % L),

3. W(K,L) x Z = supp*K osupp*Lo U,
4 Aw (k1) o supp K osupp L C supp*K o supp™L. ]

With these preparations we are able to characterize the relationship between
the demonic product of the fringes, and the fringe of the demonic product:

Proposition 7. The non-deterministic fringe of the demonic product of prob-
abilistic relations and the demonic product of their fringes are related in the
following way:

1. supp*K o supp*L C supp*(K * L),
2. if supp (K ;L) = supp Kosupp L can be established, then this implies
supp*K o supp*L = supp™ (K x L). a

Corollary 4. Assume that K(x)(G) > 0 for each x € X and each open ball G
inY, then supp* K o supp*L = supp* (K x L) holds. O
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Suppose that our probabilistic demon IT has a little brother 3 who is keen
on set theoretic relations, and, being junior to I, is handed always the fringe.
II performs two computations through the demonic product, and hands to X
his share. In general, X' is better off (in the sense of having obtained a larger
relation) in not performing the demonic product himself (hence it pays for X' to
wait for IT doing the combined computation). If the first computation, however,
is thrifty by never vanishing on non-empty open sets, then it is of no concern to
Y} who combines the computations.

6 Conclusion

We make in this paper a proposal for the definition of the demonic product of
two transition kernels. This product indicates how a probabilistic demon might
act when composing two computations that are modelled through probabilistic
relations. It turns out that the demonic product coincides with the ordinary
product, provided Markov kernels are involved, i.e. computations that terminate
with probability one. It could be shown that the demonic product is stable under
bisimulations under the provision that the relating object is a Markov kernel.
Bisimulations have been defined for the situation at hand, slightly generalizing
the notion of bisimulation for stochastic systems given in [4], and relating it to the
definition given in the context of coalgebras in [I8]. The paper shows then that
there is a close relationship between the demonic product of two probabilistic
relations and the demonic product of their respective fringe relations, the latter
product being the set theoretic product, as introduced and investigated in e.g. [5].

Further investigations in the area of probabilistic relations will deal with
bisimulations along the lines suggested by Moss [I5], cp. [4], in particular the
characterization theorems for bisimulations that have been formulated for coal-
gebras should be transported to the comma category underlying the discussions
here. Less abstract, we will see how bisimulation relates to the converse of a
probabilistic relation, as defined and investigated in [7]. We still do not know
under which conditions 2-bisimilarity is a transitive relation. In [9] a theory of
hierarchical refinement of probabilistic relations is proposed in terms of the usual
product. It would be interesting to see what happens when the demonic product
is used instead.
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Abstract. We address the problem of minimizing labelled transition
systems for name passing calculi. We show how the co-algebraic formu-
lation of automata with naming directly suggests an effective minimiza-
tion algorithm which reduces the number of states to be analyzed in the
verification of properties for name passing process calculi.

1 Introduction

Automatic methods for verifying finite state automata have been showed to be
surprisingly effective [3]. Indeed, finite state verification techniques have enjoyed
substantial and growing use over the last years. For instance several commu-
nication protocols and hardware systems of considerable complexity have been
formalized and proved correct by exploiting finite state verification techniques.
Since the state space is still very large for many designs, much research has been
devoted to find techniques to combat state explosion. Semantic minimization
[18/9] is a rather general technique which reduces the number of states to be an-
alyzed by producing a minimal automaton that is equivalent to the original one.
The minimal automaton is is indistinguishable from the original system with re-
spect to the set of properties specified in many logical systems (e.g. p-calculus)
but easier to handle due to its possibly much smaller size [6]. The possibility
of generating a minimal system provides further advantages. First, the minimal
automaton can be exploited to verify different properties of the same system.
Second, systems are usually obtained by composing components. Hence, mini-
mizing components before combining them yields smaller state spaces.

The advent of world-wide networks and wireless communications are con-
tributing to a growing interest in dynamic and reconfigurable systems. Unfortu-
nately, finite state verification of these systems is much more difficult. Indeed, in
this case, even simple systems can generate infinite state spaces. An illustrative
example is provided by the m-calculus [I1]. Its primitives are simple but expres-
sive: channel names can be created, communicated (thus giving the possibility
of dynamically reconfiguring process acquaintances) and they are subjected to
sophisticated scoping rules. The w-calculus has greater expressive power than or-
dinary process calculi, but the possibility of dynamically generating new names
leads also to models which are infinite-state and infinite branching.
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Creation of new names is actually quite common also in practice. An example
is provided by the creation of nonces to identify sessions in security protocols
(see [LO] for a critical review of the state-of-the-art on verification of security pro-
tocols). All these techniques are based on finite state verification, and typically
can ensure error freedom only for a finite amount of the behaviour of protocols.
Even if many protocols do not include iterations, however, an unbound number
of principals may take part in the interleaved sessions of the protocol; moreover,
many known attacks exploit the mixed interleaving of different sessions of the
same protocol.

Hence, traditional finite state models of behaviour have important short-
comings to address the challenges of supporting verification of dynamic dis-
tributed systems via semantic equivalence. To support finite state verification of
dynamic distributed systems two of the authors have introduced a novel founda-
tional model called History Dependent Automata (HD-automata) [12|15]. HD-
automata have been specifically designed to allocate and garbage collect names.
The theory ensures that finite state, finite branching automata give a faithful rep-
resentation of the behaviour of 7-calculus processes. Furthermore, HD-automata
are expressive enough to represent formalisms equipped with mobility, locality,
and causality primitives [I3[14]. The finite state representation of m-calculus
processes given by the HD-automata has been exploited to check behavioral
properties of the agents [8l[7]. Few other approaches have been proposed for fi-
nite state verification of m-calculus processes [4[17]. The explicit management
of names provided by HD-automata allows for an extremely compact represen-
tation of the behaviour of processes. HD-automata are not only a convenient
format for representing the behaviour of 7w-calculus processes in a compact way,
though. They may be considered the natural extension of automata to calculi
with name passing and name generation also from a theoretical point of view. In
particular, HD-automata can be defined as coalgebras on the top of permutation
algebras of states [16]. The permutation algebra describes the acts of name per-
mutations (i.e. renaming) on state transitions. This information is sufficient to
describe in a semantically correct way the creation, communication, and deallo-
cation of names: all the features needed to describe and reason about formalisms
with operations over names.

General results concerning coalgebras [TTI2012J2T] extend also to these kinds
of coalgebras: they make sure that a final coalgebra exists and that it defines
minimal realizations of HD-automata. Also, equivalent HD-automata, and hence
equivalent 7-calculus processes, have isomorphic minimal realizations.

Our aim in this paper is to tackle the problem of minimizing labelled tran-
sition systems for name passing calculi. Instead of presenting our construction
in the abstract setting of category theory, namely the category of coalgebras
for an endofunctor on some base category, we shall be working in the standard
universe of sets and functions. The main point is to provide a concrete represen-
tation of the terminal coalgebra which directly suggests the data structures of
a minimization module of a semantic-based verification environment. Indeed, a
key goal of this paper is to provide a clear relationship between the structures of
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the semantic world and the data structures for the implementation. A main con-
tribution of this paper is to show how the (theoretical) coalgebraic formulation
of automata with naming directly suggests an effective minimization algorithm.
The work reported in this paper is closely related to the theoretical development
of coalgebras, and, at the same time, it formally specifies an effective procedure
to perform finite state verification of distributed systems with dynamic name
generation via semantic equivalence.

2 Transition Systems, Co-algebras and Minimization

A transition system 7T is a structure (S, L, —), where S is the set of states, L is
the set of (action) labels and —C S x L x S is the transition relation. Usually,

one writes s — s’ to indicate (s,£,s") €—. In this section we provide a concrete
representation of the terminal coalgebra (of an endofunctor over Set) which will
yield the minimal transition system. Hereafter, we use the following notations:

— Set is the collection of all sets. By convention, () : Set denotes a set and
q : QQ denotes an element in the set Q);

— Fun is the collection of functions among sets. The function space over sets
will have the following structure:

Fun ={H |H=(S:8et,D:Set ,h:S — D)}.

By convention we use Sy, Dy and hgy to denote the components of an
element of Fun.

Let H and K be functions (i.e. elements of Fun), then the composition of H
and K (H; K) is defined provided that Sk = Dy and it is the function given by
SH;K = SH7 DH;K = DK, and hH;K = hK (@) hH.

Sometimes, we shall need to work with surjective functions. Let H be a
function, then H is the function given by:

— S5 =8, Dy =1{¢ :Du | 3q:Su,hu(q) =¢'} and hy = hpg.

Transition systems are described co-algebraically employing two components:
a set @ (the state space) together with a function K : Q — p(L X Q) where p(X)
is the finite powerset of X . The idea is that function K determines the behaviour

of the transition system: K (q) is the set of pairs (¢, ¢') such that ¢ N ¢'. Functor
T(X) = p(L x X) operates on both sets and functions, and characterizes a whole
category of labelled transition systems, i.e. of coalgebras. In this paper, we aim
at developing a concrete co-algebraic description of the minimization procedure,
hence, we rephrase coalgebras in terms of certain structures called bundles.

Let L be the set of labels (ranged over by ¢), then a bundle [ over L is
a structure (D : Set ,Step : p(L x D)). Given a fixed set of labels L, by
convention, B denotes the collection of bundles and 3 : B identifies the bundle
(. Intuitively, the notion of bundle has to be understood as giving the data
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structure representing all the state transitions out of a given state. It details
which states are reachable by performing certain actions.
The following clauses define functor 7.

- T(Q)={8:B| Dg=Q}, for each Q : Set;
— For each H : Fun, T(H) is defined as follows:
o ST(H) = T(SH) and DT(H) = T(DH),
o hou)(B:T(Su)) = (Du, {6 ha(q)) | {6, q) : Stepg}).

Definition 1. Let L be a set of labels. Then a labelled transition system over L
is a co-algebra for functor T, namely it is a function K such that Dk = T(Sk).

Aa already mentioned a co-algebra K for functor T' represents a transition
system where Sk is the set of states, and hx(q) = 5, with Dg = Sk and

Stepg = {(4,¢") | ¢ LR ¢'}. Figure [l illustrates a labelled transition system and
its coalgebraic formulation via the mapping hg.

0 a 1/GN~Q hK(O) = <Sk7{<a71>7<b73>}>
\;/ hK(l) = <Sk7{<a72>7<bv3>’<b74>}>

NS NS @ = (Sk {{a 1), (b, 4)})
3 4 hi(3) = (Sk, {(c, 5)})
NS hac(4) = (S, {(e,5)})

5 hi(5) = (Sk, 0)

Fig. 1. A labelled transition system and its coalgebraic specification

General results (e.g. [1]) ensure the existence of the final coalgebra for a large
class of functors . These results apply to our formulation of transition systems.
In particular, it is interesting to see the result of the iteration along the terminal
sequence [21] of functor T'.

Let K be a transition system, andBt\HO, Hy,...,Hpy1,. .. be the sequence

of functions computed by H,+1 = K;T(H,), where Hy is the unique function
from Sk to the one-element set {x} given by Sy, = Sk; Dp, = {*}; and
hi,(q : Su,) = *. Finiteness of p ensures convergence of the iteration along the
terminal sequence. We can say much more if the transition system is finite state.

Theorem 1. Let K be a finite-state transtion system. Then,

— The iteration along the terminal sequence converges in a finite number of
steps, i.e. Dy, ,, = Dpg,,,

— The isomorphism mapping F : Dy, — Dy, yields the minimal realization
of transition system K.

Comparing the co-algebraic construction with the standard algorithm [96]
which constructs the minimal labelled transition system we can observe:
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— at each iteration ¢ the elements of Dy, are the blocks of the minimization
algorithm (i.e. the i-th partition). Notice that the initial approximation Dy,
contains a single block: in fact Hy maps all the states of the transition system
into {*}.

— at each step the algorithm creates a new partition by identifying the splitters
for states ¢ and ¢’. This corresponds in our co-algebraic setting to the fact
that H;(q) = H;(q") but Hiy1(q) # Hit1(q')-

— the iteration proceeds until a stable partition of blocks is reached: then the
iteration along the terminal sequence converges.

We now apply the iteration along the terminal sequence to the coalgebraic
formulation of the transition system of Figure [[l The initial approximation is
the function Hq defined as follows

Hy = (Su, = Sk, Du, = {*}, hu,(q) = *)

We now construct the first approximation H;. We have that

hir, (@) = (Drtg, {6 bz (6)) s a4 = d'})

T(Ho)({1,2,3,4,5},{(a,2), (b,3), (b; H)}) = ({x},{{a, %), (b, %) })

In our example we obtain the function hp, and the destination state Dp, =
{B1, B2, 33} as detailed below.

-

(1) = ({*},1(a, *), (b, * — ({x a. * *
s (2) = () (o), G,y ) = (0D Lo )
hHl (3) = ({*},{(C, *>}> 63 — ’ ’ (Z)
hH1 (4) - <{*}7{<C7 *>}>

ha, (5) = <{*}7®>

We continue to apply the iterative construction, we obtain:

Ry (O) = <DH17{<0“761>7 <b, /82>}>
hi,(1) = (Du,, {{a, B1), (b, B2) })
h'H2 (2) = <DH17{<a7/61>7 <b, ﬂ2>}>
hi,(3) = (Day, {{e, 0)})
hi,(4) = (Day, {{e, 0)})
hi,(5) = <DH17®>

Since Dy, = Dp, the iterative construction converges, thus providing the
minimal labelled transition system illustrated in Figure 2] where ¢; = {0, 1, 2},
oy = {3,4} and e3 = {5}.

3 A Co-algebraic Formulation of HD-Automata

In this section we extend the co-algebraic minimization to HD-automata. HD-
automata [I5] are specifically designed to provide a compact representation of the
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Fig. 2. Minimal labelled transition system

behavior of name passing process calculi. Names appear explicitly in the states of
an HD-automaton: the idea is that the names associated to a state are the names
which may play a role in the state evolution. A set {v1,...,vjq} of local names
is associated with each state ¢, and a permutation group Gy on {vi,...,v|q}
defines what renamings leave unchanged the behavior of g. Moreover, the identity
of names is local to the state: states which differ only for the order of their
names are identified. Due to the usage of local names, whenever a transition is
performed a name correspondence between the name of the source state and the
names of the target state is explicitly required.

3.1 Named Sets

. . bij inj
Now we introduce the notion of named sets. Hereafter, we use A =% B (A 23 B)
to denote a bijective (injective) function from A to B.

Definition 2. A named set A is a structure

A=(Q:Set,|_|:Q — w,<: Q x Q — Bool,G : [[ o{vi-wig} “L {v1.vg}))
q:Q

where ¥q : Qa, Ga(q) is a permutation group and <, is a total ordering.

A named set is a set of states equipped with a mechanism to give local meaning
to names occurring in each state. In particular, function |_ | yields the number
of local names of states. Moreover, the permutation group G (q) allows one
to describe directly the renamings that do not affect the behaviour of ¢, i.e.,
symmetries among the local names of ¢. Finally, we assume that states are
totally ordered. By convention we write {g : @4} to indicate the set {v1..v/q, }
and we use NSet to denote the universe of named sets. In the definition above,
the general product [] is employed (as usual in type theory) to type functions
f such that the type of f(q) is dependent on g.

Definition 3. A named function H is a structure

H=(S:NSet,D:NSet,h: Qs — Qp, ¥ : [[ e({ha)}p " {q}s))
Qs

where ¥q : Qs,, Vo : X (q), Gp, (hu(q));0 = Xu(q) and 0;Gs,(q) C X (q).
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As in the case of standard transition systems, functions are used to determine
the next state of transitions. As states are equipped with local names, a name
correspondence (the mapping Hy,) is needed to describe how names in the desti-
nation state are mapped into names of the source state. However, since names of
corresponding states (¢, hg(q)) in hy are defined up to permutation groups, we
must equip H with a set X (q) of injective functions. Since the name correspon-
dence must be functional, the whole set X5 (¢) must be generated by saturating
any of its elements by the permutation group of hg(q), and the result must be
invariant with respect to the permutation group of q.

Named functions can be composed in the obvious way. Let H and K be
named functions. Then H; K is defined only if Dy = Sk, and

— Su;x = Su, Du,x = Dk,
— hux : Qsy — Qpyx = hu; hi,
- Yuk(q: Qsy) = Y (hu(q); Yu(q)

Let H be a named function, H denotes the surjective component of H:

— Sz =8y and Qp_ ={¢ : Qpy | 3¢ : Qs,-hu(q) =4},
= ldlp_ =ldlp,,

— Gp_(9) =Gp,(q),

— hg(q) = hu(q),

— Y5(q) = Yu(q)

3.2 Bundles over w-Calculus Actions

To deal with HD-automata and named sets, the notion of bundle must be en-
riched. First we have to define the set of labels of transitions. Labels of transitions
must distinguish among the different meanings of names occurring in 7-calculus
actions, namely synchronization, bound output (scope extrusion) free output,
bound input, output where the subject and the object coincide, and so on. The
set of m-calculus labels L, is the set {T AU, BOUT,OUT, BIN,IN}. However,
this is not enough. We still have to specify how many names are associated to
labels. For instance, no name is associated to TAU (synchronization) labels,
whereas one name, is associated to bound output BOUT labels. Let |_| be the
weight map associating to each w-label the set of indices of distinct names the
label refers to. The weight map is defined as follows:

ITAU| =0 |BOUT|=|BIN|={1} |OUT|=|IN|={1,2}

Definition 4. A bundle (8 consists of the structure
B = (D : NSet, Step : p(qd D) )
where qd D is the set of quadruples of the form { {,7, 0,q ) given by

gdD={(€: Lo,m: 1] ™ {v1.},q: Qp,o: [] {a}o =2 Q).
LEL
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d
" y_ [ {+ v} if ¢ € {BOUT, BIN}
@=\{n.} ift¢{BOUT,BIN}

under the constraint that Gp,(q); Sq = Sq, where Sq = {( {,7,q,0 ) € Stepg}
and p; (£,7,q,0 ) = ({,m,q,p;0)

The intuition is that a bundle provides the abstraction to describe the successor
set of a state. More precisely, if ( £,7,q,0 ) € qdD, then q is the destination state;
£ is the label of the transition; 7 associates to the label the names observed in
the transition; and o states how names in the destination state are related with
the names in the source state. Notice that the distinguished element * belongs
to the names of the source state when a new name is generated in the transition.

Some additional operations over bundles will be helpful. Given a function f,
define f* to be its x-extension as follows:

o x if v =x
Fiz) = {f(a?) otherwise

Let {| 3]} be the function over bundles given by

{8 = U rng(m) Urng(o) \ {x}

(€,m,q,0 )EStepg

where rng yields the range of functions. Function {| 5[} gives the set of names
which occur in the bundle 3. Hereafter, we will only consider bundles § such
that { B[ is finite. Moreover, we will use || to indicate the number of names
which occur in the bundle g (i.e. | 8] = [{B[})-

The most important construction on bundles is the normalization operation.
This operation is necessary for two different reasons. The first reason is that there
are different equivalent ways for picking up the step components (i.e. quadruples
( 4,m,q,0 )) of a bundle. We assume to have an ordering relation over the
quadruples in gd D, which yields an ordering T over the bundles on D. This
ordering relation will be used to define canonical representatives of bundles.
The ordering on quadruples can be defined non ambiguously only assuming an
ordering on D. This is why we introduced an ordering relation on named sets in
the first place.

The second, more important, reason for normalizing a bundle is for removing
from the step component of a bundle all the input transitions which are redun-
dant. Consider for instance the case of a state ¢ having only one name v; and
assume that the following two tuples appear in a bundle:

(IN,zy,q,{vy —y}) and  (BIN,z,q,{v, — *}).

Then, the first tuple is redundant, as it expresses exactly the same behavior
of the second tuple, except that a “free” input transition is used rather than a
“bound” one. Hence, the transformation removes the first tuple from the bundle.
We have to remark that redundant transitions occur when building the HD-
automaton for a w-calculus agent. Indeed, it is not possible to decide which free
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input transitions are required, and which transitions are covered by the bound
input transitionl]. The solution to this problem consists of adding a superset
of the required free input transitions when the HD-automaton is built, and to
exploit a reduction function to remove the ones that are unnecessary. During the
iterative execution of the minimization algorithm, bundles are split: this means
that the set of redundant components of bundles decreases. Hence, when the
iterative construction terminates, only those free inputs that are really redundant
have been removed from the bundles.

The normalization of a bundle 3 is done in different steps. In the first step,
the bundle is reduced by removing all the possibly redundant input transitions.
Reduction function red((3) on bundles is defined as follows:

- Dred(ﬁ) = D@a
- StepTEd(ﬁ>:Step5 \ {< INvmy»an > | < BIN":C7Q7OJ > : Stepﬁ /\0,:(0; {y - *})}

Once the redundant input transitions have been removed, it is possible to asso-
ciate to bundle § the set of its “active names” ang = {|red(5) [}. These are the
names that appear either in a destination state or in a label of a non-redundant
transition of the bundle. Finally, the normalization function norm(g) is defined
as follows:

- Dnorm(ﬁ) = DB
- Stepno'r'm(ﬂ) = mZnE (Stepﬁ \ {< INv xY,q,0 > | Yy ¢ CLTLB}),

where minc is the function that returns the minimal permutation of a given
bundle with respect to order . More precisely, given a bundle 8 and a per-

mutation 6 : {| 5 [} 2, { B}, bundle §;0 is defined as Dg,y = Dg, stepg,y =
{(¢,m;0,q,0:0) | (¢,7,q,0): B}. The bundle minc3 is the minimal bundle in
{B;0 | 0:{B8]} 2, {|B[}}, with respect to the total ordering C of bundles over
D. In the following, we use perm(3) to denote the canonical permutation that
associates Stepnorm(s) and Stepg \ {( IN,zy,q,0 ) |y & ang}.

We remark that, while all the I N transitions covered by BIN transitions are
removed in the definition of red(3), only those corresponding to the reception
of non-active names are removed in the definition of norm(3). In fact, even if
an input transition is redundant, it might be the case that it corresponds to the
reception of a name that is active due to some other transitions.

Finally, we need a construction which extracts in a canonical way a group
of permutations out of a bundle. Let 8 be a bundle, define Gr § to be the set

{p | Stepg; p* = Stepg}.

Proposition 1. Gr § is a group of permutations.

3.3 The Minimization Algorithm

We are now ready to introduce the functor 7' that defines the co-algebras for
HD-automata. The action of functor 1" over named sets is given by:

! In the general case, to decide whether a free input transition is required it is as
difficult as to decide the bisimilarity of two m-calculus agents.
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— Qr(a) = {B : Bundle | Dg = A, 3 normalized},
- |B|T(A) = 8],

- GT(A)(B) =Gr Bv

— B1 <r(a) B2 iff Stepg, T Stepg,,

while the action of functor T over named functions is given by:

= Sty =T(Su), Drcmy = T(Dnu),

— hry (B : Qrsy)) : Qr(pyy) = norm(3'),

— Xy (B : Qr(sy)) =Gr(norm(3")); (perm(3")) ™ sing : {{norm(8") [} — {B}r(sy)
where 8’ = (D, {{{,7,hu(q),0’;0) | (£,m,q,0 ) : Stepg,o’ : Zu(q)}).

Notice that functor T maps every named set A into the named set T(A)
of its mormalized bundles. Also a named function H is mapped into a named
function T'(H) in such a way that every corresponding pair (¢, hg(q)) in hy
is mapped into a set of corresponding pairs (3, norm(3')) of bundles in hp(gy.
The quadruples of bundle 3’ are obtained from those of 3 by replacing ¢ with
hi(q) and by saturating with respect to the set of name mappings in Xg(q).
The name mappings in Xy 3 are obtained by transforming the permutation
group of bundle norm(3’) with the inverse of the canonical permutation of 3’
and with a fixed injective function inj mapping the set of names of norm(3’)
into the set of names of 3, defined as i < j, inj(v;) = vy and inj(v;) = vy
implies ¢ < 7. Without bundle normalization, the choice of 3 among those
in ;0 would have been arbitrary and not canonical with the consequence of
mapping together fewer bundles than needed.

Definition 5. A transition system over named sets and m-actions is a named

function K such that D = T(Sk).

HD-automata are particular transition systems over named sets. Formally, an
HD-automaton A is given by:

— the elements of the state Q) 4 are m-agents p(v;..v,,) ordered lexicographically:
p1 <a p2 iff p1 <jex P2

= [p(vi-vn)l4 =7,

— Gaq=/{id:{q}a — {q}a}, where id denotes the identity function,

— h:Qa — {B|Dg = A} is such that ( {,7,q',0 ) € Stepy(q represent the
m-calculus transitions from agent q.

We remark that bundle Stepy,(q) should not contain all the transitions from g,
but only a representative subset. For instance, it is not necessary to consider a
free input transition where the received name is not active provided that there is
a bound input transition which differs from it only for the bound name. Finally,
by using renaming ¢ in the element of the bundles, it is possible to identify all
those m-agents that differ only for an injective renaming. In the following, we

represent as ¢q L{, q' the “representative” transitions from agent ¢ that are used
s
in the construction of the HD-automaton.
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We can now define the function K.

— Sp = A,
— hx(q) = norm(h(q)),
— Xk (q) = Gr(hx(q)); (perm(h(q))) ™ sing - {h(q) [} — {a}a

We now construct the minimal HD-automata by an iterative procedure. We first
need to define the initial approximation. Given a HD-automata K, the initial
approximation H is defined as follows:

— Su, = Sk, Du, = unit where Qunit = {*}, [*|,,,;; = 0 (and hence {x} = ¢),
Gunit * = ¢7 and * Lunit *,

- hHo(q : QSHO) = *,

- EHoq = {d)}

The formula which details the iterative construction is given by

—

HnJrl = KT(HH)

Two of the authors have developed in [16] a final coalgebra model for the 7-
calculus. In particular, the early transition system is modelled as a coalgebra on
a suitable category of permutation algebras, and early bisimilarity is obtained
as the final coalgebra of such a category. HD-automata are then proposed as
a compact representation of these transition systems. It is possible to adapt
the results of [I6] to our framework, and hence, to prove convergence of the
iteration along the terminal sequence. Furthermore, if we consider finite state
HD-automata (i.e. finite state HD automata associated to finitary m-calculus
processes) we can prove a stronger result.

Theorem 2. Let K be a finite state HD-automaton. Then

— The iteration along the terminal sequence converges in a finite number of
steps: n ewists such that Dy, ., = Dpy,,,

— The isomorphism mapping F' : Dy, — Dpg,,,, yields the minimal realization
of the transition system K up to strong early bisimilarity.

Sketch of the proof. It is possible to see that at every iteration either a block is
split (i.e. there are ¢ and ¢ with hy, (¢) = hu, (¢') but hy, ., (q) # hu,.. (d)):
or, if no block is split, some block acquires additional names (i.e. there is ¢
with | kg, (q) |<| ha,,,(q)]); or, if there are no additional names the group of
permutations of some block decreases (i.e. there is ¢ with G, (¢) D Gny, , (4))-
Since blocks cannot be indefinitely split (there is a finite number of states),
the number of names cannot indefinitely increase (each block cannot have a
number of names larger than any state in it) and groups of permutations cannot
indefinitely decrease (they are finite) every terminal sequence is well-founded.

The following functional expression (in a extended A-calculus) makes the it-
eration step of the normalization algorithm explicit.

hit, 1 = Agnorm (A {( 4,740 ) | ¢ =0 d'});
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A/B'norm <DH’IL7 {< 67 71'7 th (q)70-’70- > ‘ < 677T7q70- > : Step57o-/ : ZHn (Q)}>
th+1 (Q) = norm <DHn’ {< evﬂ'vth (q/)7al;a > ‘ q %U q/7al : EHn (ql)}>

Notice that the normalization on the transition system is absorbed by the nor-
malization on the resulting bundle.

4 Minimizing Behaviours of w-Calculus Processes

In this section we provide an example of minimization by considering a transition
system which describes the behaviour of a m-calculus process. Let S(z,y, 2) be
the m-calculus process

S(z,y,2) = aly.R(z,y,2) + ylz.R(z,y, 2)
R(x,y,z) = a?(w).5(x, y, w) + y?(w).5(y, , 2)

Here, we use x!y (resp z7(y)) to denote output (resp. input) actions. Process
S(x,y, z) syntactically contains name z, however this name is not active in any
system evolution. As we will see, name z disappears in the minimal realization
for S(z,y, z). The behaviour of the process S(z,y, z) is illustrated by the labelled
transition system displayed in the upper part of Figure [3.

The transition system has been automatically generated using the HAL en-
vironment [7l8]. The HAL environment is an integrated tool set for the speci-
fication, verification and analysis of mobile system specified in the 7-calculus.
HAL contains several modules to check bisimilarity; however, it does not include
any module to minimize the state space of m-calculus processes under analysis.
Notice that we extended labels of transitions. For instance, label IN2 is used to
describe an input action where subject and object names coincide.

Hereafter, we adopt the following notations for name permutations. Term
id,, denotes the identity permutation over n names and term exchs denotes the
permutation that exchanges two names.

Let Sk be the set {qo, q1,92, g3, 94,95, qs }, where G4 = id)q VYq : Sk. The oc-
currences of names in the states are given by |qo| = |q1| = |q4] = 3, |g2]| = |¢3] =
lgs| = |gs] = 2, where |g| = n means that state ¢ contains names {vy,va, ..., v, }.
The mapping hg is displayed in the lower part of Figure Bl

Finally, let XY'xq¢ be the injection of the names occurring in hpq into the
corresponding names of ¢ (i.e., either idy or ids).

The initial approximation is the function Hy defined as follows

Ho = <SH0 = SKaDHO = unit,hHO = )\q . SK.*,ZHO(] = @>

Applying the definition of the iterative algorithm we have

hH hH
40,492,493, 44 _1)ﬂ1 q1,95,96 —1>62
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+(x!y.R(x, y, 2), X R(x, y, 2)) S0, #1, #2) SO, #1, #0) S(#0, #1, #1)
©) o,
xly
#12(#2)
yix #1o0 FIHL o
#1140
R(#0, #1, #0)
&F ®
R(#0, #1, #2) R(#0, #1, #1)

hi(qo) = (Sk, { (OUT, v1vz2, q1,1ids),
OUT, v2v1,q1,id3)}>
hi(q1) = (Sk,{ (IN2,v1, q2,1d2),
IN, vlvg,q37id2>7
IN, 1)11)3,(]4,id3>,
BIN,v1,qa,id2 U (vs, %)),
IN,vav1,qa, exchs U (v3,v3
IN2, vz, qa, exchs U (v3,v3))
IN,vav3, qa, excha U (v3,v3)),
BIN,va,qa, exchs U (vs,v3))})
hK(QQ) = <Sk,{ OUT, ’U1’U2,q6,id2 ,
h

(
(
(
(
(
(
(
(
(
(
( )
<OUT, vzvl,qe,id2>
- <Sk { <OUT7 ’01’02,Q5,id2>,
<OUT, ’U2’U1,(]5,id2>}>
hi(qa) = (Sk,{ (OUT,viv2, q1,1d3),
( )
= {Sk: { (
(
(
(
(
(
(
(
(
(
(
(

I’

)
)

)

hi(gq3) =

OUT7 vzvl,ql,idg }>
IN2,U1,Q2,id2>,

IN, U1v2,q3,id2>,

BIN, vy, q47id2 U (’1)37 >(<)>7
IN,vav1, g2, exchs),
IN2,v2,q2, exchs),

BIN, v, q2, excha)})
h}((q6) = <Sk,{ IN2,U1,Q2,id2>,

IN, v1v2,q3,id2>,

BIN, vy, q47id2 U (’037 *))7
IN,vav1,qs, exchs),
IN2,v2,q3,exchs),
BIN,vs,qs, excha)})

hi(gs)

)

Fig. 3. An example of HD-automaton and its coalgebraic specification.
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where bundles 8; and (2 and their associated permutation groups are defined

as follows:

B1 = (Duy,{ (OUT, v1v2, %,0), (OUT, vav1, *,0) })
ﬁz = <DH0,{ <IN2,'U1,*7@>,

(IN,viv2, *, 0},

<BIN,U1,*,@>,

(IN, vav1, *, 0),

<IN2,U2,*7Q)>,

(BIN,va,*,0)})

|B1] =2 Gp1 = {ids, excha}
|B2] =2 G2 = {id2, excha}
Yu,q = (id2,exchy) for all ¢ € Sk.

Notice that the normalization construction has removed redundant transitions
from bundles. Hence, the overall number of transitions decreases.
Applying again the definition of the iterative algorithm we have

hH hH
90,92,43: 44 — B @1,q5,q6 — B

where bundles 3] and S5 and their associated permutation groups are defined
as follows:
ﬁi = <DH1 ) { <OUT7 V1V2, ﬁ27 id2>a <OUT, V21, ﬁQa id2>7
(OUT, v1v2, B2, excha), (OUT, vav1, B2, excha)})
85 = (Duy,{ (IN2,v1, B1,1id2),
<[Na V1V2, ﬁl7id2>7
(BIN, vy, B1,ids),
(IN,vav1, 1, excha),
<[N2, v2, ﬂl, 6$Ch2>,
<BIN, v2, Bl, 6$Ch2>}>

|B1] =2 GB1 = {id2, excha}
|82] =2 G5 = {id2, excha}
Yu,q = (id2, exchs) for all ¢ € Sk.

Since Dy, = Dp,, the iterative algorithm terminates and Hs defines the min-
imal HD-automaton. Notice that the minimal HD-automaton contains 2 states
and 10 transitions rather than 7 states and 28 transitions of the original HD-
automaton.

5 Concluding Remarks

In this paper we have developed a minimization procedure for finite state veri-
fication of name passing calculi. The minimization algorithm is automatically
derived from the co-algebraic formulation. We plan to experiment with the
minimization algorithm to evaluate its usefulness in practice by equipping the
HAL verification environment with a module performing minimization of HD-
automata. We are currently developing a prototype implementation of the min-
imization algorithm for HD-automata in O-Caml.
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Varieties of Effects
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Abstract. We introduce the notion of effectoid as a way of axiomatising
the notion of “computational effect”. Guided by classical algebra, we
define several effectoids equationally and explore their relationship with
each other. We demonstrate their computational relevance by applying
them to global exceptions, partiality, continuations, and global state.

1 Introduction

In this article, we shall introduce effectoids as sublanguages that stand for limi-
tations of computational effects. The focus will be on call-by-value programming
languages, and we shall use the computational lambda-calculus (Ag-calculus) as
the theoretical backbone.

Because the values of the \¢-calculus are effect-free in any reasonable sense,
one might think they should form the smallest effectoid. But this would be un-
satisfactory, because values are not closed under equality. (For example, (A\z.x)y
is not a value, whereas its normal form y is.) In particular, the notion of value
cannot be defined semantically. By contrast, effectoids will be closed under the
equality in every denotational model, so we could treat them as sets of mor-
phisms when required. In particular, we shall replace the notion of value by a
notion of algebraic value which yields an effectoid.

Several sets of expressions (or morphisms) that received considerable atten-
tion in the recent literature turn out to be effectoids: Thielecke defined the sets of
central, copyable, and discardable morphisms in models of continuations, captur-
ing fundamental classes of program behaviour that correspond to different uses
of control [12]. Selinger used these notions in his analysis of the duality between
call-by-value and call-by-name in the presence of continuations [11]. Dealing with
the same duality, Hasegawa and Kakutani pointed out a fundamental relation-
ship between central expressions and rigid functionals [5], which play a key role
in Filinski’s recursion-from-iteration construction [2]. It was soon pointed out
that those sets of expressions are interesting for arbitrary computational effects,
not only continuations [3l4]. Recently, it was discovered that typical models of
partiality (i.e. models where divergence is the only “effect”) can be characterised
by requiring every morphism to be central and “strongly copyauble”EI7 and also

! The notion of “strong copyability” was defined in the CTCS’99 conference version
of [1], and we shall replace that terminology by “repeatable” in this article.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 144-[159] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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that discardable morphisms and algebraic values coincide for such models and
yield the right notion of totality [1].

All sets of expressions mentioned above, except for the set of copyable ex-
pressions, will turn out to be effectoids. Also, all those sets are given as the
solutions of equations. In algebraic geometric, sets given as solutions of (polyno-
mial) equations are called algebraic sets. In analogy, we shall call effectoids that
are given as solutions of equations algebraic effectoids.

The consideration of algebraic effectoids will lead us to notions that do not
occur in the literature mentioned above: centralisers, stabilisers, and distributive
expressions. Figure [[l presents an overview of most of the varieties that we shall
discuss. (The numbers in the diagram are for later reference.)

copyable discardable

distributive

repeatable algebraic value

central

Fig. 1. Varieties introduced in this article

Remark 1. All effectoids presented in this article have interpretations in pre-
monoidal categories with extra structure [T0MJ3]. (In fact, several effectoids
where introduced categorically.) However, the Ac-calculus, which is the inter-
nal language of those premonoidal categories with extra structure, turned out to
be the most efficient way of conveying these concepts in a computational context.

2 Preliminaries

The Ac-calculus. The Ag-calculus [[7] has proved itself useful for reasoning
about call-by-value programs. Its syntax, typing, and axioms on the well-typed
terms are summarised in Figure2] where b ranges over base types, and c” ranges
over constants of type A.

Following common practice, we write let x4 be M in N for (A\z4.N)M. We
shall often omit type annotations of variables when the type is evident or does
not matter.

A A¢-theory over given base types and constants is a set 7 of equations
I'-M=N:A where ' M:Aand I' N : A are well-formed according to
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Types A,B:=b|A—-B|AxB]|1
Expressions M,N =z |c* | Ax® M | MN | (M,N)|mM|()
Values VU =z |c* | xa® M| (V,U) | mV | ()

A ) . '
el prA.g Iz"+M:B I'+M:A—B 'N:A

I'rz:A rexe*M:A—B I'tMN:B
I'-M:A I'-N:B I'EM: A x As

- r-0:1
I'-(M,N): Ax B I'mM: A;

letzbeVinM = M[V/x]

V=V (x ¢ FV(V))
7Ti(V1,V2) =V;
(mV,mV)=V
V=0
letxbe M inz =M
letybe (letzbe LinM)in N = letzbe Linletybe M in N (x € FV(N))

MN = 1let fbe M inletxbe N in fx
(M,N)=1letzbe M inletybe N in(z,y)
mM = letxbe M inm;x

Fig. 2. The A¢-calculus

the rules in Figure[2, that contains all equations presented in Figure Bland is a
congruence stable under weakening and permutation.

We write N[My/x1,..., My/x,] for the expression that results from substi-
tuting M; for all free occurrences of x; in N simultaneously for i € {1,...,n}
(avoiding the capture of free variables). We say that ylAH...,y;?“ F N
B results from xfl,...,x;‘l‘" F M : B by environment renaming if N =
My1/x1,- - Yn/Tn]. We shall write \().M instead of Az'.M. If X is a set
of occurrences of a variable z in M, we write M[N/X] for the expression that
results from replacing all those occurrences with N.

Ac-models and their internal language. The semantics of the Ac-calculus
can be provided by Ac-models. A Ac-model is given by a strong monad 7" on a
category C' with finite products and T-exponentials—that is, exponentials of the
form (T'A)Z. (A strong monad is a monad T together with a strength, which is a
natural transformation t4 p : A x TB —— T(A x B) satisfying some equations
due to Kock [6]. For a discussion of strong monads and a summary of those
equations, see [g].)
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It helps our calculations to work with the internal language of Ac-models
instead of their categorical presentation. That internal language is given by the
simply-typed A-calculus (with product types) together with a unary type con-
structor T, function types of the restricted form A — T'B (instead of arbitrary
function types), and typed-indexed families of constants n4 : A — TA and
x4 : TAX (A — TB) — TB (written infix and without type annotations)
satisfying the equations below (where L, M, and N range over open terms):

(L« M)« N=LxAl.(MI)*«N) dz.(inx)«M)=M Mxn=M
This internal language is essentially the “metalanguage” presented in [g].

Semantics of the \c-calculus. The categorical semantics of the Ag-calculus
can be presented by a transform (—) into the metalanguage. For every base type
b, an interpretation must provide a type b, and obey the laws

A—-B=A—-TB AxB=AxDB 1=1

For each constant ¢, an interpretation must provide a closed expression M, of

type A, and transform every expression xfl ..., A" = M : B into an expression
Mz - M : TB as follows:
zT=nz Az.M = n(Az.M) MN = M % Am.(N * An.mn)
cA=n(M,) 7M =DM man(mim) (M,N)=M X m.(N * An.n(m,n))
0=n0

We call such a transform (—) a monadic-style transform. An interpretation of a
Ac-theory is called a model if it validates the theory’s equations. This semantics
is known to be sound and complete [7]. That is, the equations induced by an
interpretation form a Ac-theory (soundness), and when an equation holds in all
models of a Ao-theory, then it is a theorem (completeness).

3 Algebraic Effectoids

In this section, we shall define the notion of effectoid, introduce the varieties
presented in Figure [I, show how they are related with each other, and apply
them to some models (accumulation, powerset, global exceptions, partiality).

3.1 Algebraic Values

An algebraic value M is an expression that can be substituted for the occurrences
of a formal parameter x in any procedure body N whenever M is passed as the
actual parameter. Formally, an expression I' = M : A is defined to be an algebraic
value of a Ac-theory 7 if every well-formed equation

I'"t+1letzbeMin N = N[M/z]: B (1)

is a theorem of 7 whenever I’ contains I.
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Every algebraic value M of function type is equivalent to a value, because
M = letxbe M in Ay.xy = Ay.My. At other types this can be false. For ex-
ample, in Ao-theories induced by computationally realistic interpretations, the
algebraic value z3** F —z : int is not equivalent to a value. (This follows from
a simple inductive argument, using only that the expression is not equivalent to
a constant or a variable, and that its type is a base type different from 1.)

Importantly, if I' = M : A and I,z F L : B are algebraic values, then so is
I'letxbe M in L : B, because

letzbe(letybe M inL)in N = letybe M inletxbe Lin N
=letybe M in N[L/z] = N[L[M/y]/x] = N[let ybe M in L/x]

Definition 1. An effectoid in a Ac-theory is a set of expressions I' = M : A
which contains all algebraic values, and is closed under weakening, permutation,
equality, and the let-construct.

Evidently, effectoids are closed under arbitrary intersection, so they form a com-
plete lattice, with the algebraic values as the smallest element.

Lemma 1. An expression I' = M : A is an algebraic value if and only if
I'letzbeMinA()z=A).M:1— A (2)
To see the right-to-left implication, assume Equation Pl and consider

letzbe M in N = let ybe (let xbe M in A().z) in N[y()/x]
=letybe\().M in N[y()/x] = N[M/x]

Remark 2. Being an algebraic value is not well defined for expressions without
environment. For example, for every I' = M : A, the weakened version I',z° -
M : A is an algebraic value if 0 denotes the initial object. The same applies to
all algebraic effectoids in this article.

3.2 Centralisers and Central Expressions

Just as we can state what it means for two group elements to commute, we
can define a notion of commuting expressions for any Ac-theory: expressions
I'-M:Aand AF N : B where I' and A are disjoint are said to commute if
the equation below is a theorem

I''Atletxzbe M inletybe N in (z,y)
=letybe Ninletazbe M in(x,y): Ax B (3)

If I" and A have variables in common, then ' - M : A and A+ N : B are
said to commute if IV = M’ : A and A’ = N’ : B commute, where the latter
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two expressions result from environment-renaming the former such that I and
A’ are disjoint. (Obviously, this definition does not depend on the choice of the
renaming.)

Equation[3 holds if and only if for all expressions environments I containing
I' and A, every well-formed equation of the form

I'"+1letzbe Minletybe NinL = letybe Ninletzbe M inL :C (4)

is a theorem. The right-to-left implication is trivial, and the left-to-right impli-
cation follows immediately from applying A(z,y).L to both sides of Equation Bl

In group theory, the centraliser Cen(S) of a set S of group elements is defined
to be the set of group elements that commute with every element of S. We
define the centraliser of a set S of A\g-expressions in exactly the same way. Just
as group-theoretic centralisers form a subgroup, centralisers in Ag-theories form
an effectoid. (The closure under let follows from the associativity of let and
Equation [)

In analogy to group theory, we define the centre of a Ac-theory to be the cen-
traliser of the set of all expressions. (This notion of centre for computational mod-
els was first introduced, categorically and without defining centralisers, in [10],
and used in [T2BITTI4/5].)

Ezample 1. The following model links centralisers in A¢-theories with centralis-
ers from classical algebra: for a monoid (M,-, 1), consider the accumulation
monad on Set:

TA=Ax M n=Ax.(z,1) (z,m) * fAZPM — (fi m - for)

where f; : A — B and fs : A — M are the evident components of f. Let Ty
be the Ac-theory whose base types are sets, whose constants are of the form
f A — B where f is a function from A to T'B, and whose equations are
induced by the interpretation given by A = A and f = f. Then two expressions
2+ M : Aand yB F N : B of Ty commute if and only if (M),2 and (N)ay
commute in M for all z € A’ and y € B'.

3.3 Stabilisers and Discardable Expressions

For a group G acting on a set X, the stabiliser (a.k.a. isotropic group) Stab(z)
of an element x € X is the set of group elements ¢ that stabilise x—that is, for
which ¢g(z) = z. In particular, for the operation g(h) = g o h of G on itself, the
stabiliser of g is the set of all h such that goh = h. In a A¢-theory, an expression
'+ M : A is defined to stabilise an expression A+ N : B (with A disjoint from
I') if the equation

I'A+-M;N=N:B (5)

is a theorem where M ; N stands for 1let x be M in N where zx is fresh. As in the
previous section, we use environment-renaming to extend the definition to the
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case where I and A overlap. Just as group-theoretic stabilisers are subgroups,
stabilisers in A\co-theories are effectoids.

Of particular interest are the expressions that stabilise the empty tuple
() : 1. Such expressions are called discardable. (The notion of discardability was
introduced categorically in [12] and consequently used in [3[III4[T]. The notion
of stabiliser is a contribution of this article.)

Lemma 2. If an expression stabilises a value V', then it stabilises every expres-
sion N. (In particular, the discardable expressions are the smallest stabiliser.)

This follows immediately from applying Az.N to both sides of the equation
MV =V.

In our accumulation-monad example 7y, z4 F M : A stabilises yB " N:B
if and only if (M)oz stabilises (N)oy for all z € A’ and y € B’. Therefore,
z* F M : A is discardable in Ty, if and only if (M)yx = 1 for every x € A’.
This already implies that 2 F M: Ais an algebraic value.

Example 2. Writing PA for the powerset of A, the powerset monad is given by

TA=PA n = x.{x} X fA7PB = U fx
reX

Define Tp,,, to be the evident Ao-theory induced by the powerset monad. Essen-
tially, expressions of 7Tp.,, denote relations. While the algebraic values of Tp,,
are the expressions that denote total functions, the discardable expressions are
those that denote total relations—that is, relations R such that Vz3y : zRy. All
expressions are central.

3.4 Copyable Expressions

One notion that has found some attention in the literature is that of copyable
expressions [12/11)3l4]. An expression I' = M : A of a Ao-theory T is called
copyable if

I'kletzbeMin(z,2)=(M,M): Ax A (6)

In our accumulation-monad example, an expression A M:Ais copyable if
and only if (M)z is an idempotent in M for every x € A’. In our powerset
example, an expression is copyable if and only if the denoted relation is a partial
function.

Among all varieties in this article, the copyable expressions form the only
one which is not an effectoid. For the copyable expressions of 75, where closed
under let, then the idempotents of M would be closed under composition.
But there are obviously counterexamples—for example, let M be the monoid of
endofunctions on a set with at least three elements.
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3.5 Distributive Expressions

Next we introduce a notion which has not been studied in the literature so far.
An expression I' - M : A is said to distribute over an expression A, 24+ N : B
with A disjoint from I" if

I''AFletaxbe M inletybe N in (z,y)
=letybe(letzbe M in N)inletazbe M in(z,y) : AX B (7)

Using environment-renaming, we extend this definition to the case where I" and
A overlap. An expression I' = M : A is called distributive if it distributes over
all A, 24+ N : B.

In our accumulation-monad example, an expression z2 F M : A distributes
over yB/ch/ F N : B if and only if for all z € A’ and y € B’

(M)ox - (N)2(y, ) = (M) - (N)2(y, ) - (M)

Lemma 3. An expression I' = M : A is distributive if and only if every well-
formed equation

I'"+1letzbe M in N =letxbe M inN[M/X]: B

holds whenever I contains I' and X is any set of free occurrences of x in N
which are outside the scope of any \-binder.

The distributive expressions form an effectoid in every Ac-theory. To see the clo-
sure under the let-construct, let I' = M; : A and I,y = M, : B be distributive,
let X be a set of free occurrences of x in N, and consider

let zbe (let ybe M7 in M) in N

=letybe M;inletxbe Msin N

= letybe Mjinlet xbe My in N[M>/X] (Lemma [3))
= letybe M; inlet zbe My in N[lety' beyin Ma[y' /y]/X]

= letybe M; inlet xbe My in N[lety'be My in Ms[y'/y]/X] (Lemma [3))
= letxbe(let ybe My in My) in N[let ybe M; in My /X

Proposition 1. An expression I' = M : A is copyable if and only if it distributes
over x4 F x ¢ A.

Proposition 2. Ezpressions that are central and copyable are distributive.
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To see this, suppose that M is central and copyable, and consider

letxbe M inletybe N in(x,y)
= let (z,7')be (let zbe M in(z,2)) inlet ybe N in (z/,y)

= let (x,2')be (M, M)inletybe N in (z',y) (M copyable)
= letzbe M inletz'be M inletybe N in (2, y)
= letzbe M inletybe N inlet z'be M in (2, y) (M central)

=1letybe(letzbe M in N)inletxbe M in(x,y)

Proposition 3. FEzxpressions that are distributive and discardable are central.
To see this, suppose that M is distributive and discardable and = ¢ FV(N), and
consider

letxbe M inletybe N in(x,y)

=letybe (M;N)inletxbe M in(z,y) (M distributive)

=letybe Ninletxzbe M in (z,y) (Lemma [2))

3.6 Repeatable Expressions

In this section, we introduce a very useful effectoid which has no evident coun-
terparts in classical algebra. An expression I' = M : A of a A\c-theory is called
repeatable if every well-formed equation

I'"+1letzbe M in N = letxbe M inN[M/X]: B (8)
is a theorem whenever I contains I" and X is any set of free occurrences of x
in N. Lemma [3] immediately implies the following result:
Proposition 4. Fvery repeatable expression is distributive.

However, the converse is far from true: In our accumulation-monad example 74,
the repeatable expressions turn out to coincide with the algebraic values—that
is, expressions that produce the unit of the monoid M.

The repeatable expressions form an effectoid in every Ac-theory. (Proving
the closure under the let-construct works like for distributivity.)

Proposition 5. An expression I' = M : A is repeatable if and only if
I'tFletzbe Min(z,A).z) = (M,A().M): Ax (1 — A) (9)

To see the right-to-left implication, let S be the set of free occurrences of x in
N, let X C S, and consider

letxbe M in N
= let (y, f)be (letzbe M in (z, A().2))in N[f()/X,y/S — X]
= let (y, f)be (M,A().M)in N[f()/X,y/S — X] (Equation [@)

= letxzbe M in N[M/X]
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Proposition 6. An expression is an algebraic value if and only if it is discard-
able and repeatable.

The left-to-right implication is trivial. For the other implication, suppose that
M is discardable and repeatable, and consider

letzbe M in N = M; (N[M/x)) (M repeatable)
= N[M/x] (Lemma [2])

Propositions [ and [l finish our validation of Figure [l In our relations example,
the repeatable expressions turn out to be the (expressions denoting) partial
functions—that is, they coincide with the copyable expressions. The only non-
empty areas in Figure [[lare area 4 (partial functions that are not total), area 6
(total relations that are not functions), algebraic values (total functions), and
area b (relations that fit into none of the other categories). By contrast, in
our accumulation-monad example 7pq, we only have areas 1, 2, 5, 10, and the
algebraic values. In fact, for each of those areas, there is a monoid M such for
which 7y has an inhabitant of the area. (The proof is left as a challenge to the
reader.)

Repeatability and the lifting equation. In [1], equational lifting monads are
defined as commutative monads that satisfy the lifting equation

T(na, ida) =tra.ao (idra, idra) (10)

It is proved that a large class of models of partial computation, dominical lifting
monads, are equational lifting monadd?. Also, it is easy to check that exceptions
monads (i.e. the well-known monads of the form TA = A+ E) satisfy the lifting
equation. (But in contrast to equational lifting monads, they are not generally
commutative.) Due to this scope of the lifting equation, the following proposition
is most useful:

Proposition 7. Let T be a A\o-theory induced by an interpretation (—) in a Ao-
model with monad T. If the Ac-model satisfies the lifting equation, then every

expression of T is repeatable. If (=) is full on types, the converse holds.
Proof. In the metalanguage, the lifting equation is represented by
yTAF yx ez, z) = yx den(y,z) : T(TA x A) (11)
This implies, for all M,
M x Ax.n(z,nx) = M * Ax.n(x, M) (12)

which is Equation Blsent through (—). So the lifting equation implies that every
expression of 7 is repeatable. For the converse, suppose that (—) is full on
objects, and that every expression of 7 is repeatable. Letting M = f() for some
variable f : 1 — A’ with A’ = A, we have M = f(). Using this M in Equation

and substituting \().z for f implies Equation [Tl O
2 In fact, the point of [I] is to prove a more interesting statement in the opposite

direction, which states that every equational lifting monad can in a certain sense be
fully embedded into a dominical one.
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4 Effectoids for Continuations

An analysis of algebraic ValuesEI, centrality, copyability, and discardability for
continuations was undertaken by Hayo Thielecke [12]. The novelty in this section
is the analysis of distributivity and repeatability, as well as the consideration of
global state.

4.1 Continuations per Se

A continuations monad for response type R (for which exponentials of the form
A — R must exist) is given by the data below:

TA=(A—R)— R n=XAeks  M=N =k.M(\m.Nmk)

Instantiating the monadic-style transform with these data yields the “Plotkin
CPS-transform”. This situation allows the definition of a unary type constructor
and operators for control flow manipulation:

Acont callcc: (Acont — A) - A throw: Acont — A— B
Acont = A — R callcc = n(Af \k.fkk) throw = n(AlL.n(Az.Ak.lx))

(These operators are available in SML of New Jersey via the “SMLofNj.Cont”
modul(ﬂ). Before we prove the main results of this section (Propositions[8and @),
we gather some facts. We shall use the equation

callcc(Ak.throwk M) =M : A (13)
which can easily be checked with the CPS transform. Also, we define

force = Ax.callcc(throwz) : Acont cont — A
[M] = callcc(Ak.throw(force k)M) : A cont cont

(where M is any expression of type A). We have force h = Ak.hk in the case
where h is a variable, and [M] = Mk.k M. With these CPS-transforms we can
easily check that force[M] = M and [force h] = h. These two equations to-
gether and the fact that [M] is an algebraic value imply immediately that the
following two maps are mutually inverse:

@ = Ah.A().forceh: Acont cont — (1 — A)
Y =A[f0]: (1 - A) — Acont cont

The following result is due to Hayo Thielecke (Remark 4.4.2 in [12]) and has
recently been used and restated several times (e.g. in [11] and [5]).

3 under the name of “thunkable morphisms”
4 Of course, the real implementation is not a simple CPS transform.
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Proposition 8. In the Ac-theory of a continuations monad, central expressions
are algebraic values.

Proof. This is true because an expression that commutes with jumps must be
effect free. Formally, if M is a central expression of type A, then it commutes
with expressions of the form (h, where h is a variable, and ( is defined as
Ah.throw(force h). We have

¢ hN = throw h[N] (14)
because the CPS transforms of both sides are equal to Ak.hN. Now consider

let xbe M in|[z]

= callcc(Ah.throwh(let zbe M in|z])) (Equation [[3)

= callcc(Ah.let x be M inthrow h[z]) (throw h is an alg. value)

= callcc(Ah.letzbe M inC hx) (Equation [T4))

= callcc(Ah.ChM) (M is central)

= callcc(Ah.throw h[M]) (Equation [I4))

= [M] (Equation [[3)
Applying ¢ to both sides yields Equation [Z] O

Proposition 9. In the \¢-theory of a continuations monad, distributive expres-
stons are repeatable.

Proof. Let ¢! = Ax.Ah.throw(callcc(N.throwh(z,l))). For every distributive
expression M, we have

¢' h(z, N) = throw h(x,[N]) (15)

because the CPS transforms of both sides are Ak.h(z, N). Now consider

(0, [M))

= callcc(Ah.throw h(let xbe M in (x,[M]))) (Equation [13))
= callcc(Ah.let x be M inthrow h(z, [M])) (throw h is an alg. value)
= callcc(Ah.letxbe M in( z h(x, M)) (Equation [I5])
= callcc(Ah.let zbe M in(’ x h(z, )) (Lemma [3)
= callcc(Ah.let x be M inthrow h(z, [z])) (Equation [15)
= callcc(Ah.throwh(let zbe M in (z,[z])))  (throwh is an alg. value)
= letaxzbe M in (z, [z]) (Equation [[3)

Applying A(z, k).(x, pk) to both sides yields Equation O
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algebraic values = central

</ 7

copyable
discardable

repeatable = distributive

Fig. 3. Effectoids for continuations

Propositions 8 and [ reduce Figure [l to FigureB. (The four expressions inhab-
iting the areas of Figure[d will be discussed soon.)

To prove that an expression is inside an algebraic effectoid, we plug it into the
effectoid’s equations and check them with the CPS-transform. To prove that an
expression is outside an algebraic effectoid, we plug it into one of the effectoid’s
equations and refute the equation using a separator. That is, letting M and N
be the two sides of the equation, we find a context C[—] such that C[M] and
C[N] are programs of ground type that are reduced to different values®. While
separators are computationally most convincing, they require a ground type with
at least two elements (which we shall call int). So Figure Blis to be interpreted
as follows: whenever an expression is inside an area, it is in the corresponding
effectoid for every continuations monad (or in the case of assign and deref, for
every continuations monad with the required extra structure, which is introduced
in the next section). Whenever an expression is outside an area, then it is outside
the corresponding effectoid, provided that the model allows a realistic range of
observations. (This includes all models for which there are at least two different
expressions of type int and there exists a mono from int into R.)

That M = throwla (where | and x are variables) is repeatable follows im-
mediately from plugging M = k.l into Equation T2 To see that throwlx is
not discardable, it suffices to prove that throw!42 is not discardable. This can
be checked by using the separator C|—] = callcc(Al.letzbe — in0) and ob-
serving that C[let ybe throw!42in ()] evaluates to 42 whereas C[()] evaluates
to 0.

The expression argfc (“argument of first call”), and the following explana-
tion why it is discardable but not copyable, are taken from [I3]. We define

argfc = callcc(Ak.Az.throwk(Ay.z)) : A — A

Roughly speaking, when argfc is called with an argument x, it turns into
the constant function returning x. That argfc is discardable is easily checked
by sending the equation let fbeargfcin() = () through the CPS trans-
form. To see that argfc is not copyable, let My = let fbeargfcin(f, f) and

5 A separator is more than a distinguisher, because a distinguisher does not require
both sides to terminate.
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My = (argfc,argfc). Then C[—] = let (f1, f2) be — in(f11; f22) is a separator,
because C[M;] evaluates to 1, whereas C[Ms] evaluates to 2. Intuitively, during
the evaluation of C[M;], evaluating f11 causes backtracking to the binding of f,
rebinding f (and therefore f; and f5) to the constant function that returns 1.
By contrast, during the evaluation of C[Ms], evaluating f;1 causes backtracking
to the binding of fi, rebinding f7 to the constant function that returns 1, and f
to argfc. Next, the evaluation of fo2 causes backtracking to the binding of fa,
rebinding fs to the constant function that returns 2. For a formal, operational
discussion of these separators, please see [13].

4.2 Adding Global State

Next, we shall add a global reference of type S to the Ag-theory of a continu-
ations monad TA = RR. Formally, we apply the “side-effect” monad trans-
former (T — (T(— x S))%) to the continuations monad, resulting in a monad
TsA = (RRAXS)S. Because (RRAXS)S is isomorphic to (RS)(RS)B, we still have a
continuations monad, with response object RS rather than R. This means that
callcc and throw can still be implemented by the CPS-transform (with the
former response type R replaced by S — R). Moreover, we can define operators
assign: S — 1 and deref : S as follows:

assign = n( Az AT B \s% k() deref = M9~ \s% kss

From this definition, we can see that assignax forgets the state s and replaces
it by x, and deref returns the state (the first s in kss) and also passes s on
unchanged (the second s in kss).

Amazingly, these two operators for state provide exactly the witnesses that we
need to complete Figure Bl In particular, they drive a wedge between copyability
and distributivity. That assignax is copyable and that deref is copyable and
discardable can be easily checked with the CPS transform. To see that deref
is not repeatable, consider let C[—] = assign0;let fbe — in(assignl; f())
and observe that C[A().deref] evaluates to 1 whereas C|[let x be deref in A().x]
evaluates to 0. To see that assignz is not repeatable, consider let C[—] =
let fbe — in(assignO0; f();deref) and observe that C[)\().assign 1] evaluates
to 1 whereas C[let x be assign1in A().z] evaluates to 0. Showing that assignx
is not discardable is trivial. This completes the discussion of Figure Bl

5 Conclusions

Comparison with traditional effects. The notion of effectoid is definable
in the Ag-caleulus without extra structure (i.e. without operators like assign,
raise, etc.). The same is true for the specific effectoids we introduced in this
article. By contrast, traditional effects depend on extra structure. For example,
an effect can be a set of exceptions that might be raised, or—in “side-effect
analysis”—a set of actions of the form deref 7, assignm, or newm, where 7 is
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a “program point” [9]. So our effectoids apply to a wider range of models than
traditional effects.

At a first glance, our effectoids seem to be less expressive than some tradi-
tional effects (e.g. those that involve program points). However, centralisers and
stabilisers may turn out to be very expressive in their own way, because they
allow to specify a set of expressions to commute with or stabilise. (E.g. if n is a
global variable that cannot be aliased, then Cen(deref n) should exclude exactly
those expressions that can change n and return.)

The notion of effectoids (as opposed to the specific effectoids defined in this
article) covers some traditional effects: for example, the set of expressions that
only raise exceptions in a given set is obviously an effectoid.

Algebraic effectoids turn the traditional approach to effects upside down: in
the traditional approach, we define concrete effects first, and may study their
equational aspects later. For algebraic effectoids, we define equational properties
first and may study later how they constrain concrete effects. Crucially, the
equational characterisation allows to use an algebraic effectoid without knowing
its concrete meaning.
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1 Introduction

The Model. We consider networks of processors with arbitrary topology. A
network is represented as a connected, undirected graph where vertices denote
processors and edges denote direct communication links. Labels (or states) are
attached to vertices and edges. Labels are modified locally, that is, on a subgraph
of fixed radius 1 of the given graph, according to certain rules depending on the
subgraph ounly (local computations). The relabelling is performed until no more
transformation is possible, i.e., until a normal form is obtained.

The Problem. The election problem is one of the paradigms of the theory of
distributed computing. Considering a network of processors the election problem
is to arrive at a configuration where exactly one process is in the state elected
and all other processes are in the state non-elected see [Tel00]. The elected vertex
is used to make decisions, to centralize or to broadcast some information.
Known Results. Graphs where election is possible were already studied but
the algorithms usually involved some particular knowledge. Solving the problem
for different knowledge has been investigated for some particular cases including
(see [Tel00] for details): - the network is known to be a tree - the network is
known to be complete - the network is known to be a grid - the nodes have
different identification numbers - the network is known to be a ring and has a
known prime number of vertices.

The classical proof techniques used for showing the non-existence of election
algorithm are based on coverings [Ang80], which is a notion known from algebraic
topology [Mas9T]. A graph G is a covering of a graph H if there is a surjective
morphism from G to H which is locally bijective. The general idea is as follows.
If G and H are two graphs such that G covers H and G # H, then every local
computation on H induces a local computation on G and every label which
appears in H appears at least twice in G. Thus using H it is always possible to
build a computation in G such that the label elected appears twice. By this way
it is proved that there is no election algorithm for G and H [Ang80).

A graph G is called covering-minimal if every covering from G to some H is a
bijection. Mazurkiewicz has proved that, knowing the size of graphs, there exists
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an election algorithm for the class of covering-minimal graphs [Maz97]. This
distributed algorithm, applied to a graph of size n, assigns bijectively numbers
of [1..n] to vertices of G.

In [MMW097] the notion of quasi-covering has been introduced to study the

problem of termination detection. A graph G is a quasi-covering of a graph H
if G is locally a covering of H (locally means that there is a vertex v of G and
a positive integer k such that the ball centered on v of radius k is a covering of
a ball of H).
The Main Result. In this paper, using some techniques of [MT00] developed for
the termination detection problem, we characterize which knowledge is necessary
and sufficient to have an election algorithm, or equivalently, what is the general
condition for a class of graphs to admit an election algorithm. More precisely we
prove the following theorem (Theorem [IH):

There is an election algorithm for a family I of graphs if and only if graphs
of T are minimal for the covering relation and every graph G of T has quasi-
coverings of bounded radius in I.

Sufficient conditions given below are just special cases of criteria of Theorem
1O

We explain new parts in this theorem. It is well known (see above) that
the existence of an election algorithm needs graphs minimal for the covering
relation. Analogously to [MMW97], we prove in this paper that if a graph is
minimal for the covering relation and admits quasi-coverings of arbitrary large
size in the family there is no election algorithm. This part can be illustrated
by the family of prime rings. Indeed, prime rings are minimal for the covering
relation nevertheless there is no election algorithm for this family: without the
knowledge of the size, a ring admits quasi-covering prime rings of arbitrary large
size.

These two results prove one direction of Theorem To prove the converse:

— we extend the Mazurkiewicz algorithm to labelled graphs;

— we prove that the Mazurkiewicz algorithm applied in a graph G enables the
reconstruction, on each node of G, of a graph K such that G is a quasi-
covering of K; and when the computation is terminated G is a covering of
K;

— we use an extension of an algorithm by Szymanski, Shi and Prywes [SSP85]
which enables the distributed detection of stable properties in a graph;

— we prove that the bounded size of quasi-coverings of a given graph enables
to each node v to detect the termination of the Mazurkiewicz algorithm and
finally each node can decide if it has obtained the maximum number among
numbers computed by the Mazurkiewicz algorithm.

Related Works. Among models related to our model there are local com-
putation systems as defined by Rosenstiehl et al. [EHR72], Angluin [Ang80],

Yamashita and Kameda [KY96] and Boldi and Vigna [BV99]. In [FHR72] a syn-
chronous model is considered, where vertices represent (identical) deterministic

finite automata. The basic computation step is to compute the next state of
each processor according to its state and the states of its neighbours. In
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an asynchronous model is considered. A basic computation step means that two
adjacent vertices exchange their labels and then compute new ones. In [KY96)
an asynchronous model is studied where a basic computation step means that a
processor either changes its state and sends a message or it receives a message.
In [BV99] networks are directed graphs coloured on their arcs; each proces-
sor changes its state depending on its previous state and on the states of its
in-neighbours. Activation of processors may be synchronous, asynchronous or
interleaved.

2 Graphs, Labelled Graphs and Coverings

We only consider finite, undirected and connected graphs without multiple edges
and self-loops. If G is a graph, V(G) denotes the set of vertices and E(G) denotes
the set of edges. Let v be a vertex, we denote by Bg (v, k), or briefly B(v, k), the
centered ball of radius k with center v. The set of neighbours of a vertex v in G
is denoted by N¢g(v).

A homomorphism between two graphs G and H is a mapping v: V(G) —
V(H) such that if {u,v} is an edge of G then {y(u),y(v)} is an edge of H. Since
we deal only with graphs without self-loops, this implies that v(u) # ~(v) if
{u,v} is an edge of G. Note also that v(Ng(u)) € Ny (v(u)). We say that v is
an isomorphism if « is bijective and v~ is also a homomorphism. By G ~ G’
we mean that G and G’ are isomorphic. A class of graphs will be any class of
graphs in the set-theoretical sense containing all graphs isomorphic to some of
its members. The class of all graphs will be denoted G.

Throughout the paper we will consider only connected graphs where vertices
and edges are labelled with labels from a possibly infinite alphabet L. A graph
labelled over L will be denoted by (G, \), where G is a graph and A: V(G) U
E(G) — L is the labelling function The graph G is called the underlying graph
and the mapping A is a labelling of G. The class of labelled graphs over some
fixed alphabet L will be denoted by Gr..

Let (G,A) and (G',\) be two labelled graphs. Then (G, \) is a subgraph
of (G',\), denoted by (G,A) C (G', ), if G is a subgraph of G’ and A is the
restriction of the labelling A to V(G)U E(G). A mapping ¢ is a homomorphism
from (G, ) to (G',N) if ¢ is a graph homomorphism from G to G’ which pre-
serves the labelling, i.e. such that X' (p(z)) = A(x) holds for every v € V(G) and
if {u,v} is an edge of G then A({u,v}) = A{p(u), ¢(v)}). A labelled graph will
be designed by a bold letter like G, H etc ... If G is a labelled graph, G denotes
the underlying graph. An occurrence of (G,\) in (G’,\’) is an isomorphism ¢
between (G, ) and a subgraph (H,n) of (G',\'). We say that a graph G is a
covering of a graph H if there exists a surjective homomorphism  from G onto
H such that for every vertex v of V(@) the restriction of vy to Bg(v,1) is a bi-
jection onto By (y(v),1). The covering is proper if G and H are not isomorphic.
It is called connected if G (and thus also H) is connected. We extend the notion
of covering to labelled graphs in an obvious way. The labelled graph (H, \’) is
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covered by (G,)\) via v, if v is a homomorphism from (G, )\) to (H, ) whose
restriction to B (v, 1) is an isomorphism from (Bg(v,1),\) to (B (y(v), 1), \).

A graph G is called covering-minimal if every covering from G to some H
is a bijection. Graphs with prime size (or with prime number of edges), trees,
labelled graphs with a distinguished vertex, graphs with nodes having different
identification numbers are examples of covering-minimal graphs.

Let H be a connected graph and let G be a covering of H via . Then there
exists an integer ¢ such that, for every v € V(H), we have card(y~*(v)) = q.
The integer ¢ is called the number of sheets of the covering.

3 Local Computations in Graphs

Graph relabelling systems and more generally local computations satisfy the fol-
lowing constraints which seem to be natural when describing distributed com-
putations with a decentralized control:

(C1) they do not change the underlying graph but only the labelling of its com-
ponents (edges and/or vertices), the final labelling being the result of the
computation,

(C2) they are local, that is, each relabelling step changes only a connected sub-
graph of a fixed size in the underlying graph,

(C3) they are locally generated, that is, the application condition of the relabelling
only depends on the local context of the relabelled subgraph.

3.1 Local Computations

Local computations as considered here can be described in the following general
framework. Let Gy, be the class of L-labelled graphs and let R C G, x Gy, be a
binary relation on Gy. Then R will denote a graph rewriting relation. We assume
that R is closed by isomorphism, i.e., whenever GRG’ if H ~ G then HRH’
for some labelled graph H' ~ G’. In the remainder of this paper R* stands for
the reflexive and transitive closure of R. The labelled graph G is R—irreducible
if there is no G’ such that GRG’. Let G € Gy, then Irred (G) denotes the set
of R—irreducible graphs (or just irreducible if R is fixed) which can be obtained
from G using R. The relation R is noetherian if there is no infinite relabelling
chain GiRGR ...

Definition 1. Let R C Gp X Gy, be a graph rewriting relation. 1. R is a rela-
belling relation if whenever two labelled graphs are in relation then the underlying
graphs are equal i.e.: GRH = G = H. 2. R is local if only labels of a ball
of radius 1 may be changed by R, i.e., (G, \YR(G,\') implies that there exists a
vertez v € V(QG) such that \(x) = N (z) for every x ¢ V(Bg(v,1))UE(Bg(v,1)).

The next definition states that a local relabelling relation R is locally gener-
ated if its restriction on centered balls of radius 1 determines its computation on
any graph.
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Definition 2. Let R be a local relabelling relation. Then R is locally generated
if the following is satisfied: For any labelled graphs (G, \), (G, X'), (H,n), (H,n')
and any verticesv € V(G), w € V(H) such that the balls Bg(v,1) and By (w, 1)
are isomorphic via ¢: V(Bg(v,1)) — V(Bg(w,1)) and p(v) = w, the following
three conditions

1. Ma) = n(p(x)) and N (x) =n'(p(z)) for all x € V(Bg(v,1)) U E(Bg(v, 1))
2. Mxz) = N(z), for allx ¢ V(Bg(v,1)) U E(Bg(v,1))
3. n(x) =n'(x), for all x ¢ V(By(w,1)) U E(By(w,1))

imply that (G, \)R(G,N) if and only if (H,n)R(H,n').

3.2 Local Computations and Coverings

The fundamental lemma which connects coverings and locally generated rela-
belling relations states that whenever G is a covering of H, every local compu-
tation in H can be lifted to a local computation in G which is compatible with
the covering relation. This is expressed in the following diagram:

G — G
R*

l covering lcovering

H— H
R*

Lemma 3 (Lifting Lemma). Let R be a locally generated relabelling relation
and let G be a covering of H via . Moreover, let HR*H'. Then there exists G
such that GR*G’ and G’ is a covering of H'.

3.3 Local Computations and Quasi-coverings

Definition 4. Let G, H be two labelled graphs and let v be a partial function on
V(G) that assigns to each element of a subset of V(G) exactly one element of
V(H). Then G is a quasi-covering of H wvia vy if there exists a finite or infinite
covering Go of H wvia 0, vertices zg € V(Gyp), z € V(G), and an integer r > 0
such that:

1. Bg(z,7) is isomorphic via ¢ to Bg,(z0,7),
2. the domain of definition of v contains Bg(z,r), and
3. v =60 when restricted to V(Bg(z,71)).

The integer r is called the radius of the quasi-covering, card(V(Bg(z,1))) is
called the size of the quasi-covering, and z the center. The graph Gq is the
associated covering of the quasi-covering.
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Fig. 1. G is a quasi-covering of H of radius r

The idea behind quasi-coverings is to enable the simulation of local computations
on a given graph in a restricted area of a larger graph, such that the simulation
can lead to false conclusions. The restricted area where we can perform the simu-
lation will shrink while the number of simulated steps increases. They have been
introduced to study the problem of the detection of the termination [MMW9T].
The following lemma makes precise the shrinking of the radius when one step of
simulation is performed :

Lemma 5 (Quasi-Lifting Lemma). Let R be a locally generated relabelling
relation and let G be a quasi-covering of H of radius r via . Moreover, let
HRH'. Then there exists G’ such that GR*G’ and G’ is a quasi-covering of
radius r — 2 of H'.

Definition 6. We define the number of sheets q of a quasi-covering to be the
minimal cardinality of the sets of preimages of vertices of H which are in the
ball: ¢ = min,cy ) {w € 57 1(v)|Ba(w,1) C Ba(z,7)}-

Using the notation of the definition of a quasi-covering, we say that a quasi-
covering is strict if Bg(z,r — 1) is not equal to G. Note that any non-strict
quasi-covering is a covering. We have:

Lemma 7. Let G be a strict quasi-covering of H of radius r via . Then, for
any q € IN, if r > q|V(H)| then v has at least q sheets.

4 Two Fundamental Algorithms

4.1 The Mazurkiewicz Enumeration Algorithm

A distributed enumeration algorithm on a graph G is a distributed algorithm
such that the result of any computation is a labelling of the vertices that is a
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bijection from V(G) to {1,2,...,|V(G)|}. In particular, an enumeration of the
vertices where vertices know whether the algorithm has terminated solves the
election problem. In [Maz97] Mazurkiewicz presents a distributed enumeration
algorithm for the class of graphs minimal for the covering relation. In [Maz97],
the computation model consists exactly in relabelling balls of radius 1. The
Mazurkiewicz algorithm will be denoted M. In the following we give a description
of the Mazurkiewicz algorithm including its extension to labelled graphs.

Description. We first give a general description of the algorithm M applied to
the graph G. Let G = (G, \), let vg be a vertex of G, let {vy,...,v4} be the set
of neighbours of vg.

The label of the vertex vy used by M is the couple (A(vg), c(vg)) where c(vg)
is a triple (n(vg), N(vo), M (vg)) representing the following information during
the computation(formal definitions are given below) :

— n(vp) € IN is the number of the vertex vy computed by the algorithm
— N(vg) € NV is the local view of g, it is the set of triples defined by :

{(n(vi), A(vi), A({vo, vi)) |1 <@ < d}

— M(vp) € IN x L x N is the mailbox of vy and contains all the information
received by vg at this step of the computation.

Every vertex v attempts to get its own number n(v), which shall be an integer
between 1 and |V(G)|. A vertex chooses a number and broadcasts it together
with its label and its labelled neighbourhood all over the network. If a vertex
u discovers the existence of another vertex v with the same number, then it
compares its label and its local view, i.e., its number-labelled ball, with the local
view of its rival v. If the label of v or the local view of v is “stronger”, then u
chooses another number. Each new number, with its local view, is broadcasted
again over the network. At the end of the computation it is not guaranteed that
every node has a unique number, unless the graph is covering-minimal. However,
all nodes with the same number will have the same label and the same local view.

The crucial property of the algorithm is based on a total order on local views
such that the local view of any vertex cannot decrease during the computation.
We assume that the set of labels L is equipped with a total order denoted > .
Let vy be a vertex and let {vy,...,uq} the neighbours of vy we assume that:
n(vy) > n(ve) > ... > n(vg), if n(v;) = n(vi11) then A(v;) > Avit1), if n(v;) =
n(viy1) and A(v;) = A1) then A({vo, vi}) > A({vo,vi+1}). Then to N(v), the
local view, we associate the d-tuple ((n(v1), A(v1), A({vo, v1})), - - -, (n(va), A(va),
A{vo,va}))).

Let N~ be the set of such ordered tuples. We define a total order, <, on N+
by comparing the numbers, then the vertex labels and finally the edge labels.
Formally, let ((n1,l1,€1), ..., (R4, L4, €q)) and ((n}, 1, €}), ..., (nly, 1, €))) be two
elements of NV~ then

((n/h lll? 6/1)7 ceey (n/d” lt/;l’? e:i’)) = ((nlv 11,61), ooy (ndv lda ed))
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if one of the following holds

1. ng =nf,...,n;—1 = n}_, and n} < n; for some i or

2. d <dand ny =nl,..,ng =nl, or

3.d=d,m=nl,..,ng=njand h =1},...,[,_1 =1}_; and I} <, [; for some
1 0r

4. d=d andny =nl,..,ng=njandlh =1},...,lg=1,and e; = ¢}, ...,e;_1 =
e;_, and e} <, e; for some 1.

The initial labelling of the vertex vy is (A(vg), (0,0,0)). The rules are de-
scribed below for a given centered ball B = B(uvg, 1) with center vg. The vertices
v of B have labels (A(v), (n(v), N(v), M(v)). The labels obtained after applying
a rule are (\(v), (n/(v), N'(v), M'(v))). To make the rules easier to be read, we
omit labels that are left unchanged.

M-1 : Diffusion rule
Precondition :
e Jv € B(vg,1), M(v) # M(vp)
Relabelling :
e For all v € B(vg,1), M'(v) := | M(w)
weB

M-=2: Renaming rule
Precondition :
o Vo, M(v) = M(vg)
e 1. n(vy) =0
or
2. (n(vg) > 0 and 3 (n(vg),l, N) € M(v))
such that ((A(vg) <) or
((A(wo) = 1) and (N(vp) < N))
Relabelling :
e n'(vg) =1+ max{n € N | (n,l',N) € M(vy)}
e Vv € B(vg,1), N'(v) is obtained from N(u) by replacing the value
of n(vg) by n'(vo).
e Vv € B(vg, 1), the mailbox contents M (v) changes to
M) = M(0)U U {(n' (). M), N' ()}

Let G be a labelled graph, if v is a vertex of GG, the label of v after the
run p of the Mazurkiewicz algorithm is denoted (A(v),c,(v)) with ¢,(v) =
(np(v), Ny(v), M,(v)) and (A, ¢,) denotes the final labelling.

Similar to [Maz97], for covering-minimal graphs the algorithm computes a
one-to-one correspondance n, between the set of vertices of G and the set of
integers {1,...,|V(G)]}.

We interpret the final labelling as a graph that each vertex could compute.
For a mailbox M, we define for each integer n in {1,...,|V(G)|} the maximal
mail box element of the form (n,l, N) :

F(M)={(n,l,N) € M| thereis no (n,l’, N') € M verifying
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I'>lor(I=10"and N < N')}.
For a given M, we define the graph G as the following graph:

V(Gy) ={n|3N,L, (n,l,N) € F(M)}
E(Guy) ={{n,n'} | (n,l,N) € F(M), and N = (..., (n',1',1"),...)}

We also define a labelling on G as follows, Ay(n) = [, such that there exists
N, (n,l,N) € F(M). Note that uniqueness of I comes from the definition of
F(M). Let p be a run of M, then (G'az,(u)s A, (u)) does not depend on u. We
then define p(G) = (G, (u)» A, (w))- As F'(M,(u)) represents the final numbers
and neighbourhoods, we have the following.

Proposition 8. For a given execution p of the Mazurkiewicz algorithm, we have

V(p(G)) = {ny(v) | v € V(G)} and E(p(G)) = {{ny(v),n,(w)} | {v,w} €
E(G)}-

The proposition means that p(G) is the quotient graph of G by n,. Before
we emphasize the role of p(G), note that p(G) can be locally computed by every
vertex, and that the graph depends only on the label M,.

If G = (G, )\) is a labelled graph p(G) denotes the labelled graph defined on
(V(G)), E(G))) by the labelling such that the label of n,(v) is A(v).

The next proposition states that we can see a run of M as computing a graph
such that:

Proposition 9. Let G be a labelled graph. For all runs p of M, G is a covering
of p(G). For all H such that G is a covering of H, there exists a run p such
that H ~ p(G) (fairness).

4.2 An Algorithm to Detect Stable Properties

In this section we describe in our framework the algorithm by Szymanski, Shi
and Prywes (the SSP algorithm for short) [SSP85]. We consider a distributed al-
gorithm which terminates when all processes reach their local termination condi-
tions. Each process is able to determine only its own termination condition. The
SSP algorithm detects an instant in which the entire computation is achieved.
Let G be a graph, to each node v is associated a predicate P(v) and an inte-
ger a(v). Initially P(v) is false and a(v) is equal to —1. Transformations of the
value of a(v) are defined by the following rules. Each local computation acts on
the integer a(vg) associated to the vertex wvp; the new value of a(vg) depends
on values associated to vertices of Bg(vg,1). More precisely, let vy be a vertex
and let {v1,...,vq} be the set of vertices adjacent to vg. If P(vg) = false then
a(vg) = —1; if P(vg) = true then a(vg) = 1 + Min{a(vg) | 0 < k < d}. In
[SSP8H| the following assumption is considered: for each node v the value of
P(v) eventually becomes true and remains true for ever.

In this paper we use a variant of the SSP algorithm presented in [MT00]. For
each node v the value of P(v) eventually becomes true and either remains true
for ever or becomes false and remains false for ever. Thus the predicate P(v) may
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change twice: initially P(v) is false and a(v) is equal to —1, P(v) may become
true and then a(v) is equal to 0, if P(v) is true it may become false, in this case
it remains false for ever and a(v) is equal to —1. We denote this variant by VSSP
algorithm. We will use the following notation. Let (G;)o<; be a relabelling chain
associated to the VSSP algorithm. We denote by a;(v) (resp. P;(v)) the integer
(resp. the boolean) associated to the vertex v of G;. The fundamental property
is:

Proposition 10. Let (G;)o<i be a relabelling chain associated to the VSSP al-
gorithm. Let v € V(G), i > 0 such that a;(v) > 0. Let p > 0, we suppose that
for some integer j > i : aj(v) = a;(v) +p. Let k < Min(a;(v),5). Then :
Yw € B(v, k) a;(w) > 0.

5 The Mazurkiewicz Algorithm + the VSSP Algorithm
= Reconstruction Algorithm with Local Agreement

Following [MT00], the main idea develloped in this section is to use the VSSP
algorithm for computing the radius of stability of M in a relabelling chain at
a given step and at a given vertex. In other words, any vertex will know until
which distance all vertices agree with its topology reconstruction.

Let G = (G, A) be a labelled graph, let (G;)o<; be a relabelling chain asso-
ciated to a run of the Mazurkiewicz algorithm on the graph G. To the node v
of G; is associated the label (A(v), (n;(v), N;(v), M;(v))). Using the interpreta-
tion of Subsection 4.2 by defining F(M;), this label enables in some cases the
reconstruction of a graph.

We introduce on the node v of the graph G, the predicate pg(v), that will
be true if label of v in G; enables the reconstruction of H = G, (v) and
(ni(v), A(v), N;(v)) € F(M;(v)). The associated value az(v) is computed by
the VSSP algorithm. We note Q the merging of the two algorithms.

First, we formalize the output of Q. We note

H(v) = {GMi(U)if it is defined and (n;(v), A(v), N;(v)) € F(M;(v)) (1)

1 otherwise.

(2)

ap(y)(v) otherwise.

v){—l if H(v) = L

Note that, while H(v) = L, the node knows that it is in a non final state.
The output of Q is now, on each vertex v, < H(v), a(v) >.

For a run of the Mazurkiewicz algorithm on G, we note (G(i))(ogi) the la-

belled graph obtained by adding on each node v of G the number n;(v) computed
by the Mazurkiewicz algorithm at step 7 on the vertex v. The main property of
the computations is now:
Proposition 11 (quasi-covering progression). At all step j, for all vertex
v, the output of Q on v is a couple < H,a > such that if H # L1, then there
exists a previous step i < j, such that G is a quasi-covering of H of center v
and of radius | §].
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6 Main Result: A Characterization of Families of Graphs
in Which Election Is Possible

6.1 Impossibility

Considering a labelled graph, we say that a given vertex v has been elected when
the graph is in a global state such that exactly one vertex has the label elected
and all other vertices have the label non-elected.

Let Z be a class of connected labelled graphs. Let R be a locally generated
relabelling relation, we say that R is an election algorithm for the class Z if R
is noetherian and for any graph G of Z and for any normal form G’ obtained
from G, GR*G’, there exists exactly one vertex with the label elected all other
vertices have the label non-elected.

Angluin showed that no election algorithm exists for a family of graphs con-
taining a graph H and a proper covering of H [Ang80]. In fact there is no election
algorithm for a not covering-minimal labelled graph. Furthermore if we consider
a class Z of labelled graphs containing a graph and quasi-coverings of arbitrary
large size there is no election algorithm for this family. More precisely:
Proposition 12. Let G be a labelled graph which is not covering-minimal. Then
there is no election algorithm for G.

Proposition 13 (Necessary condition). Let 7 be a class of connected co-
vering-minimal labelled graphs such that there is an algorithm of election for
this class. Then there exists a computable function T : T — IN such that for all
graph H of T, there is no quasi-covering of H, distinct of H, of radius greater
than 7(H) in Z.

Proof. Let R denote an algorithm of election on Z. For a graph H € 7, define
7(H) = 2|V (H)| 4+ 2n where n is the number of steps of an entire execution of
R on H. Then 7 has the desired property.

We prove this by contradiction. Let H € Z. Let C be the relabelling chain of
length n on H used for the definition of 7(H). ¢ = (H = Hy, Hy, ..., H,) such
that H,, is a normal form. By hypothesis the label elected appears exactly once
in H,,.

Let G be a quasi-covering of H of radius 7(H), distinct of H. By iteration of
Lem. Bl we get G’ such that GR*G’ and G’ is a quasi-covering of H,, of radius
T(H) — 2n = 2|V (H)|. The graph G being covering minimal and distinct of H,
the quasi-covering G’ of H,, is strict. Hence, by Lem. [[] the label elected appears
at least twice in G’. A contradiction.

6.2 Possibility

Let R denote a locally generated relabelling relation and let G denote a labelled
graph. Let 7 be a class of labelled graphs, terminal configurations obtained from
T are said to be locally characterized if there exists a set F' of labels such that for
any G € Z and for any G, with GR*G’, G’ is a terminal configuration if and
only if there exists a vertex v of G’ having its label in F. In this case termination
is said to be explicit. First we have the following theorem :
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Proposition 14 (Graph reconstruction). Let Z be a class of connected co-
vering-minimal labelled graphs. Suppose that there exists a computable function
7 :Z — IN such that for all graphs G of I, there is no quasi-covering of G of
radius greater than T7(G) in I, except G. Then there exists a locally generated
relabelling relation with explicit termination which computes for any graph G in
T and for any vertex v in V(G) the graph G.

Proof. We use Q with the termination condition on the output H € 7 and a >
37(H). Termination is a corollary of the fact that M will eventually terminate
and then the counter a will increase indefinitely. When this termination condition
is fulfilled, by Prop. we have that there exists a previous step n such that
G™ is a quasi-covering of radius 7(H(v)) of H(v) and by hypothesis on 7, we
deduce that G = H(v).

The knowledge of this reconstructed graph implies that each node knows if
its number is the maximal or not among numbers of the graph. Finally, each
node can decide if it is elected or not. The result of this subsection and of the
previous are summarized in the the following theorem.

Theorem 15. Let T be a class of connected labelled graphs. There exists an
election algorithm for T if and only if graphs of T are minimal for the covering
relation, and there exists a computable function T : T — IN such that for all
graph G of I, there is no quasi-covering of G of radius greater than 7(G) in I,
except G itself.

6.3 Applications
Known results appears now as simple corollaries of Th. [[A] for possibility:

— Covering minimal networks where the size is known ;

— Trees, complete graphs, grids, networks with identities: those families con-
tains no g-sheeted quasi-covering of a given graph for ¢ > 2, hence the 7
function can be twice the size of the graph, see Lem. [7}

We also get some new possiblity results, in particular for covering-minimal
graphs with at least 1 and at most k& distinguished vertices or for covering-
minimal graphs where a bound of the size is known (it is new and cannot be
directly derived from [Maz97]). On the impossibility side, it is a corollary of
Th. Al that there is no election algorithm for the family of covering-minimal tori
(prime rings are a particular case).

We also notice that the complexity of the algorithm of Mazurkievicz, com-
puted in [Godar], is often worse than the optimal known bounds. That lack of
optimality is the counterpart of the universality of the algorithm.
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Abstract. We present a general method for proving DP-hardness of equivalence-
checking problems on one-counter automata. For this we show a reduction of
the SAT-UNSAT problem to the truth problem for a fragment of (Presburger)
arithmetic. The fragment contains only special formulas with one free variable,
and is particularly apt for transforming to simulation-like equivalences on one-
counter automata. In this way we show that the membership problem for any
relation subsuming bisimilarity and subsumed by simulation preorder is DP-hard
(even) for one-counter nets (where the counter cannot be tested for zero). We also
show DP-hardness for deciding simulation between one-counter automata and
finite-state systems (in both directions).

1 Introduction

In concurrency theory, a process is typically defined to be a state in a transition system,
which is a triple 7 = (S, X, —) where S is a set of states, X' is a set of actions and
— C S x X x Sis a transition relation. We write s - t instead of (s,a,t) € —, and
we extend this notation in the natural way to elements of X*. A state t is reachable from
a state s, written s —* ¢, iff s — ¢ for some w € X*.

In this paper, we consider such processes generated by one-counter automata, non-
deterministic finite-state automata operating on a single counter variable which takes
values from the set N = {0, 1,2, ...}. Formally this is a tuple 4 = (Q, X,6~,67, qo)
where @ is a finite set of control states, X is a finite set of actions,

07 :Qx XY —P(Qx{0,1}) and

57 :Qx X —P@Qx{-1,0,1})
are fransition functions (where P (M) denotes the power-set of M), and gy € @ is a
distinguished initial control state. 6= represents the transitions which are enabled when
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M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 172-[[86 2002.
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the counter value is zero, and §~ represents the transitions which are enabled when the
counter value is positive. A is a one-counter net if and only if for all pairs (¢,a) € Q x X
we have that 6= (q,a) C §”(q, a).

To the one-counter automaton .4 we associate the transition system 74 = (S, X, —),
where S = {p(n) : p € @Q,n € N} and — is defined as follows:
() % a(n i) iff n =0, and (q, z) € 0=(p,a); or

n >0, and (q,7) € 6~ (p, a).

Note that any transition increments, decrements, or leaves unchanged the counter value;
and a decrementing transition is only possible if the counter value is positive. Also
observe that when n > 0 the transitions of p(n) do not depend on the actual value of n.
Finally note that a one-counter net can in a sense test if its counter is nonzero (that is,
it can perform some transitions only on the proviso that its counter is nonzero), but it
cannot test in any sense if its counter is zero. For ease of presentation, we understand
finite-state systems (corresponding to transition systems with finitely many states) to be
one-counter nets where ~ = ¢~ and the counter is never changed. Thus, the parts of
T 4 reachable from p(i) and p(j) are isomorphic and finite for all p € @ and 4, j € N.

Remark. Let us mention that the class of transition systems generated by one-counter
nets is the same (up to isomorphism) as that generated by the class of labelled Petri
nets with (at most) one unbounded place. The class of transition systems generated by
one-counter automata is the same (up to isomorphism) as that generated by the class
of realtime pushdown automata (i.e. pushdown automata without e-transitions) with a
single stack symbol (apart from a special bottom-of-stack marker).

The equivalence-checking approach to the formal verification of concurrent systems
is based on the following scheme: the specification S (i.e., the intended behaviour)
and the actual implementation I of a system are defined as states in transition systems,
and then it is shown that S and I are equivalent. There are many ways to capture the
notion of process equivalence (see, e.g., [13]); however, simulation and bisimulation
equivalence [12,[14] are of special importance, as their accompanying theory has found
its way into many practical applications.

Givenatransitionsystem 7 = (.S, X, —), asimulationis abinary relation R C Sx S
satisfying the following property: whenever (s,t) € R,

if s % s’ then t % ¢/ for some ¢’ with (s',t') € R.

s is simulated by t, written s C ¢, iff (s,t) € R for some simulation R; and s and ¢
are simulation equivalent, written s ~ t, iff s C ¢ and ¢ C s. The union of a family of
simulation relations is clearly itself a simulation relation; hence, the relation C, being
the union of all simulation relations, is in fact the maximal simulation relation, and is
referred to as the simulation preorder. A characteristic property is that s C ¢ iff the
following holds: if s % s’ then ¢t % t' for some t’ with s’ C t'.

A bisimulation is a symmetric simulation relation, and s and t are bisimulation
equivalent, or bisimilar, written s ~ t, if they are related by a bisimulation.

Simulations and bisimulations can also be used to relate states of different transition
systems; formally, we can consider two transition systems to be a single one by taking
the disjoint union of their state sets.
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Let A and B be classes of processes. The problem of deciding whether a given
process s of A is simulated by a given process t of B is denoted by A C B; similarly,
the problem of deciding if s and ¢ are simulation equivalent (or bisimilar) is denoted by
A ~ B (or A ~ B, respectively). The classes of all one-counter automata, one-counter
nets, and finite-state systems are denoted OCA, OCN, and F'S, respectively.

The state of the art: The OCN C OCN problem was first considered in [1], where it
was shown that if two O CN processes are related by some simulation, then they are also
related by a semilinear simulation (i.e. a simulation definable in Presburger arithmetic),
which suffices for semidecidability (and thus decidability) of the positive subcase. (The
negative subcase is semidecidable by standard arguments.) A simpler proof was given
later in [[7] by employing certain “geometric” techniques, which allow you to conclude
that the simulation preorder (over a given one-counter net) is itself semilinear. Moreover,
it was shown there that the OCA = OCA problem is undecidable. The decidability
of the OCA ~ OCA problem was demonstrated in [4] by showing that the greatest
bisimulation relation over states of a given one-counter automaton is also semilinear. The
relationship between simulation and bisimulation problems for processes of one-counter
automata has been studied in [6] where it was shown that one can effectively reduce
certain simulation problems to their bisimulation counterparts by applying a technique
proposed in [10]. The complexity of bisimilarity-checking with one-counter automata
was studied in [8]], where the problem OCN ~ OCN (as well as the problem of weak
bisimilarity [12] between OCN and F'S processes) was shown to be DP-hard; however,
the problem OCA ~ FS was shown to be solvable in polynomial time. Complexity
bounds for simulation-checking were given in [9], where it was shown that the problems
OCN C FS and FS C OCN (and thus also OCN ~ F'S) are in P, while OCA C FS
and OCA ~ F'S are coNP-hard.

Our contribution: In this paper we generalize the techniques used in [8,|9] for estab-
lishing lower complexity bounds for certain equivalence-checking problems, and present
a general method for showing DP-hardness of problems for one-counter automata. (The
class DP [13]] consists of those languages which are expressible as a difference of two
languages from NP, and is generally believed to be larger than the union of NP and
coNP. Section[Z.2]contains further comments on DP.) The “generic part” of the method
is presented in Section 2], where we define a simple fragment of Presburger arithmetic,
denoted OCP, which is

— sufficiently powerful so that satisfiability and unsatisfiability of boolean formulas
are both polynomially reducible to the problem of deciding the truth of formulas of
OCP, which implies that this latter problem is DP-hard (Theorem2); yet

— sufficiently simple so that the problem of deciding the truth of OCP formulas is
polynomially reducible to various equivalence-checking problems (thus providing
the “application part” of the proposed method). The reduction is typically con-
structed inductively on the structure of OCP formulas, thus making the proofs
readable and easily verified.

In Section B.1] we apply the method to the OCN < OCN problem where « is any
relation which subsumes bisimilarity and is subsumed by simulation preorder (thus, be-
sides bisimilarity and simulation equivalence also, e.g., ready simulation equivalence
or 2-nested simulation equivalence), showing DP-hardness of these problems (Theo-
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rem[). In Section[3.2]we concentrate on simulation problems between one-counter and
finite-state automata, and prove that OCA C FS, FS C OCa, and OCA ~ FS are
all DP-hard (Theorem [7), thus improving on the bounds presented in [8] O]. Finally, in
Sectiond] we draw some conclusions and present a detailed summary of known results.

2 The OCP Fragment of Arithmetic

In this section, we introduce a fragment of (Presburger) arithmetic, denoted OCP (which
can be read as “One-Counter Properties”). We then show how to encode the problems
of satisfiability and unsatisfiability of boolean formulas in OCP, and thus deduce DP-
hardness of the truth problem for (closed formulas of) OCP. (The name of the language
is motivated by a relationship to one-counter automata which will be explored in the
next section.)

2.1 Definition of OCP

OCP can be viewed as a certain set of first-order arithmetic formulas. We shall briefly
give the syntax of these formulas; the semantics will be obvious. Since we only consider
the interpretation of OCP formulas in the standard structure of natural numbers N, the
problem of deciding the truth of a closed OCP formula is well defined:

Problem: TRUTHOCP
INSTANCE: A closed formula Q € OCP.
QUESTION: Is @ true ?

Let z and y range over (first-order) variables. A formula @ € OCP can have at most
one free variable x (i.e., outside the scope of quantifiers); we shall write () to indicate
the free variable (if there is one) of Q; that is, () either has the one free variable x, or
no free variables at all. For a number k& € N, [k] stands for a special term denoting k;
we can think of [k] as S.5. .. S0, i.e., the successor function .S applied k times to 0. We
stipulate that size([k]) = k=+1 (which corresponds to representing numbers in unary).

The formulas @ of OCP are defined inductively as follows; at the same time we
inductively define their size (keeping in mind the unary representation of [k]):

(@ =0 size(Q) =1

®) [k] |z (“k divides 27 k>0) size(Q) = k+1

(©) Tk]tx (“k doesnotdivide x”; k>0) size(Q) = k+1

@) Q1(z) A Q2(x) size(Q) = size(Q1) + size(Q2) + 1
(@) Q1(z)V Q2(x) size(Q) = size(Q1) + size(Q2) + 1
(f) Jy <z:Q'(y) (xandy distinct) size(Q) = size(Q') + 1

(2) Vx : Q'(z) size(Q) = size(Q') + 1

We shall need to consider the truth value of a formula Q(x) in a valuation assigning
a number n € N to the (possibly) free variable x; this is given by the formula Q[n/z]
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obtained by replacing each free occurrence of the variable  in @ by n. Slightly abusing
notation, we shall denote this by Q(n). (Symbols like i, j, k, n range over natural num-
bers, not variables.) For example, if Q(z) is the formula 3y < z : ((3|y) A (21y)), then
Q(5) is true while Q(2) is false; and if Q(z) is a closed formula, then the truth value of
Q(n) is independent of n.

2.2 DP-hardness of TruthOCP
Recall the following problem:

Problem: SAT-UNSAT
INSTANCE: A pair (¢, 1) of boolean formulas in conjunctive normal form (CNF).
QUESTION: Is it the case that ¢ is satisfiable and v is unsatisfiable ?

This problem is DP-complete, which corresponds to an intermediate level in the poly-
nomial hierarchy, harder than both X} and I} but still contained in X% and 171 (cf.,
e.g., [13]]). Our aim here is to show that SAT-UNSAT is polynomial-time reducible to
TRUTHOCP. In particular, we show how, given a boolean formula ¢ in CNF, we can in
polynomial time construct a (closed) formula of O CP which claims that ¢ is satisfiable,
and also a formula of OCP which claims that ¢ is unsatisfiable (Theorem 2).

First we introduce some notation. Let Var(y) = {x1,..., 2} denote the set of
(boolean) variables in . Further let 7; (for j>1) denote the j”" prime number. For
every n € N define the assignment v,, : Var(p) — {true, false} by

vn(;) = true, if m;|n,
"I false, otherwise.

Note that for an arbitrary assignment v there is n € N such that v,, = v; it suffices to
take n = II{ m; : 1<j<m and v(x;)=true }. By ||¢||,, we denote the truth value of ¢
under the assignment v.

Lemma 1. There is a polynomial-time algorithm which, given a boolean formula ¢
in CNF, constructs OCP-formulas Q,(x) and Q () such that both size(Q,) and

size(Q,,) are in O(|@|®), and such that for every n € N

Qu(n) istrue  iff  Q(n) isfalse iff |ollu, = true.

Proof. Let Var(¢) = {x1, ..., 2, }. Givenaliteral £ (thatis, a variable x ; or its negation
T,;), define the OCP-formula Q,(x) as follows:

Qu,(x) = [m]lz  and Qg (z) = [m;[{z.
Clearly, Q¢(n) is true iff Qz(n) is false iff |[¢||,,, = true.

- Formula Q) () is obtained from ¢ by replacing each literal £ with Q;(x). It is clear
that Q,(n) is true iff ||¢||,,, = true.

— Formula ng (z) is obtained from ¢ by replacing each A, V, and ¢ with Vv, A, and
Q7 (), respectively. It is readily seen that @w(n) is true iff || ¢

v, = false.
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It remains to evaluate the size of (), and Gsa' Here we use a well-known fact from number
theory (cf, e.g., [2]) which says that 7, is in O(m?). Hence size(Q;) is in O(|¢|?)
for every literal ¢ of ¢. As there are O(|y|) literal occurrences and O(|¢|) boolean
connectives in , we can see that size(Q,,) and size(Q,,) are indeed in O(||?). O

We now come to the main result of the section.

Theorem 2. Problem SAT-UNSAT is reducible in polynomial time to TRUTHOCP.
Therefore, TRUTHOCP is DP-hard.

Proof. We give a polynomial-time algorithm which, given an instance (¢, 1)) of SAT-
UNSAT, constructs a closed OCP-formula Q, with size(Q) in O(|p[> + [¥|3), such
that @ is true iff ¢ is satisfiable and v is unsatisfiable.

Expressing the unsatisfiability of ¢/ is straightforward: by Lemmalll, v/ is unsatisfiable
iff the OCP-formula

Vo @¢(x)

is true. Thus, let )2 be this formula.

Expressing the satisfiability of ¢ is rather more involved. Let ¢ = mma ... 7Ty,
where Var(p) = {z1,...,2n}. Clearly @ is satisfiable iff there is some n < g such
that ||¢||,, = true. Hence ¢ is satisfiable iff

the OCP-formula Jy < x : Q,(y) is true for any valuation assigning i > g to x.

As it stands, it is unclear how this might be expressed; however, we can observe that the
equivalence still holds if we replace the condition “¢ > ¢” with “ is a multiple of g”.
In other words, ¢ is satisfiable iff for every i € N we have that either ¢ = 0, or g{4, or
there is some n < 7 such that @, (n) is true. This can be written as

Ve : x=0V ([mlte V-V [mn]tz) V Jy <z :Qu(y)

We thus let () be this formula.
Hence, (i, 1) is a positive instance of the SAT-UNSAT problem iff the formula

Q=Q1NQ2

is true. To finish the proof, we observe that size(Q) is indeed in O(|¢|® + [¢[3). DO

2.3 TruthOCP Is in IT}

The conclusions we draw for our verification problems are that they are DP-hard, as
we reduce the DP-hard problem TRUTHOCP to them. We cannot improve this lower
bound by much using the reduction from TRUTHOCP, as TRUTHOCP is in I15. In
this section we sketch the proof of this fact.

Proposition 3. TRUTHOCP is in I15.
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Proof. We start by first proving that for every formula Q(z) of OCP there is a d with
0 < d < 2°%%¢(Q) such that Q(i) = Q(i — d) for every i > 2°*¢(?) Hence, Yz : Q(z)
holds iff Vo < 25%¢(Q) : Q(z) holds. (Note that Vo < 2%2¢(Q) : Q(x) is not a formula
of OCP.)

We prove the existence of d for every formula ()(x) by induction on the structure of
Q(z). If Q(z) is x = 0 then we can take d = 1; and if Q(z) is [k] | z or [k] {x then we
can take d = k.

If Q(z) is Q1(z) A Q2(z) or Q1(x) V Q=2(x), then we may assume by the induction
hypothesis the existence of the relevant d; for (); and ds for (2. We can then take
d = dyd; to give the desired property that Q(i) = Q(i — d) for every i > 2512¢(Q),

If Q(x) is Jy < = : Q'(y) (z and y distinct) then by the induction hypothesis there
isad with 0 < d’ < 25#¢(Q) such that Q' (i) = Q' (i — d') for every i > 25%¢(@") It
follows that if (i) is true for some 4, then it is true for some i < 252¢(Q") < 9size(Q)
Furthermore, if Q’(7) is true for some 4 then Q(j) is true for every j > i; on the other
hand, if Q' (%) is false for every 4, then Q(7) is false for every j. Thus we can take d = 1.

If Q(z) is Vy : Q'(y), then z is not free in Q' (y), so the truth value of Q(¢) does not
depend on 7 and we can take d = 1. R

Next we note that every OCP-formula () can be transformed into a formula Q(x)
(which need not be in OCP) in (pseudo-)prenex form

(VfEl < 251’26(@1)) - (Vl’k < 2size(Qk))
Gyr < z1)- - Qye < zo) F(1, oo, Tk Y1y - - -5 Ye)
where

- Va; : Q;(x;) is a subformula of Q(x);
- each z; € {x1,..., 2k, y1,-..,Yi—1}; and
- F(x1,..., Tk, Y1,---,Ye) is @ A, V-combination of atomic subformulas of Q(z).

This can be proved by induction on the structure of Q(x). The only case requiring some
care is the case when Q(z) is of the form Jy < z : Q’(y), because JyVz : P(y, z) and
Vz3dy : P(y, z) are not equivalent in general, but they are in our case, as z never depends
on y due to restrictions in OCP. Note that the size of Q(z) is polynomial in size(Q)
(assuming that 25%2¢(@1)  9%12¢(Qk) gre encoded in binary).

We can construct an alternating Turing machine which first uses its universal states
to assign all possible values (bounded as mentioned above) to x1,...,xy, then uses
its existential states to assign all possible values to y1,..., ¥y, and finally evaluates
(deterministically) the formula F (1, . . ., Tk, Y1, - - -, ye). Itis clear that this alternating
Turing machine can be constructed so that it works in time which is polynomial in
size(Q). This implies the membership of TRUTHOCP in I15. O

3 Application to One-Counter Automata Problems

As we mentioned above, the language OCP was designed with one-counter automata
in mind. The problem TRUTHOCP can be relatively smoothly reduced to various
verification problems for such automata, by providing relevant constructions (“imple-
mentations”) for the cases (a)-(g) of the OCP definition, and thus it constitutes a useful
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tool for proving lower complexity bounds (DP-hardness) for these problems. We shall
demonstrate this for the OCN < OCN problem, where < is any relation satisfying
that ~ C <« C L, and then also for the OCA C FS, FS C OCA, and OCA ~ FS
problems.

For the purposes of our proofs, we adopt a “graphical” representation of one-counter
automata as finite graphs with two kinds of edges (solid and dashed ones) which are
labelled by pairs of the form (a,i) € X x {—1,0,1}; instead of (a,—1), (a,1), and
(a,0) we write simply —a, +a, and a, respectively. A solid edge from p to ¢ labelled
by (a, ) indicates that the represented one-counter automaton can make a transition
p(k) % q(k + i) whenever i > 0 or k > 0. A dashed edge from p to q labelled by
(a,4) (where 7 must not be —1) represents a zero-transition p(0) — ¢(i). Hence, graphs
representing one-counter nets do not contain any dashed edges, and graphs corresponding
to finite-state systems use only labels of the form (a,0) (remember that finite-state
systems are formally understood as special one-counter nets). Also observe that the
graphs cannot represent non-decrementing transitions which are enabled only for positive
counter values; this does not matter since we do not need such transitions in our proofs.
The distinguished initial control state(s) is (are) indicated by a black circle.

3.1 Results for One-Counter Nets

In this section we show that, for any relation « satisfying ~ C « C L, the problem of
deciding whether two (states of) one-counter nets are in < is DP-hard. We first state an
important technical result, but defer its proof until after we derive the desired theorem
as a corollary.

Proposition 4. There is an algorithm which, given a formula Q = Q(z) € OCP as
input, halts after O(size(Q)) steps and outputs a one-counter net with two distinguished
control states p and p' such that for every k € N we have:

—if Q(k)istrue then p(k) ~ p'(k);
- if Q(k) is false then p(k) Z p'(k).

(Note that if Q is a closed formula, then this implies that p(0) ~ p’(0) if Q is true, and
p(0) Z p'(0) if Q is false.)

Theorem S. For any relation < such that ~ C < C L, the following problem is
DP-hard:

INSTANCE: A one-counter net with two distinguished control states p and p'.
QUESTION: Is p(0) < p'(0) ?

Proof. Given an instance of TRUTHOCP, i.e., a closed formula Q € OCP, we use
the (polynomial) algorithm of Proposition M to construct a one-counter net with the
two distinguished control states p and p'. If @ is true, then p(0) ~ p’(0), and hence
p(0) < p’(0); and if Q is false, then p(0) IZ p’(0), and hence p(0) ¢~ p'(0). O
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Proof of Proposition Hl We proceed by induction on the structure of Q. For each case,
we show an implementation, i.e., the corresponding one-counter net N with two dis-
tinguished control states p and p’. Constructions are sketched by figures which use our
notational conventions; the distinguished control states are denoted by black dots (the
left one p, the right one p’). It is worth noting that we only use two actions, a and b.

(a) Q(z) = (x = 0): A suitable (and easily verifiable) implementation looks as follows:

P 'y

(b,e) Q(x) = [k]|x or Q(z) = [k]tx, where k>0: Given J C {0,1,2,...,k—11},
let Rj(z) = (xmod k) € J. We shall show that this formula can be implemented
in our sense; taking J = {0} then gives us the construction for case (b), and taking
J ={1,...,k—1} gives us the construction for case (c).

An implementation of R ;(z), where 1,2 € J but 0,3, k—1 ¢ .J, looks as follows:

In this picture, each node ¢; has an outgoing edge going to a “dead” state; this edge
is labelled b if ¢ € J and labelled —b if i ¢ J. It is straightforward to check that the
proposed implementation of R ;(x) is indeed correct.

(d) Q(z) = Q1(z) A Q2(z): We can assume (by induction) that implementations N,
of Q1(z) and N, of Q2(z) have been constructed. N, is constructed, using N,
and Ng,, as follows:

: o ol
Na. pa, Po, - Pes P, Nos

The dotted rectangles represent the graphs associated to N, and N, (where the
only depicted control states are the distinguished ones). Verifying the correctness
of this construction is straightforward.
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(e) Q(z) = Q1(x) vV Q2(x): As in case (d), the construction uses the implementations
of Q1 (z) and Q2 (x); but the situation is slightly more involved in this case:

To verify correctness, we first consider the case when (k) is true. By induction,
either pq, (k) ~ pg, (k) or pg, (k) ~ pg, (k). In the first case, po, (k) ~ pp, (k)
implies that p1 (k) ~ p2(k), which in turn implies that p(k) ~ p’(k); similarly, in
the second case, pq, (k) ~ pg, (k) implies that p; (k) ~ ps(k), which also implies
that p(k) ~ p’(k). Hence in either case p(k) ~ p’(k).

/

Now consider the case when Q(k) is false. By induction, pq, (k) £ p,, (k) and
PQ. (k) £ po, (k) Ob\{iously, P, (k) £ po, (k) impli.es that p1 (k) £ pa(k), and
PQ, (k) £ pg, (k) implies that py (k) [Z p3(k). From this we have p(k) Z p' (k).

0 Q(z) = Jy < z: Q1(y) (where x, y are distinct): We use the following construc-
tion:

: g
Py leg

To verify correctness, we first consider the case when (k) is true. This means that
Q1(i) is true for some i<k, which by induction implies that pq, (i) ~ p, (i) for
this 4<k. Our result, that p(k) ~ p’(k), follows immediately from the following:

Claim: For all k, if pg, (1) ~ pg, (i) for some i<k, then p(k) ~ p'(k).

Proof of Claim. By induction on k. For the base case (k=0), if pq, (i) ~ pg, (i)
for some i<0, then pg, (0) ~ pg, (0), which implies that p; (0) ~ p3(0), and
hence that p(0) ~ p’(0). For the induction step (k>0), if pg, (i) ~ pg, (¢) for
some i<k, then either pg, (k) ~ pp, (k), which implies that p; (k) ~ ps(k)
which in turn implies that p(k) ~ p'(k); or pg, (i) ~ pg, (i) for some i<k—1,
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which by induction implies that p(k—1) ~ p’(k—1), whichimplies that p; (k) ~
p2(k—1), which in turn implies that p(k) ~ p'(k).

Next, we consider that case when (k) is false. This means that Q; () is false for
all i<k, which by induction implies that pq, (i)  p,, (i) for all i<k. Our result,
that p(k) £ p’'(k), follows immediately from the following:

Claim: For all k, if p(k) C p'(k) then pq, (1) C pg, (i) for some i<k.

Proof of Claim. By induction on k. For the base case (k=0),if p(0) C p/(0) then
p1(0) £ p3(0), which in turn implies that pg, (0) T pg,, (0). For the induction
step (k>0), if p(k) C 7/ (k) then either py (k) C pa(k—1) or pi (k) C ps(k).
In the first case, p1 (k) C po(k—1) implies that p(k—1) C p'(k—1), which by
induction implies that pq, (i) C pj,, (i) for some i<k—1 and hence for some
i<k; and in the second case, p1 (k) C p3(k) implies that pq, (k) C pg, (k).

(g) Q =Vz : Q1(z): The implementation in the following figure can be easily verified.

/

+a p +a p
b b

-a -a

s :
- Pon Pq, -

For any () € OCP, the described construction terminates after O(size(Q)) steps,
because we add only a constant number of new nodes in each subcase except for (b) and
(c), where we add O(k) new nodes (recall that the size of [k] is k + 1). O

3.2 Simulation Problems for One-Counter Automata and Finite-State Systems

Now we establish DP-hardness of the OCA C FS, FS C OCa, and OCA ~ FS
problems. Again, we use the (inductively defined) reduction from TRUTHOCP; only
the particular constructions are now slightly different.

By an implementation we now mean a 4-tuple (A, F, 7', A’) where A, A’ are one-
counter automata, and F, F' are finite-state systems; the role of distinguished states is
now played by the initial states, denoted ¢ for A, f for F, f’ for F’, and ¢’ for A’. We
again first state an important technical result, and again defer its proof until after we
derive the desired theorem as a corollary.

Proposition 6. There is an algorithm which, given Q = Q(z) € OCP as input, halts
after O(size(Q)) steps and outputs an implementation (A, F, F', A') (where q, f, [’
and q' are the initial control states of A, F, F' and A', respectively) such that for every
k € N we have:
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Q(k) istrue iff q(k)C [ iff f T (k)
(Note that if Q is a closed formula, then this implies that Q) is true iff q(0) C f iff
f E4(0).)

Theorem 7. Problems OCA C FS, FS T OCa, and OCA ~ F'S are DP-hard.

Proof. Recalling that TRUTHOCP is DP-hard, DP-hardness of the first two problems
readily follows from Proposition[dl

DP-hardness of the third problem follows from a simple (general) reduction of
OCA C FSto OCA ~ F'S: given a one-counter automaton .4 with initial state ¢, and a
finite-state system F with initial state f, we first transform F to F; by adding a new state
f1 and transition f; % f, and then create A; by taking (disjoint) union of A, F; and
adding f; % ¢, where f] is the copy of f; in A;. Clearly q(k) C fiff fi(k) ~ f,. O

Proof of Propositionl@: We proceed by induction on the structure of @. In the construc-
tions we use only two actions, a and b; this also means that a state with non-decreasing
a and b loops is universal, i.e, it can simulate “everything”.

(a) @ = (xz = 0): A straightforward implementation looks as follows:

q f f/ /

q
)
&

A F F' A
(be) @ = [k]|x or Q = [k]tx, where k>0: Given J C {0,1,2,...,k—1}, let
Rj(z) = (xmodk) € J. We shall show that this formula can be implemented in

our sense; taking J = {0} then gives us the construction for case (b), and taking
J ={1,...,k—1} gives us the construction for case (c).

An implementation of R ;(x), where 1,2 € J but 0,3, k—1 ¢ J, looks as follows:

fo=Ff Gw=q

A F F A

In this picture, node f; has a b-loop in F, and node ¢; has an outgoing dashed a-edge
in A, iff ¢ € J. It is straightforward to check that the proposed implementation of
R ;(x) is indeed correct.
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(d) Q(z) = Q1(x) A Q2(x): The members of the implementation (Aq, Fq, Fo), Ap)
for () can be constructed from the respective members of the implementations for
@1, Q2 (assumed by induction): A from Ag, and Ag,; Fg from Fg, and Fq,;
.7-'(’,2 from }'"Ql an.d }—&22; and .A’Q from Abl and .A/Q2. All these cases follow the
schema depicted in the following figure:

N\
o 7

Q@
Correctness is easily verifiable.

(e) Q(z) = Q1(x)V Q2(x): We give constructions just for A and F (the constructions
for ' and A’ are almost identical):

q

tilgquzg

For any k, Q(k) is true iff Q1 (k) is true or Q2 (k) is true, which by induction is true

iff qQ, (k‘) C le or qq, (k) C sz, which is true iff ql(k) C f1 or q1<k‘) C f2,
which in turn is true iff ¢(k) C f.

0 Q(z) = Jy < z: Q1(y) (where x, y are distinct): We use the following construc-
tions:

—-a

We prove that the construction is correct for 7 and A’ (the other case being similar).
Q(k) is true iff Q1(i) is true for some i<k, which by induction is true iff f;, C
4, (7) for some i<k, which in turn is true iff fj C g5 (i) for some i<k. Our result,
that this is true iff f' C ¢'(k), follows immediately from the following:

Claim: Forall k, ' C ¢'(k) iff f{ C ¢5(¢) for some i<k.
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Proof of Claim. By induction on k. For the base case (k=0), the result is
immediate. For the induction step (k>0), first note that f] C ¢} (k—1) iff f' C
¢'(k—1), which by induction is true iff f] C ¢5(¢) for some i<k—1. Thus
T E (k) iff f{ T g5(k) or f] E qj(k—1), which is true iff f{ C g5(k)
or f{ C ¢4(i) for some zgk 1, which in turn is true iff f] C g5 (¢) for some
i<k.

(g) Q@ = Vx : Q1(x): It is easy to show the correctness of the implementation in the
following figure.

3 4 4 ds

le 1:
A F ]-"’ A’

For any ) € OCP, the described construction terminates after O(size(Q)) steps,
because we add only a constant number of new nodes in each subcase except for (b) and
(c), where we add O(k) new nodes. O

4 Conclusions

Intuitively, the reason why we could not lift the DP lower bound to some higher com-
plexity class (e.g., PSPACE) is that there is no apparent way to implement a “step-wise
guessing” of assignments which would allow us to encode, e.g., the QBF problem. The
difficulty is that if we modify the counter value, we were not able to find a way to check
that the old and new values encode “compatible” assignments which agree on a certain
subset of propositional constants. Each such attempt resulted in an exponential blow-up
in the number of control states.

A summary of known results about equivalence-checking with one-counter automata
is given below (where ~ denotes weak bisimilarity).

OCN = OCN and OCA =~ OCA remain open.

- OCA C OCA and OCA ~ OCA are undecidable.

- OCA ~ OCA, OCN ~ OCN, OCN C OCN and OCN =~ OCN are decidable
and DP-hard, but without any known upper bound.

- OCA~FS,OCN~FS,0CALC FS,FSCT OCaand OCA ~ FSaredecidable,

DP-hard, and in EXPTIME. The EXPTIME upper bound is due to the fact that all

of the mentioned problems can be easily reduced to the model-checking problem

with pushdown systems (see, e.g., [5 10, [9]) and the modal p-calculus which is

EXPTIME-complete [16].
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- OCA~FS,OCN~FS,OCNLC FS,FSC OCNand OCN ~ FS are in P.

To complete the picture, let us also mention that the model-checking problem with a
fixed formula <[a]<[b]false of a simple branching-time logic EF (which can be seen

as

a natural fragment of CTL [3]) is NP-hard for OCN processes, which also means

that model-checking with O{a)O(b)true (which is the negation of the above given
formula) is coNP-hard [9]. From this one can readily see that model-checking with

[¢]

OlalOlblfalse A (d)O{a)O(b)true is in fact DP-hard for OCN processes. It is quite

interesting that model checking with Hennessy-Milner logic [12] is still polynomial even
for OCA processes (this problem is PSPACE-hard for related models like BPA or BPP

[
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Abstract. Palsberg and Zhao [17] presented an O(n?) time algorithm for match-
ing two recursive types. In this paper, we present an O(n logn) algorithm for the
same problem. Our algorithm works by reducing the type matching problem to the
well-understood problem of finding a size-stable partition of a graph. Our result
may help improve systems, such as Polyspin and Mockingbird, that are designed
to facilitate interoperability of software components. We also discuss possible ap-
plications of our algorithm to Java. Issues related to subtyping of recursive types
are also discussed.

1 Introduction

Interoperability is a fundamental problem in software engineering. Interoperability is-
sues arise in various contexts, such as software reuse, distributed programming, use
of legacy components, and integration of software components developed by different
organizations. Interoperability of software components has to address two fundamental
problems: matching and bridging. Matching deals with determining whether two com-
ponents A and B are compatible, and bridging allows one to use component B using
the interface defined for component A.

Matching: A common technique for facilitating matching is to associate signatures
with components. These signatures can then be used as keys to retrieve relevant compo-
nents from an existing library of components. Use of finite types as signatures was first
proposed by Rittri [19]. Zaremski and Wing [23]24]] used a similar approach for retriev-
ing components from an ML-like functional library. Moreover, they also emphasized
flexibility and support for user-defined types.

Bridging: In a multi-lingual context, bridge code for “gluing” components written
in different languages (such as C, C++, and Java) has to be developed. CORBA [15],
PolySpin [4], and Mockingbird [2)3] allow composing components implemented in
different languages. Software components are considered to be of two kinds: objects,
which provide public interfaces, and clients, which invoke the methods of the objects
and thereby use the services provided by the objects.
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The Problem: Assume that we use types as signatures for components. Thus, the type
matching problem reduces to the problem of determining whether two types are equiva-
lent. Much previous work on type matching focuses on non-recursive types [7/10/14.18]],
[19120J21)23]]. In this paper, we consider equivalence of recursive types. Equality and
subtyping of recursive types have been studied in the 1990s by Amadio and Cardelli [[1];
Kozen, Palsberg, and Schwartzbach [13]]; Brandt and Henglein [6]]; Jim and Palsberg
[12]]; and others. These papers concentrate on the case where two types are considered
equal if their infinite unfoldings are identical. In this case, type equivalence can be de-
cided in O(na(n)) time. If we allow a product-type constructor to be associative and
commutative, then two recursive types may be considered equal without their infinite
unfoldings being identical. Alternatively, think of a product type as a multiset, by which
associativity and commutativity are obtained for free. Such flexibility has been advo-
cated by Auerbach, Barton, and Raghavachari [2]. Palsberg and Zhao [17] presented a
definition of type equivalence that supports this idea. They also presented an O(n?) time
algorithm for deciding their notion of type equivalence.

A notion of subtyping defined by Amadio and Cardelli [1] can be decided in O(n?)
time [13]]. We also briefly discuss subtyping of recursive types in this paper.

Our result: We present an O(nlogn) time algorithm for deciding the type equiv-
alence of Palsberg and Zhao [17]]. Our algorithm works by reducing the type matching
problem to the well-understood problem of finding a size-stable partition of a graph [[16]].

The organization of the paper: A small example is described in Section 2l This
example will be used throughout the paper for illustrative purposes. In Section 3| we
recall the notions of terms and term automata [1)8/11,13], and we state the definitions
of types and type equivalence from the paper by Palsberg and Zhao [[17]]. In Section H]
we prove our main result. An implementation of our algorithm is discussed Section
Subtyping of recursive types is discussed in Section [0l Concluding remarks appear in
Section

2 Example

In this section we provide a small example which will be used throughout the paper.
It is straightforward to map a Java type to a recursive type of the form considered in
this paper. A collection of method signatures can be mapped to a product type, a single
method signature can be mapped to a function type, and in case a method has more than
one argument, the list of arguments can be mapped to a product type. Recursion, direct
or indirect, is expressed with the p operator. This section provides an example of of
Java interfaces and provides an illustration of our algorithm.

Suppose we are given the two sets of Java interfaces shown in Figures [[land 2. We
would like to find out whether interface I; is “structurally equal” to or “matches” with
interface J>. We want a notion of equality for which interface names and method names
do not matter, and for which the order of the methods in an interface and the order of
the arguments of a method do not matter.

Notice that interface I is recursively defined. The method m, takes an argument of
type I; and returns a floating point number. In the following, we use names of interfaces
and methods to stand for their type structures. The type of method m; can be expressed
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interface I7 { interface I {
float m1(I1 a); I ms(float a);
nt ma(I2 a); I> my(float a);
} }

Fig. 1. Interfaces [; and I

interface Jp { interface J2 {
J1 ni(float a); wnt n3(J1 a);
J2 na(float a); float na(Jz a);
} }

Fig. 2. Interfaces J; and J>

as I1 — float. The symbol — stands for the function type constructor. Similarly, the
type of mo is Iy — int. We can then capture the structure of I; with conventional
p-notation for recursive types:

I = pa.(a — float) x (Is — int)

The symbol « is the type variable bound to the type I; by the symbol p. The interface
type I; is a product type with the symbol x as the type constructor. Since we think of
the methods of interface I; as unordered, we could also write the structure of I; as

I = pa.(Iz — int) X (@ — float) ,
Iy = pé.(float — Iy) x (float — 6) .

In the same way, the structures of the interfaces Ji, Jo are:

J1 = pB.(float — B) x (float — Jy)
Jy = un.(J1 — int) x (n — float).
Trees corresponding to the two types are shown in Figures 3] and @] The interface
types I, Jo are equivalent iff there exists a one-to-one mapping or a bijection from the
methods in /; to the methods in .J5 such that each pair of methods in the bijection relation

have the same type. The types of two methods are equal iff the types of the arguments
and the return types are equal.

PANYVAN

RN 7N VRN VRN

5L float I int float I float I

Fig. 3. Trees for interfaces /1 and I
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PANYAN

RN RN 7N VRN

float J1 float Jo J1 int Ja float

Fig. 4. Trees for interfaces Ji and J>

The equality of the interface types I; and J can be determined by trying out all
possible orderings of the methods in each interface and comparing the two types in the
form of finite automata. In this case, there are only few possible orderings. However, if
the number of methods is large and/or some methods take many arguments, the above
approach becomes time consuming because the number of possible orderings grows
exponentially. An efficient algorithm for determining equality of recursive types will be
given later in the paper.

3 Definitions

A recursive type is a type described by a set of equations involving the i operator. An ex-
ample of a recursive type was provided in Section[2]. This section provides representation
of recursive types as terms and term automata.

Term automata and representation of types are described in Subsection Bl A def-
inition of type equivalence for recursive types in terms of bisimulation is give in Sub-
section B.2]1 An efficient algorithm for determining whether two types are equivalent is
given in Section

3.1 Terms and Term Automata

Here we give a general definition of (possibly infinite) terms over an arbitrary finite
ranked alphabet Y. Such terms are essentially labeled trees, which we represent as
partial functions labeling strings over w (the natural numbers) with elements of 3.

Let X, denote the set of elements of X' of arity n. Let w denote the set of natural
numbers and let w™ denote the set of finite-length strings over the alphabet w.

A term over X is a partial function

t:w* =X
satisfying the following properties:

— the domain of ¢ is nonempty and prefix-closed;
- ift(a) € X, then { i | i € the domainoft } = {0,1,...,n —1}.

Let t be a term and o € w™*. Define the partial function t | o : w* — X by t | a(B) =
t(af). If t | @ has nonempty domain, then it is a term, and is called the subterm of t at
position a.
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A term ¢ is said to be regular if it has only finitely many distinct subterms; that is, if
{tla| a € w*} is a finite set.

Every regular term over a finite ranked alphabet X' has a finite representation in terms
of a special type of automaton called a ferm automaton. A term automaton over X' is a
tuple

A= (Qa Ev q0, 57 E)
where:

— (@ is a finite set of states,

— qo € Q is the start state,

- 0:Q X w — Q is a partial function called the transition function, and
- {:Q — XY isa(total) labeling function,

such that for any state ¢ € Q, if £(q) € X, then
{i]d(q,1) is defined} = {0,1,...,n —1}.
The partial function d extends naturally to an inductively-defined partial function:
5 Qxwt—Q
6(g,€) = q

(g, i) = 6(6(q, @), 7).

For any ¢ € @, the domain of the partial function b (¢, «) is nonempty (it always
contains ¢€) and prefix-closed. Moreover, because of the condition on the existence of
i-successors in the definition of term automata, the partial function

Aal(5(q, )

is a term.
Let A be a term automaton. The term represented by A is the term

ta = Aal(6(qo, @) .

A term t is said to be representable if t = t 4 for some A.

Intuitively, ¢4 () is determined by starting in the start state ¢g and scanning the
input «, following transitions of A as far as possible. If it is not possible to scan all of «
because some i-transition along the way does not exist, then ¢4 («) is undefined. If on
the other hand A scans the entire input « and ends up in state g, then ¢ 4 () = £(q).

It is straightforward to show that a term ¢ is regular if and only if it is representable.
Moreover, a term ¢ is regular if and only if it can be described by a finite set of equations
involving the i operator.

3.2 Equivalence of Recursive Types

A recursive type is a regular term over the ranked alphabet

Y=ru{-=}u {ﬁ,nZ?},
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where I is a set of base types, — is binary, and [[" is of arity n. Given a type o, if
o(e) =—,0(0) = 01, and (1) = 02, then we write the type as 01 — 2. If o(€) = [["
ando(i) = 0;, Vi€ {0,1,...,n — 1}, then we write the type o as H?:_Ol ;.

Palsberg and Zhao [[17] presented three equivalent definitions of type equivalence.
Here we will work with the one which is based on the idea of bisimilarity. A relation R
on types is called a bisimulation if it satisfies the following three conditions:

- if (0,7) € R, then o(¢) = 7(e)

- if (01 — 02,71 — T2) € R, then (01,71) € Rand (02,72) € R

- if(H;:O1 Oy H?:_Ol 7;) € R, then there exists abijectiond : {0.n—1} — {0..n—1}
such that Vi € {0..n — 1}, (07, 7(3)) € R.

Bisimulations are closed under union, therefore, there exists a largest bisimulation
R= U { R | Risabisimulation }.

It is straightforward to show that R is an equivalence relation. Two types 71 and 7o are
said to be equivalent (denoted by 71 = 73) iff (71, 72) € R.

4 An Efficient Algorithm for Type Equivalence

Assume that we are given two types 71 and 75 that are represented as two term automata
A; and Ay. Lemma [ proves that 71 & 75 (or (71,72) € R) if and only if there is a
reflexive bisimulation C between A; and As such that the initial states of the term au-
tomata A, and A, are related by C'. Lemma[3]essentially reduces the problem of finding
a reflexive bisimulation C' between A; and A, to finding a size-stable coarsest parti-
tion [[16]. Theorem[Tl uses the algorithm of Paige and Tarjan to determine in O(nlogn)
time (n is the sum of the sizes of the two term automata) whether there exists a reflexive
bisimulation C between A; and As.

Throughout this section, we will use A;, As to denote two term automata over the

alphabet X

Ay = (Q1,%,qo1,01,41)
Az = (Q2, %, qo2, 02, (2).

We assume that Q1 NQy = 0. Define Q = Q1 UQ2,5 : Q xw — @Q where § = §; & o,
and ¢ : Q@ — X, where £ = {1 @ {5, where & denotes disjoint union of two functions.
We say that Ay, A, are bisimular if and only if there exists a relation C' C @ x @, called
a bisimulation between A; and A,, such that:

- if (¢,¢") € C, then {(q) = £(q')

- if (q,¢") € C and ¢(q) =—, then (6(¢,0),d(¢’,0)) € C and (6(¢q,1),6(¢’,1)) € C

- if (¢,¢') € C and ¢(q) = []", then there exists a bijection b : {0..n — 1} —
{0..n — 1} such that Vi € {0..n — 1}: (6(q,1),d(¢’,b())) € C.

Notice that the bisimulations between A; and A, are closed under union, therefore,
there exists a largest bisimulation between A; and As. It is straightforward to show that
the identity relation on () is a bisimulation, and that any reflexive bisimulation is an
equivalence relation. Hence, the largest bisimulation is an equivalence relation.
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Lemma 1. For types Ty, To that are represented by the term automata A1, As, respec-
tively, we have (11,72) € R if and only if there is a reflexive bisimulation C between
Ay and Ay such that (qo1, qo2) € C.

Proof. Suppose (11, T2) € R. Define:

C={(2.d)€QxQ | (Aa.l(3(q,0)), Aal(6(¢,@))) €R }.

It is straightforward to show that C' is a bisimulation between A; and Ao, and that
(go1,q02) € C, we omit the details.

Conversely, let C be areflexive bisimulation between A; and A, suchthat (qo1, go2) €
C'. Define:

R={(01,09) | (¢,¢") € C A o1 =ral(5(q,)) A 02 =ra.l(5(¢,a)) }

From (go1,q02) € C, we have (71,72) € R. It is straightforward to prove that R is a
bisimulation, we omit the details. From (71,72) € R and R being a bisimulation, we
conclude that (71, 72) € R. ]

A partitioned graph is a 3-tuple (U, E, P), where U is a set of nodes, E C U x U
is an edge relation, and P is a partition of U. A partition P of U is a set of pairwise
disjoint subsets of U whose union is all of U. The elements of P are called its blocks. If
P and S are partitions of U, then S is a refinement of P if and only if every block of S
is contained in a block of P.

A partition S of a set U can be characterized by an equivalence relation & on U such
that each block of S is an equivalence class of K. If U is a set and K is an equivalence
relation on U, then we use U/K to denote the partition of U into equivalence classes
for K.

A partition S is size-stable with respect to E if and only if for all blocks B, By € S,
and forall z,y € By, we have |E(z) N Bs| = |E(y) N By, where E(x) is the following
set

{yl(z,y) € E} .

If E is clear from the context, we will simply use size-stable. We will repeatedly use the
following characterization of size-stable partitions.

Lemma 2. For an equivalence relation K, we have that U/ K is size-stable if and only
if for all (u,u') € K, there exists a bijection m : E(u) — E(u') such that for all
uy € E(u), we have (uy,m(up)) € K.

Proof. Suppose that U/K is size-stable. Let (u,u’) € K. Let By be the block of
U/K which contains u and u'. For each block By of U/ K, we have that | E(u) N By| =
|E(u")NBs|. So, for each block By of U/ K, we can construct a bijection from E (u)N B
to E(u’) N By, such that for all u; € E(u) N By, we have (uy,7(u1)) € K. These
bijections can then be merged to single bijection 7 : F(u) — E(u’) with the desired
property.

Conversely, suppose that for all (u, ') € K, there exists a bijection 7 : E(u) —
E(u') such that for all u; € E(u), we have (u1,7(u1)) € K. Let By, By € U/K, and
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let 2,y € B;. We have that (x,y) € K, so there exists a bijection 7 : E(z) — E(y)
such that for all u; € E(z), we have (u1,7(u1)) € K. Each element of E(x) N By
is mapped by 7 to an element of E(y) N By. Moreover, each element of E(y) N Bo
must be the image under 7 of an element of E(x) N By. We conclude that 7 restricted
to E(x) N By is a bijection to E(y) N Bg, so |E(xz) N Bs| = |E(y) N Ba|. O

Given two term automata A, Ao, we define a partitioned graph (U, E, P):

U=QU{(g,i) | g€ Q AN (q,1)is defined }
E ={(q,{q,7)) | d(q,1)is defined }
U { ((g.1).8(0.1)) | 8(g.i) is defined }
L={(0,4)€QxQ | tq) =)}
UA{ ({g,i),(d', 1)) | £(q) = £(¢') and if £(q) =—, theni =i }
P=U/L.
The graph contains one node for each state and transition in Ay, As. Each transition in
Ay, Ao is mapped to two edges in the graph. This construction ensures that if a node in the
graph corresponds to a state labeled []", then that node will have n distinct successors
in the graph. This is convenient when establishing a bijection between the successors of
two nodes labeled J]".

The equivalence relation L creates a distinction between the two successors of a node
that corresponds to a state labeled —-. This is done by ensuring that if ({(g, %), (¢, ")) € L
and ¢(q) =—, then ¢ = ¢’. This is convenient when establishing a bijection between the
successors of two nodes labeled —.

Lemma 3. There exists a reflexive bisimulation C between Ay and Ao such that (qo1, qo2)
€ Cifand only if there exists a size-stable refinement S of P such that qo1 and qo2 belong
to the same block of S.

Proof. Let C C @ x @ be a reflexive bisimulation between A; and As such that
(go1,q02) € C. Define an equivalence relation K C U x U such that:
K=C
U{(g:9),(d"9) | (¢.4") €C A lq)=td) ==}
U{ ({g,9),(d",7) | (¢,4) € C A (d(g.),8(¢, i) € C
Nlq) =L(d) N Uq) #—}
S=U/K.
From (qo1, qo2) € C, we have (go1,402) € K, s0 go1 and go2 belong to the same block
of S. We will now show that S is a size-stable refinement of P.
Let (u,u') € K.From LemmalZ we have that it is sufficient to show that there exists
a bijection 7 : E(u) — E(u’), such that for all u; € E(u), we have (u1,7(u1)) € K.
There are three cases.
First, suppose (u,u’) € C. We have
E(u) ={ (u,i) | 6(u,q) is defined }
E@) ={ i) | §(u, i) is defined }.
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Let us consider each of the possible cases of w and . If {(u) = ¢(v') € T, then
E(u) = E(u") = 0, and the desired bijection exists trivially. Next, if £(u) = £(u') =—,
then

E(u) = {(u,0),(u,1) }
E(u/) = { <u,’0>7 <u/7 1> }7

so the desired bijectionis 7 : E(u) — E(u'), where w({u,0)) = (u’,0) and 7({u, 1)) =
(u',1), because ({u,0),{u’,0)) € K and ({(u,1),(u',1)) € K. Finally, if {(u) =
(') =]T", then

E(u)
E(u)

(u,4) | 0(u,1) is defined }
(u',4'"y | 6(u',i") is defined }.

{
{
From (u,u") € C, wehave abijectiond : {0..n—1} — {0..n—1} suchthatVi € {0..n—
1} : (6(u,1),0(u',b(7))) € C. From that, the desired bijection can be constructed.

Second, suppose u = {(q,4) and v = (q¢’,i), where (¢,q¢') € C, and {(q) =
2(q") =—. We have

E(u)
E(u)

(5.0
{o(d1) },
and from (q,q’) € C we have (§(q,7),0(¢’,i)) € C C K, so the desired bijection
exists.

Third, suppose u = (¢, 1) and u’ = (¢, '), where (¢,¢') € C. (8(q,7),(¢, 7)) €
C,4(q) =4(q'), and £(q) #—. We have

E(u) = {6(q,1) }
E(u) ={4(d,) },
and (6(q,4),d(¢’,i")) € C C K, so the desired bijection exists.

Conversely, let S be a size-stable refinement of P such that gg; and go2 belong to
the same block of S. Define:

K ={(u,u") €U x U | u,u’ belong to the same block of S }
C=K N (QxQ).

Notice that (go1,902) € C and that C is reflexive. We will now show that C' is a
bisimulation between A and A’.
First, suppose (¢,¢’) € C. From S being a refinement of P we have (¢,¢’) € L, so

tq) = U(q).
Second, suppose (¢, q’) € C and £(q) =—. From the definition of F we have

E(q) ={{4,0),(¢q,;1) }
E(q)={{(d,0),(d,1) }.
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From S being size-stable, (¢,¢') € C' C K, and Lemma Rl we have that there exists a
bijection 7 : E(q) — E(q’) such that for all u € E(q) we have that (u,7(u)) € K.
From K C L and ¢(q) =— we have that there is only one possible bijection 7:

7({¢,0)) = (¢, 0)
m((¢; 1)) = (¢, 1),

so0 ({(¢,0),(¢’,0)) € K and ({gq,1), {(¢’, 1)) € K. From the definition of E we have, for
i€{0,1},

E((g,i)) = 6(g,7)
E({d,i)) = d(d,9),

and since S is size-stable, we have, for i € {0,1}, (6(g,4),d(¢’,4)) € K. Moreover, for
i €{0,1}, (8(g,1),8(,)) € Q X Q, s0 we conclude, (5(g,7),6(¢',1)) € C.
Third, suppose (¢,¢") € C and £(q) = [[". From the definition of E we have

E(g) = { (¢,4) | 6(g,4) is defined }
E(d)={{d,i) | 6(¢,i)is defined }.

Notice that |E(q)| = |E(¢')] = n. From S being size-stable, (¢,¢') € C C K,
and Lemma ] we have that there exists a bijection 7 : E(q) — F(q') such that
for all u € E(q) we have that (u,n(u)) € K. From 7 we can derive a bijection
b:{0.n—1} — {0.n — 1} such that Vi € {0..n — 1}: ({g,1), (¢, b(4))) € K. From
the definitions of F and E’ we have that for i € {0..n — 1},

E({g,7)) ={d(q,7) }
E((¢,1) ={d(d9) },

and since S is size-stable, and, for all i € {0..n — 1}, ((¢, 1), (¢, b(4))) € K, we have
(0(q,7),0(¢’,b(7))) € K. Moreover, (§(q,7),0(q’,b(i))) € Q x @, so we conclude
(0(g,1),6(q",b(i))) € C. O

The size of a term automata A = (Q, X, qo,9,1) is |Q|+ | |9], i.e., the sum of the
number of states and transitions in the automata.

Theorem 1. For types 11, o that can be represented by term automata A, As of size
at most n, we can decide (11, 72) € R in O(nlogn) time.

Proof. From Lemma [l we have that (71,72) € R if and only if there is a reflexive
bisimulation C' between A; and A, such that (qo1, go2) € C. From Lemma[3] we have
that there exists a reflexive bisimulation C' between A; and As such that (go1, go2) € C
if and only if there exists a size-stable refinement .S of P such that ¢p; and g2 belong
to the same block of S.

Paige and Tarjan [[16] give an O(m log p) algorithm to find the coarsest size-stable
refinement of P, where m is the size of E and p is the size of the universe U.

Our algorithm first constructs (U, E, P) from A; and A,, then runs the Paige-Tarjan
algorithm to find the coarsest size-stable refinement S of P, and finally checks whether
qo1 and gp2 belong to the same block of S.
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If A; and A are of size at most n, then the size of F is at most 2n, and the size of U
is at most 2n, so the total running time of our algorithm is O(2nlog(2n)) = O(nlogn).
O

Next, we illustrate how our algorithm determines that equivalence between the types.
Details of the algorithm can be found in [16]. Consider two types I; and J; defined in
Section 2] The set of types corresponding to the two interfaces are:

{11, Iz, m1, M2, m3, my, int, float}
{le J27n17n27n37n47 int,ﬂoat}

Figure 3l shows various steps of our algorithm. For simplicity, the figure only shows the
blocks of actual types, but not the blocks of the extra nodes of the form (g, 7). The blocks
in the first row are based on labels, e.g., states labeled with x are in the same block. In
the next step, the block containing the methods are split based on the type of the result
of the method, e.g.. methods m; and n4 both return float, so they are in the same block.
In the next step (corresponding to the third row) the block {1y, I, J1, Jo } are split. The
final partition, where block {ms, m4,n1, no} is split, is shown in the fourth row.

Il 12 Jl JZ my my m3 my 0y 0y ng 1y float int
I I

Il 12 Jl J2 myny || myly || M3 My 0y 1y float int
/\ I I I
Il J2 12 Jl myny || myly || m3 my 0y 1y float int
I ] I [\

Il J2 12 Jl myny || myig || Mgy | | My 1y float int

Fig. 5. Blocks of types

Our algorithm can be tuned to take a specific user needs into account. This is done
simply by modifying the definition of the equivalence relation L. For example, suppose a
user cares about the order of the arguments to a method. This means that the components
of the product type that models the argument list should not be allowed to be shuffled
during type matching. We can prevent shuffling by employing the same technique that the
current definition of L uses for function types. The idea is to insist that two component
types may only be matched when they have the same component index.

Another example of the tunability of our algorithm involves the modifiers in Java.
Suppose a programmer is developing a product that is multi-threaded. In this case the
programmer may only want to match synchronized methods with other synchro-
nized methods. This can be handled easily in our framework by changing L such that
two method types may only be matched when they are both synchronized. On the other
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hand if the user is working on a single-threaded product, the keyword synchronized
can be ignored. The same observation applies to other modifiers such as static.

5 Our Implementation

We have implemented our algorithm in Java and the current version is based on the code
written by Wanjun Wang. The implementation and documentation are freely available
at

http://www.cs.purdue.edu/homes/tzhao/matching/matching.htm.

The current version has a graphical user interface so that users may input type definitions
written in a file and also may specify restrictions on type isomorphism.
Suppose we are given the following file with four Java interfaces.

interface I { interface I {
float my (I a,intb); Jy m3 (float a);
int mo (I a); I my (float a);
} }
interface J; { interface Js {
I ny (float a); int ng (J1 a);
Ja ng (float a); float ny (inta,Jz b);

} }

The implementation, as illustrated in the Figure [6 will read and parse the input
file and then transform the type definitions into partitions of numbers with each type
definition and dummy type assigned a unique number. The partitions will be refined by
Paige-Tarjan algorithm until it is size-stable as defined in this paper. Finally, we will be

Graphical Interface Parsers for
-input file window -input file
-restriction window -restrictions

-output window
-focus window

Refine the W ‘ Transform
Eamtl(r)rns .w1th type sets into
aige-Tarjan partitions

algorithm

Fig. 6. Schematic diagram for the implementation
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able to read the results from the final partitions. Two types are isomorphic if the numbers
assigned to them are in the same partition.
The implementation will give the following output:

I =Js
I, =J1

Il.ml = JQ.TL4
Ig.mg = Ig.m4 = Jl.nl = Jl.Tlg

I1.m2 = J2.7”L3 .

We can see that the types of interfaces I» and J; are isomorphic and moreover, all
method types of I, .J; match. Suppose that we have additional information about the
method types such that only method mgs and n; should have isomorphic types. We can
restrict the type matching by adding I».m3 = Ji1.n4 to the restrictions window of the
user interface. The new matching result is illustrated by the screen shot in figure 7]

4| Current Flle: exampliel
Load Interfaces (%

File: 12-J1

[examn'el | Browse... h=de

[ Load Interfaces 12.m3 = J1.nl

z ILm1=J2.n4

Restrictions 12.m4 = J1.n2
11.m2 = j2.n3

12ms3 = Jlnl

Focus

Maich 12 [=1n
T ——— Status: match (one-to-one match for methods)

Fig. 7. Screen shot

Note that we are able to focus on the matching of two interface types such as Io, J;
as in the focus windows of Figure [7, where I, J; are matched and their methods are
matched one to one.

6 Subtyping of Recursive Types

In this section we discuss subtyping and formalize it using a simulation relation. We also
discuss reasons why the algorithm given in Section [ is not applicable to subtyping of
of recursive types. Consider the interfaces I; and I shown in Figure 8] and suppose a
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interface 17 {
Ii m (float a,boolean b);
boolean p (I1j); }

interface I {
I, m (int1,boolean b);

}

Fig. 8. Interfaces [; and I

user is looking for I5. The interfaces I; and I, can be mapped to the following recursive
types:

71 = pa.((float x boolean) — «) x (o — boolean)

T2 = pB.(int x boolean) — 3)

Assuming that int is a subtype of float (we can always coerce integers into floats)
we have that 7 is a subtype of 7. Therefore, the user can use the interface I;. There
are several points to notice from this example. In the context of subtyping, we need
two kinds of products: one that models a collection of methods and another that models
sequence of parameters. In our example, the user only specified a type corresponding
to method m. Therefore, during the subtyping algorithm method p should be ignored.
However, the parameters of method m are also modeled using products and none of
these can be ignored. Therefore, we consider two types of product type constructors in
our type systems and the subtyping rule for these two types of products are different.

As stated before, a type is a regular term, in this case over the ranked alphabet

Z‘:I’U{—>}U{ﬁ,n22}u{x",n22}.

Roughly speaking, []" and x™ will model collection of parameters and methods re-
spectively. Also assume that we are given a subtyping relation on the base types I'. If
Ty is a subtype of 7, we will write it as 7, < 7o. A relation S is called a simulation on
types if it satisfies the following conditions:

o,7) € Sand o(e) € I',then 7(e) € I" and o (e) = 7(e€).

o,7) € Sando(e) € ({—=} U{[]",n > 2}), then o(€) = 7(e).

01— 09,71 — Tg) € S, then (7’1,0’1) € S and (0’2,7‘2) es.

if (T~ o, 1=, 7) € S, then there exists a bijection b : {0---n — 1} —
{0---n — 1} such that foralli € {0---n — 1}, we have (04, 7(;)) € S.

— Suppose (0,7) € S, 0(€) = x™, and o = x} ;0. If 7(e) & {x™,m > 2}, then

thereexistsaj € {0---n—1} suchthat (o;,7) € S. Otherwise, assume that 7(¢) =
x™ where m < nand 7 = ><7»”_017'i. In this case, then there exists an injective

1=

functionc: {0---m —1} — {0---n — 1} such that foralli € {0---m — 1}, we
have (o.(;), 7:) € S. Notice that this rule allows ignoring certain components of .

if (
if (
if (

As is the case with bisimulations, simulations are closed under union, therefore there
exists a largest simulation (denoted by S).
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Let Aq, A5 denote two term automata over X

Ay =(Q1,%,qo1,01,41)

Az = (Q2, %, qo2, 02, L2).
We assume that Q1 NQs = 0. Define Q = Q1 UQ2,9 : Q xw — @Q where § = §; & o,
and ¢ : Q@ — X, where £ = {1 @ {5, where @ denotes disjoint union of two functions.

We say that Ay simulates Ay (denoted by A; =< As) if and only if there exists a relation
D C Q x Q, called a simulation relation between A, and Ao, such that:

- if (¢,¢") € Dand £(q) € I', then £(¢’) € I" and £(q) = £(¢")).

—if (g.¢) € Dand £(q) € ({—} U{IT", n = 2}), then £(q) = €(q').

- if(¢,¢'), € Dand {(q) =—,then (§(¢,0),d(¢’,0)) € Dand (6(¢,1),(¢’,1) € D.
- if (¢,¢"), € D and ¢(q) = J]", then there exists a bijection b : {0---n — 1} —

{0---n — 1} such that for all i € {O---n — 1}, we have (§(q, ), (¢"?)) € D.

— Suppose (q,4¢") € D and £(q) = x™. If £(¢') € {x™,m > 2}, then there exists a
j €{0---n—1} such that (§(q, j),q") € D. Otherwise, assume that £(¢') = x™,
where m < n and in this case, there exists an injective functionc : {0---m—1} —
{0---n—1} suchthatforalli € {0---m — 1}, we have (§(q, ¢(7)),d(¢’,i)) € D.

Notice that the simulations between A; and A, are closed under union, therefore,
there exists a largest simulation between A; and As. The proof of Lemma Hlis similar
to the proof of Lemma[I] and is omitted.

Lemma 4. For types Ty, To that are represented by the term automata A1, As, respec-
tively, we have (11, 72) € S if and if only there is a reflexive simulation D between A,
and As such that (qo1, qo2) € D.

The largest simulation between the term automata A; and As is given by the following
greatest fixed point
vD.sim(q,q , D).

where D C Q1 X ()2 and the predicate sim(q, ¢’, D) is the conjunction of the five con-
ditions which appear in the definition of the simulation relation between two automata.
Let n and m be the size of the term automata A; and As respectively. Since nm is a
bound on the size of D, the number of iterations in computing the greatest fixed point
is bounded by nm. In general, the relation D (or for that matter the simulation relation)
is not symmetric. On the other hand, the bisimulation relation was an equivalence rela-
tion, and so could be represented as a partition on the set Q1 U @2, or in other words,
partitions give us a representation of an equivalence relation that is linear in the sum of
the sizes of the set of states )1 and ()2. The Paige-Tarjan algorithm uses the partition
representation of the equivalence relation. Since D is not symmetric (and thus not an
equivalence relation), it cannot be represented by a partition. This is the crucial reason
why our previous algorithm cannot be used for subtyping.

7 Conclusion

In this paper we addressed the problem of matching recursive types. We presented
an algorithm with O(nlogn) time complexity that determines whether two types are



202 Somesh Jha, Jens Palsberg, and Tian Zhao

equivalent. To our knowledge, this is the most efficient algorithm for this problem. Our
results are applicable to the problem of matching signatures of software components.
Applications to Java were also discussed. Issues related to subtyping of recursive types
were also addressed. Next we discuss potential applications of our algorithm.

CORBA: The CORBA approach utilizes a separate definition language called IDL.
Objects are associated with language-independent interfaces defined in IDL. These in-
terfaces are then translated into the language being used by the client. The translated
interface then enables the clients to call the objects. Since the IDL interfaces have to be
translated into several languages, their type system is very restrictive. Therefore, IDL in-
terfaces lack expressive power because, intuitively speaking, the type system used in IDL
has to be the intersection of the type system for each language it supports. The drawback
of for CORBA-style approaches to interoperability are well articulated in [3}4].

Polyspin and Mockingbird: The Polyspin and Mockingbird approaches do not
require a common interface language, such as IDL. In both these approaches, clients and
objects are written in languages with separate type systems, and an operation that crosses
the language boundary is supported by bridge code that is automatically generated.
Therefore, systems such as Polyspin and Mockingbird support seamless interoperability
since the programmer is not burdened with writing interfaces in a second language, such
as IDL in CORBA. Polyspin supports only finite types. Mockingbird on the other hand
supports recursive types, including records, linked lists, and arrays. The type system
used in Mockingbird is called the Mockingbird Signature Language or MockSL. The
problem of deciding type equivalence for MockSL remains open [2]. In this paper we
considered a type system which is related to the one used in Mockingbird. However, we
are investigating a translation from MockSL to recursive types.

Megaprogramming: Techniques suitable for very large software systems have been
a major goal of software engineering. The term megaprogramming was introduced by
DARPA to motivate this goal [5]]. Roughly speaking, in megaprogramming, megamod-
ules provide a higher level of abstraction than modules or components. For example,
a megamodule can encapsulate the entire logistics of ground transportation in a major
city. Megaprogramming is explained in detail in [22]. Interoperability issues arise when
megaprograms are constructed using megamodules (see [22, Section 4.2]). We believe
that the framework presented in this paper can be used to address mismatch between
interfaces of megamodules.

Future work includes investigating type inference. Coppo’s recent paper [9] on type
inference with recursive type equations may contain techniques that are applicable.
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Abstract. We show that the monadic second-order theory of an infinite
tree recognized by a higher-order pushdown automaton of any level is
decidable. We also show that trees recognized by pushdown automata
of level n coincide with trees generated by safe higher-order grammars
of level n. Our decidability result extends the result of Courcelle on
algebraic (pushdown of level 1) trees and our own result on trees of
level 2.

Introduction

The Rabin Tree Theorem, stating the decidability of the monadic second-order
(MSO) theory of the full n-ary tree (SnS), is among the most widely applied
decidability results. Rabin himself [15] inferred a number of decidability results
for various mathematical structures interpretable in SnS (e.g., countable linear
orders). Muller and Schupp [14] gave rise to the study of graphs definable in
SnS, by showing decidability of the MSO theory of any graph generated by
a pushdown automaton; this result was further extended by Courcelle [2] to
equational graphs, and by Caucal [1] to prefix-recognizable graphs.

However, a more sophisticated use of the Rabin Tree Theorem allows to go
beyond the structures directly interpretable in SnS. Indeed, Courcelle [2] es-
tablished the decidability of the MSO theory of any algebraic tree, i.e., a tree
generated by a context—free (algebraic) tree grammar. Such a tree can be also
presented as a computation tree of a pushdown automaton. The interest in this
kind of structures (and their theories) arose in recent years in the verification
community, in the context of verification of infinite state systems (see [I13] and
references therein, and [I8] particularly for the model-checking problem on push-
down trees).

Context-free grammars and pushdown automata can be viewed as the first
level of an infinite hierarchy of higher-order grammars and higher-order push-
down automata. These hierarchies, introduced in the early eighties by Engel-
friet [6], have been subsequently extensively studied, in particular by Damm [4],
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© Springer-Verlag Berlin Heidelberg 2002



206 Teodor Knapik, Damian Niwinski, and Pawet Urzyczyn

and Damm and Goerdt [5]. We find it natural to examine the computation trees
of higher-order pushdown automata, as well as trees generated by higher-order
grammars, from the point of view of the decidability of their MSO theories. In-
deed, we would like to push the frontier of decidability in order to capture more
complex trees.

In [I1], we have made the first step in this direction by showing decidability
of the MSO theory of trees generated by grammars of level two subject to an
additional restriction on grammars which we called safety. This constraint is
similar to the restriction to “derived types” in [4} [5]. It is still an open problem
if this restriction is essential for decidability, or whether it really reduces the
generating power of grammars. However, in the present paper we are able to
state two results.

(1) After a natural generalization of the concept of safety, a tree generated by a
safe grammar of any level enjoys a decidable MSO theory.

(2) A tree is generated by a safe grammar of level n if and only if it can be
recognized by a pushdown automaton of level n.

Consequently (by[(T)]and the “if” part of [2])), the monadic second order theory
of a tree recognized by a pushdown automaton of any level is decidable.

The “only if” part of is of independent interest: it can be understood as an
implementation of higher-order recursion by higher-order stack. This implemen-
tation is simpler than that of [5] for the following reasons: because we are using
a simpler notion of a higher-order pushdown store, and because it works essen-
tially for arbitrary safe grammars, without any specific normal form restrictions.
(The few syntactic conditions we assume are merely for convenience.)

The question of decidability of MSO theories of higher-level trees has been re-
cently investigated also by Courcelle and Knapik [3]. Following ideas of Damm [4],
the authors study an operation of evaluation which, when applied to a tree (gen-
erated by a grammar) of level n, produces a tree of level n + 1. They show that
this evaluation operation preserves MSO decidability, and that any algebraic
(level 1) tree can be obtained by evaluation of a regular tree. While multiple
application of evaluation leads to trees of arbitrary high level, it is not clear if
all trees generated by safe grammars can be obtained in this way.

Problems related to ours were addressed by H. Hungar, who studied graphs
generated by some specific higher-order graph grammars. He showed [7] decid-
ability of the monadic second-order theory (S1S) of paths of such graphs (not
the full MSO theory of graphs).

1 Preliminaries

Throughout the paper, the set of natural numbers is denoted w and, for n € w,
the symbol [n] abbreviates {1,...,n}.

Types. We consider a set of types 7 constructed from a unique basic type 0: 0
is a type and, if 71, 7o are types, so is (11 — 72) € 7. The operator — is assumed
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to associate to the right. Note that each type is of the form 7 — --- — 7, — 0,
for some n > 0. A type 0 — --- — 0 with n + 1 occurrences of 0 is also written
0" — 0.

The level £(7) of a type 7 is defined by £(0) = 0, and (7, — 72) = max(1 +
4(11),£(72)). Thus 0 is the only type of level 0 and each type of level 1 is of the
form 0™ — O for some n > 0. A type 71 — -+ — 7, — 0 is homogeneous (where
n > 0) if each 7; is homogeneous and ¢(ry) > ¢(m2) > ... > {(7,,). For example a
type (0 - 0) - 0) — (0 — 0) — (0 — 0 — 0) — 0 — 0 is homogeneous, but
a type 0 — (0 — 0) — O is not.

Higher—order terms. A typed alphabet is a set I' of symbols with types in
7. Thus I'" can be also presented as a 7-indexed family {I;},c7, where I'; is
the set of all symbols of I' of type 7. We let the type level {(I") of I" be the
supremum of (), such that Iy is nonempty.

Given a typed alphabet I', the set T(I") = {T'(I')+ }re1 of applicative terms
is defined inductively, by

(1) I CT(D)»:
(2) ft e T(I')ry—r, and s € T(I"),, then (ts) € T(I'),.

Note that each applicative term can be presented in a form Zt;...t,, where
n>0,Z e and ty,...,t, are applicative terms. We say that a term ¢t € T'(I")
is of type 7, which we also write ¢t : 7. A term ¢ : 7 is said to be of level k
iff 7 is of level k. We adopt the usual notational convention that application
associates to the left, i.e. we write toty .. .t, instead of (--- ((tot1)ta) - - -)t,. For
applicative terms t,t1, ..., t;n, and symbols z1, ..., z,, of appropriate types, the
term t[z1:=t1,...,zk:=t;] is defined as the result of simultaneous replacement
intofz byt;,fori=1,...,m.

Trees. The free monoid generated by a set X is written X* and the empty word
is written . The length of word w € X* is denoted by |w|.

A tree is any nonempty prefix—closed subset T' of X* (with £ considered as
the root). If u € T, z € X, and uz € T then uzx is an immediate successor of u
in T. For w € T, the set T.w = {v € X* : wv € T} is the subtree of T induced
by w. Note that T.w is also a tree, and T.e =T.

Now let X' be a typed alphabet of level 1. A symbol f in X is of type 0™ — 0,
for n > 0, and can be viewed as a (first—order) function symbol of arity n. Let
T C w* be a tree. A mapping t:T — X is called a X —tree provided that if
t(w) : 0 — 0 then w has exactly k immediate successors which are wl, ..., wk
(hence w is a leaf whenever ¢(w):0). The set of X-trees is written T (X).

If t: T — X is a YX—tree, then T is called the domain of t and denoted by
T = Dom t. For v € Dom ¢, the subtree of t induced by v is a X —tree t.v such that
Dom t.v = (Dom t).v, and t.v(w) = t(vw), for w € Dom t.v. It is convenient
to organize the set TDO(Z) into an algebra over the signature X, where for each
f € Xon_0, the operation associated with f sends an n—tuple of trees ¢1,...,t,
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onto the unique tree ¢ such that t(¢) = f and t.i = ¢t;, for ¢ € [n]. Finite trees in
TOO(E ) can be also identified with applicative terms of type 0 over the alphabet X
in the usual manner.

We also introduce a concept of limit. For a X-tree ¢, let ¢[n be its truncation to
the level n, i.e., the restriction of the function ¢ to the set {w € Dom ¢ | |w| < n}.
Suppose tg,t1, ... is a sequence of Y'—trees such that, for all k, there is an m, say
m(k), such that, for all n,n’ > m(k), t,|k = t, k. (This is a Cauchy condition
in a suitable metric space of trees.) Then the limit of the sequence t,,, in symbols
limt,, is a X—tree ¢t which is the set-theoretical union of the functions ¢, [m(n)
(understanding a function as a set of pairs).

Monadic second—order logic. Let R be a relational vocabulary, i.e., a set of
relational symbols, each r in R given with an arity p(r) > 0. The formulas of
monadic second order (MSO) logic over vocabulary R use two kinds of variables :
individual variables xg,x1,..., and set variables Xg, X1,.... Atomic formulas
are ¥; = xj, (Tiy,---,Ti,,, ), and X;(z;). The other formulas are built using
propositional connectives V,—, and the quantifier 3 ranging over both kinds of
variables. (The connectives A, =, etc., as well as the quantifier V are introduced
in the usual way as abbreviations.) A formula without free variables is called a
sentence. Formulas are interpreted in relational structures over the vocabulary
R, which we usually present by A = (A, {r® : r € R}), where A is the universe
of A, and r& C A”(") is a p(r)-ary relation on A. A waluation is a mapping v
from the set of variables (of both kinds), such that v(x;) € A, and v(X;) C A.
The satisfaction of a formula ¢ in A under the valuation v, in symbols A, v = ¢
is defined by induction on ¢ in the usual manner.

Clearly, the satisfaction of a formula depends only on the valuation of its free
variables. The monadic second—order theory of A is the set of all MSO sentences
satisfied in A, in symbols MSO(A) = {¢: A = ¢}.

Let X' be a typed alphabet of level 1, and suppose that the maximum of the
arities of symbols in X exists and equals myx. A tree t € T~ (X) can be viewed as
a logical structure t, over the vocabulary Ry, = {py : f € Z}U{d; : 1 <i <mgx},
with p(py) = 1, and p(d;) = 2:

t:(‘Domt,{p}:fEZ}U{d§:1§i§m2}>.

The universe of t is the domain of ¢, and the predicate symbols are interpreted
by p% = {w € Domt : t(w) = f}, for f € X, and df = {(w,wi) : wi € Domt},
for 1 < i < my. We refer the reader to [16] for a survey of the results on monadic
second-order theory of trees.

Grammars. We now fix two disjoint typed alphabets, N = {N;},c7 and
X = { X, }rer of nonterminals and variables (or parameters), respectively. A
grammaris atuple G = (X, V, S, E), where X is a signature (i.e., a finite alphabet
of level 1), V C N is a finite set of nonterminals, S € V' is a start symbol of type
0, and FE is a set of productions of the form

Fzl...2m =W
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where F : 7y — 75+ — T, — 0 is a nonterminal in V', z; is a variable of type
7, and w is an applicative term in T(X UV U{z1...2m}).

We assume that for each F in V, there is exactly one production in E with
F occurring on the left hand side. Furthermore, we make a proviso that each
nonterminal in a grammar has a homogeneous type, and that if m > 1 then 7,,, =
0. This implies that each nonterminal of level > 0 has at least one parameter of
level 0 (which needs not, of course, occur at the right-hand side). The level of a
grammar is the highest level of its nonterminals.

In this paper, we are interested in grammars as generators of Y-trees. Let,
as before, ¥+ = X U {L}, with L : 0. First, with any applicative term t over
Y UV, we associate an expression t* over signature X+ inductively as follows.

o Ift=f, fec X, thentt = f.
o Ift=X,XcV,thent+ = 1.
o If ¢t = (sr) then if s+ # L then t+ = (strt), otherwise t+ = L.

Informally speaking, the operation ¢ — t* replaces in ¢ each nonterminal, to-
gether with its arguments, by L. It is easy to see that if ¢ is an applicative term
(over X U V) of type 0 then ¢! is an applicative term over £+ of type 0. Recall
that applicative terms over X+ of type 0 can be identified with finite trees.

We will now define the single-step rewriting relation —, among the terms over
Y UV. Informally speaking, t —; t' whenever ¢’ is obtained from ¢ by replacing
some occurrence of a nonterminal I’ by the right—hand side of the appropriate
production in which all parameters are in turn replaced by the actual arguments
of F. Such a replacement is allowed only if F' occurs as a head of a subterm
of type 0. More precisely, the relation —,C T(X U V) x T(X U V) is defined
inductively by the following clauses.

o Fli...ty —, tlzi:=t1,...,z1:=t;] if there is a production Fz;...z, = ¢
(with 2z, : p;,i=1,...,k),and t; e T(XUV),,, fori=1,... k.

o If t —, t’ then (st) —, (st’) and (tq) —, (t'q), whenever the expressions in
question are applicative terms.

A reduction is a finite or infinite sequence of terms in T'(XUV'), tg —, t1 —; .. ..
As usual, the symbol —»¢g stands for the reflexive transitive closure of —g. We
also define the relation ¢ —g t’, where ¢ is an applicative term in T'(X¥ U V') and
t'is a tree in T (X+), by

e t' is a finite tree, and there is a finite reduction sequence t =ty —, ... —,
t, =t or

e t/ is infinite, and there is an infinite reduction sequence t = tg —g b1 =g -
such that ¢/ = limt;-.

To define a unique tree produced by the grammar, we recall a standard approxi-
mation ordering on TOQ(ZJ-): t' C tif Dom t' C Dom t and, for each w € Dom ¢/,
t'(w) = t(w) or t'(w) = L. (In other words, ' is obtained from ¢ by replacing
some of its subtrees by L.) Then we let

[G] = sup{t € TOO(ZL) 08 gt}
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It is easy to see that, by the Church—Rosser property of our grammar, the above
set is directed, and hence [G] is well defined since T~ (X1) with the approxi-
mation ordering is a cpo. Furthermore, it is routine to show that if an infinite
reduction S = ty —, t1 —, ... is fair, ie., any occurrence of a nonterminal
symbol is eventually rewritten, then its result ¢’ = limt;- is [G].

If a tree t is generated by a grammar of level n, we will sometimes say that

t is of level n.

2 Infinitary Lambda Calculus

In this section we recall some concepts and results from [I1]. Our motivation
for introducing infinite lambda terms comes from the strategy of our proof.
Basically, we wish to reduce the MSO theory of a tree t of level n to the MSO
theory of some tree t' of level n — 1. However, like in [I1], it will be useful to
view the latter tree as an infinite lambda term (intuitively, evaluating to t).

Infinitary lambda calculus is an extension of the ordinary lambda calculus,
which allows the use of infinite lambda terms. We will identify infinite lambda
terms with certain infinite trees. More specifically, we fix a finite alphabet X' of
level 1 called signature, and let ¥+ = X U {1}, where L is a fresh symbol of
type 0. All our finite and infinite terms, called lambda trees are simply typed and
may involve constants from X, and variables from a fixed countably infinite
set. In fact, we only consider lambda trees of types of level at most 1.

Q Az

M N M
Fig. 1. Application and abstraction

Definition 2.1. Let X° be an infinite alphabet of level 1, consisting of

e A binary function symbol Q;

e All symbols from X, as individual constants, regardless of their actual
types;

e Infinitely many individual variables, as individual constants;

e Unary function symbols Ax for all variables x.

The set of all lambda trees (over a signature X) is the greatest set of X°-trees,
given together with their types, such that the following conditions hold.

e Each variable x is a lambda tree of type 0.
e Each function symbol f € X+ of type 7 is a lambda tree of type 7.
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e Otherwise each lambda tree is of type of level at most 1 and is either an
application (M N) or an abstraction (A\x.M) (see Figure [I).

e If a lambda tree P of type 7 is an application (M N) then M is a lambda
tree of type 0 — 7, and N is a lambda tree of type O.

e If a lambda tree P of type 7 has the form (Az.M), then 7 =0 — o, and M
is a lambda tree of type o.

Strictly speaking, the above is a co-inductive definition of the two-argument
relation “M is a lambda tree of type 7”. Formally, a lambda tree can be presented
as a pair (M, 1), where M is a X°-tree (as defined in section [), and 7 is its
type satisfying the conditions above. Whenever we talk about a “lambda tree”
we actually mean a lambda tree together with its type. We warn the reader
about a possible confusion: The types associated with lambda trees by the above
definition are not the types of these trees viewed as terms over X° (but rather
as terms over X).

Let M be a lambda tree and let « be a variable. Each node of M labeled x
is called an occurrence of x in M. An occurrence of x is bound, iff it has an
ancestor labeled Ax. The binder of this occurrence of x is the closest of all such
ancestors Az (i.e., one occurring at the largest depth). An occurrence of 2 which
is not bound is called free. We say that a variable z is free in a lambda tree M
iff it has a free occurrence in M. The (possibly infinite) set of all free variables
of M will be denoted by FV (M). A lambda tree M with FV (M) = @ is called
closed.

Clearly, ordinary lambda terms can be seen as a special case of lambda trees,
and the notion of a free variable in a lambda tree generalizes the notion of a
free variable in a lambda term. The n-th approximant of a lambda tree M,
denoted M |n is defined by induction as follows:

e M[0= 1, for all M,
o (MN)n+1= (M[n)(N[n);
o (Az.M)[n+1=Az(M]n).

That is, the n-th approximant is obtained by replacing all subtrees rooted at
depth n by the constant 1.

Let P(z/z) denote the result of replacing in P all free occurrences of a vari-
able x by another variable z.

Definition 2.2. A bisimulation on lambda trees is a binary relation ~ satisfying
the following conditions:

(1) If M ~ N then M and N are of the same type.

(2) If M ~ N then the root labels of M and N are either the same or both M
and N are abstractions.

(3) If Ax.M ~ Ay.N, then M(z/z) ~ N(z/y), whenever z is a fresh variable
(neither free nor bound in Az.M and Ay.N).

(4) If (MN) ~ (M'N’) then M ~ M’ and N ~ N'.

Lemma 2.3. (1) The union = of all bisimulations is a bisimulation itself.
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(2) On ordinary lambda-terms, the relation & coincides with the a-equivalence=,,.
(3) M = N holds if and only if M |n =, N|n holds for all n.
(4) If M = N then FV (M) = FV(N).

The above lemma provides evidence that the greatest bisimulation is a correct
generalization of the notion of a-equivalence. That is, M ~ N holds iff M and
N are identical up to names of bound variables. Following a common practice
in lambda calculus, alpha-equivalent lambda trees will be identified. In conse-
quence, all three statements M ~ N, M =, N and M = N will be understood
as expressing the same property.

Lemma 2.4 (Principle of co-induction [R]). In order to prove that M =, N,
it is enough to find a bisimulation ~ such that M ~ N.

2.1 From Grammar Terms to Lambda Trees

Given a grammar G, we define co-inductively a relation Jg as the greatest relation
between terms in T(X UV U X) and lambda trees (over X') such that, for all
(tﬂ M) € jgv

(1) if ¢ is a function symbol f then M = f,

(2) if t is a variable x € Xy then M = z,

(3) if ¢t = Fty,...ty,, where F is a nonterminal whose production in G is
Fo1...0m21 ... 2, = 1, with variables ¢q,...,¢,, of level > 1 and vari-
ables z1,...,x, of level 0, ¢;....t,, are terms such that type(¢;) = type(t;),
for i € [m] then

M e {\ ...}, N | (r[p1:=t1, ..., om:=tm,x1:=0",...,x0:=2)],N) € Ig},

where the variables z/, ..., ] are chosen so that no z; occurs free in any of
i,

(4) ift = (tth) where tl :0 — 7and t2 :0then M € {(MlMg) | (tl, Ml), (t27 MQ)
S Jg}

It is easy to see that any term ¢ of level < 1 using variables only from X is
in the form (1)—(4).

Lemma 2.5. Jg is a partial function defined for all terms in T(X UV U Xy) of
level < 1. That is, for any such t, there exists a unique M (up to a-equivalence)
such that (t, M) € Ig.

From now on Jg is considered as a function. The conditions (1)—(4) of the
above definition can now be stated as follows.

(1) Jg(t) = f, if t is a function symbol f € X,

(2) 1g(t) =z, if ¢ is a variable x € Xy,

(3) Ig(t) = Azy...x) dg(rlpr:=t1, ..., ¢mi=tm, x1:=2), ..., xp:=a]), if ¢ =
Ft1...ty, for some nonterminal F, such that Fo¢q...¢ppmx1... 2, = 7 i8S
a production of G. The variables z1,..., 2}, are chosen so that no x} occurs
free in any of ¢;,
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(4) :lg(t) = (:lg(tl):lg(tg)), ift = (tltg) where tl :0 - 7 and tz : 0.

We will be mainly interested in Jg(S), where S is the start symbol of the gram-
mar. It can be viewed as a lambda term obtained by a usually infinite process
of expansion, according to the rules of the grammar. (Intuitively, it is a lambda
term “evaluating” to the tree [G].)

3 Safe Grammars

The following is an extension of the definition from [TT] to higher types.

Definition 3.1. A term of level & > 0 is unsafe if it contains an occurrence of a
parameter of level strictly less than k, otherwise the term is safe. An occurrence
of an unsafe term ¢ as a subexpression of a term ¢’ is safe if it is in the context
... (ts) ..., otherwise the occurrence is unsafe. A grammar is safe if no unsafe
term has an unsafe occurrence at a right-hand side of any production.

Example: Let f,g,h,a,b be signature symbols of arity 2,1,1,0,0, respectively.
Consider a grammar of level 2 with nonterminals S : 0, and ¥ : (0 — 0) — 0 —
0 — 0, and productions

S = Fgab

Fozy = f(F(Fex)y(hy))(f(pr)y)

This grammar is not safe, because of the unsafe subterm Fyx, which is not
applied to an argument. However, it is equivalent to an algebraic grammar with
the following productions:

S = G(ga)b
Gzy = f(G(Gzy)(hy))(fzy)

But life is not always so easy. If we replace the above production for F by a
slightly different one:

Foxy = f(F(Fezx)y(hy))(f(py)r)

we obtain a grammar which is conjectured not to be equivalent to a safe grammar
of any level.
The crucial observation is the following.

Lemma 3.2. If a grammar G is safe then the lambda tree Jg(S) can be con-
structed using only the original variables of the grammar. That is, whenever
clause is applied, the variables x, ..., 2}, can be chosen just x1,...,x,.

Proof. We use safety only with respect to parameters of level 0. Observe that
substitution preserves safety and a subterm of a safe term is again safe. This fol-
lows that whenever clauseis applied, the terms t4,...,t,, are safe. Formally,
we modify the definition of Jg to .'I'g, such that the clause applies only if the
terms ty,...,t,, are safe (otherwise, say, J;(t) = L), and show that J;;(S) and
Jg(S) are bisimilar using the condition [(3)] of Lemma [Z3] O
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In [11], we have essentially established the result which, by combining The-
orem 2 and Proposition 4 from there with Lemma [B.2 above, can be rephrased
as follows![]

Theorem 3.3 ([11]). If a grammar G is safe then the MSO theory of the tree
[G] is reducible to the MSO theory of 1g(S), that is, there exists a recursive
mapping of sentences ¢ — ¢’ such that [G] = ¢ iff 3g(S) = ¢.

By this, MSO theory of a tree generated by a safe grammar G reduces to the
MSO theory of 1g(S). Our induction argument will consist in showing that the
latter can be generated by a grammar of level n — 1.

Definition 3.4. Let G = (X,V, S, E) be a safe grammar of level n > 2. We
may assume that the parameters of type 0 occurring in distinct productions are
different. Let X9 = {x1,..., 21} be the set of all parameters of type 0 occurring
in grammar G. We define a grammar of level n — 1 G* = (X%, V<, 5% E%) as
follows.

It is convenient first to define a transformation a of (homogeneous) types,
that maps 0 to 0, 0° — 0 to 0 and maps a type 7y — --- — 7, with £(7,) < 1
and #(7,-1) > 1, inductively, to a(r) — --- — «(7,). Note that, in particular,
a maps (0¥ — 0) — -~ — (0F= — 0) — 0° — 0 to 0™ — 0. We will denote
a(t) by 7. Let X¥* = Y U{Q,Azy,..., zp,21,...,21}, where all symbols
from X as well as (former) parameters x1,...,z, are of arity 0, the symbol
@ is binary, and the symbols Az; are unary. The set V* = {F* : F € V}
is a copy of V, with F* : 7% whenever F : 7. Finally, whenever there is a
production Fo1...o0my1...Yn = r in E, where y1,...,y, are the parameters
of level 0, there is a production F%p; ... ¢hp = Ay1 ... Ay,.r® in E% where the
transformation of typed terms r : 7 — 7% : 7% is defined inductively by

o a:F—F<,

e a:z > z, for any parameter z,

o «a: (ts) — (t“s™), whenever s : 7 with {(7) > 1,

o «: (ts) — ((@t*)s*), whenever s : 0 (hence consequently %, s : 0).

Note that all parameters of G of type 7 become parameters of G* of type 7%
except for the parameters of type 0 which become constants.

The following is an immediate consequence of the definition.

Lemma 3.5. If G is safe then G% is safe, too.

Lemma 3.6. The trees 1g(S) and [G*] coincide.

Proof. By Principle of co-induction 2.4] we check that these trees are bisimilar
using the condition of Lemma 2.3 |

! The main step in [I1] is a reduction of the MSO theory of [G] to the MSO theory of a
certain graph associated with Jg(S) (Theorem 2 and Proposition 4 there). Lemma[3.2]
allows to interpret that graph in the MSO theory of Jg(.5).
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Theorem 3.7. Let G be a safe grammar of level n. Then the monadic theory of
[G] is decidable.

Proof. For n = 0 the claim amounts to the decidability of the MSO theory of a
regular tree that was essentially established already by Rabin [I5]. For grammars
of level 1 (algebraic), the result was proved by Courcelle [2]. (Clearly, for level
n < 1, the safety assumption holds trivially.)

Now let t = [G] be a tree generated by a grammar of level n > 2 and let
t* = [G*]. By induction hypothesis, the MSO theory of ¢t is decidable. The
claim follows from Lemma and Theorem B3 a

4 Pushdown Automata

We use the abbreviation “pds” for the expression “pushdown store”. A level 1 pds
(or a 1-pds) over an alphabet A is an arbitrary sequence [a, ..., ;] of elements
of A, with I > 1. A level n pds (or a n-pds), for n > 2, is a sequence [s1, ..., 5]
of (n — 1)-pds’s, where I > 1. (That is, we assume that a pds is never empty.)
For a given symbol L € A, we define 1y as follows: 11 =[L] and Ly = [Lg].
Thus 1 is the level k£ pds which contains only L at the bottom.

Let s be an n-pds and let s’ be a k-pds, for some k < n. We write s’ C s iff
one of the following cases holds:

e s=][s1,...,8] and s’ = s;, for some i =1,...,1 — 1.
e s=1s1,...,8] and s’ C s;, for some i =1,...,1.

The following operations are possible on pushdown stores

e pushi([a1,...,a1—1,q;]) = [a1,...,a;,a], where a € A;
e pop([a1,..., a1, a]) = [a1, ..., ¢1-1];
o topy([ay,...,ai—1,a;]) = a.

On pushdown stores of level n > 1 one can perform the following operations:

o push,([s1,...,81-1,81]) = [$1,-- -, 51, 81];

o pop, ([$1,.--s81-1,81]) = [S15- -+, S1-1);

o pushy([s1,...,51-1,5]) = [$1,- ., S1-1, pushy(s;)], where 2 < k < n;
o push{([s1,...,81-1,81]) = [s1,--.,81-1, pushi(s;)], where a € A;

o popi([s1,--.,81-1,8]) = [s1,- -+, S1—1, pop;(s1)], where 1 < k < n;

o top,([s1,.-,81-1,81]) = 1.

o top.([s1,-..,81-1,81]) = topy(s1), for 1 <k < n.

The operation pop,, is undefined on a push down store, whose top pds of level k&
consists of only one element.

Let X be a signature, and let Q and A be finite sets. Let L € A be a
distinguished element of A. The set Z,, of instructions of level n (parameterized
by X, @ and A) consists of all tuples of the following forms:

(1) (pushy,p), where p € Q and 1 < k < n;
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(2) (push{,p), where pe Q, anda € A, a # L.
(3) (popy,p), where pe Q and 1 < k < n.
(4) (f)pla' "7p7’)a where f S 27‘ and P1,---5DPr € Q7

A pushdown automaton of level n is defined as a tuple
“’4: <Q727A7q0567J->a

where () is a finite set of states, with an initial state qg, X is a signature, A is a
pds alphabet, with a distinguished bottom symbol L, and

0:QxA -1,

is a transition function.

A configuration of an automaton A as above is a pair (¢, s), where ¢ € Q
and s is an n-pds over A. The initial configuration is {qo, L, ). The set of all
configurations is denoted by C.

We define a relation — 4 on configurations as follows:

(1) If top(s) = a and 6(q,a) = (pushy,p), with k& > 1, then (gq,s) —a4
(p, pushy,(s) ). , ,
(2) If top(s) = a and 6(q,a) = (pushy, p), then (q,s) —.a (p, pushi(s)).

(3) If top, (s) = a and 6(q, a) = (popy,, p), then (q,s) —.a (p, popy(s) ), provided
popy(s) is defined.

The symbol — 4 stands for the reflexive and transitive closure of — 4.

Now let t : T'— X be a X-tree. A partial function ¢ : T' — C defined on an
initial fragment of T is called a partial run of A on t iff the following conditions
hold:

® (qo,Ln) —ua0(e).

e If w € T and o(w) = (g,s) then 6((q,top,(s))) = (f,p1,...,pr), where
t(w) = f € X, and p1,...,pr € Q. In addition, (p;,s) —»4 o(wi), for each
i=1,...,7 when o(wi) is defined.

If a partial run is total, it is called a run. If A has a run on ¢, then we say that ¢
is accepted by A. It should be clear that any given automaton A can accept at
most one tree.

Remark: The above definition of a pushdown automaton is based on the
definitions from [12] 17, @] rather than the original definition of Engelfriet, used
in [6 B]. The latter differs from ours in that a pushdown store of level k, for
k > 1, is defined as a sequence of pairs [(s1,a1),...,(s;,a;)], where the s; are
pds’s of level £ — 1, and the a; are symbols from the alphabet. An automaton
has access to the symbol a;, as well as to the top symbol of s;, the top symbol
of the top pds of s;, etc. However, it is not difficult to see that these two models
are equivalent. Indeed, the additional label of a k-pds can be stored on the top
of its top 1-pds. (Note that a 1-pds on top of a k-pds is also on top of pds’s of
level 2,3,...,k — 1, and thus must carry up to k additional labels.) Each move
of an Engelfriet style automaton is then simulated by a sequence of moves of our
automaton.
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It should also be clear that our higher-order pushdown trees generalize to
higher levels the pushdown trees considered by Walukiewicz in [18]. In the con-
text of verification, pushdown automata (in general, nondeterministic) are con-
sidered as processes rather than acceptors, i.e., the input alphabet is omitted.
The interest is focused on the graph of all possible configurations of a process.
However, by suitable choice of a signature, it is easy to identify the tree of
configurations of a higher-order pushdown process with the tree recognized by
an automaton in our sense. The branching nodes in the tree correspond to the
points of nondeterministic choice of the process.

5 Automata and Grammars

Theorem 5.1. Let t be accepted by a pushdown automaton of level n. Then it
is generated by a safe grammar of level n.

Corollary 5.2. The MSO theory of every tree recognized by a higher-order push-
down automaton is decidable.

Theorem 5.3. A tree generated by a safe grammar of level n is accepted by a
pushdown automaton of level n.

5.1 Proof of Theorem [E.1

Assume that our automaton A = (Q, X, A, qo,d, L ) has m states 0,...,m — 1.
(It is convenient to simply identify the states with their numbers.) We use the
following abbreviations: 1 = 0™ — 0,2 =1"" — 1, and so on: k = (k-1)™ — k,
up to n = (n-1)" — n-1. Observe that k = (k-1)" — (k-2)" — --- - 1™ —
0™ — 0, for each k =0,...,n.

We construct a grammar which generates the tree ¢, with the following non-
terminals:

e For each ¢ €  and each a € A, there is a nonterminal ' of type n.
e For each k = 1,...,n there is a nonterminal Voidy of type n-k.
e And there is an initial nonterminal S of type O.

The initial production of our grammar is:
S = Fpo Voidy Voids ... Void,,

where Voidy stands for m repetitions of Voidy. Other productions apply to the
nonterminals F¢ and depend on §(g;, a). In order to understand the productions
below, one should interpret an expression of the form

a = =
Fq x1T2 ... Ty

as a representation of a configuration (g, s ), where top,(s) = a, and each vector

TE= x% . 332”71 refers to the possible configurations to which the automaton
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may return after executing pop,,. There is always m such possible configurations,
corresponding to the m internal states. (A call to Voidy corresponds to an at-
tempt to pop an “empty” stack.) Observe that the types of variables in T are
more complex for lower level pds’s. We think of it as follows: the information
contained in a parameter % : n-k occurring in the sequence Tk represents di-
rectly the contents of top,(s). The actual state of the n-pds should then be seen
as a function depending on the contents of pop,(s), understood as a sequence of
pds’s of levels k + 1,k + 2,...,n. Here are the productions:

° fqa ?152 ;n = f; El Ek,1 (fg 31 Ek)(]-'n“l,1 51 ;k)
E}k_l'_l ?n,
if 0(q,a) = (pushy,p), with k& > 1.

° fg ?152 ;n = fg(fg ;1) ("T:;L—l 21) ;2 ;n,
if 6(q,a) = (pushli,p).

° .7:3 5152 En = Qﬁz szrl ;n,

if 0(q, a) = (popy,, p)-
o Flu= f(F2 T)...(F2 ),

if 6(q,a) = (f,p1,-..,pr), where 7 stands for z1 2o ... Zn.

Note that, in particular, the production corresponding to a pop, is simply
Fy ... = xb. Also note that the maximal incomplete applications of level k
at the right hand side do not contain variables of level less than k. It follows
that our grammar is safe.

In order to show the correctness of the simulation we must make precise how
an expression of type n-k should represent a k-pds. More precisely, we define
terms Codeq s meant to represent the contents of s in state g. If s is an n-pds
then Code, s represents the whole configuration. The definition is by induction
with respect to the length of the pds.

We begin with k = 1. If s = [L], then Code,s = F; Voidy, and if s =
pushi(s’) then Codey s = FqCodey s ... Codep, s .

For k > 1, and s = [s1] we define Code,s = Codeys, Voidy. If s =
[s1,...,8], with [ > 1, then Code,, = Codey s, Codey s ... Codey, s, where

s’ = [515 .- 'asl—l]'

Lemma 5.4. Let (q,s) —a (p,s'). Then Code, s —¢ Codey s .
Proof. By inspection of the possible cases. O

Theorem B.Ilnow follows from the following fact:

Lemma 5.5. Let o be the run of Aont:T — X and let w € T. Let o(w) =
(a,s), with top,(s) = a, and let 5((q,a)) = (f,p1,-...,pr). Then § —g t', for
some finite tree t' with t'(w) = Codegys.

Proof. Induction with respect to the length of w. a
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5.2 Proof of Theorem [5.3|

The proof is based on an idea from [I0], where it was shown how to implement
recursive programs with level 2 procedures with help of a 2-pds. The simulation
of [I0] was possible at level 2 because the individual parameters were passed by
value. Thus, a nonlocal access to an individual meant an immediate access to a
register value and did not require any additional evaluation. Under the safety
restriction, one can generalize the construction in [10] to all levels.

Suppose a safe grammar G of level n generates ¢ : T — Y. With no loss of
generality we may assume the following:

e Whenever a right hand side of a production in G is of the form fu; ... u,,
where f € X, then each of the terms uy,...,u, begins with a nonterminal
or a variable (but not with a signature constant).

e The initial nonterminal S does not occur at the right hand sides of produc-
tions.

In addition, we assume that the formal parameters of any m-ary nonterminal F
are always x1,...,Zm.

For each expression u we define formal parameters of u, not to be confused
with variables actually occurring in u.

e If u begins with a nonterminal F : o, then the formal parameters of u are
the formal parameters of F.

e If u begins with a variable or a signature constant of type c =13 — -+ —
74 — 0 then the formal parameters of u are x; : 75, for i <d.

In addition, with every expression v = F'..., we associate a formal operator,
which is a variable head of the same type as F.

We construct a level n automaton A accepting t. The pushdown alphabet of A
consists of all safe subexpressions of all the right hand sides of the productions
of G. Every element of A represents a possible call to a nonterminal, or to
a variable, together with a (possibly incomplete) list of actual parameters. In
order to distinguish between identifiers of G and pds symbols, the latter will be
called items.

The bottom pds symbol is S, the initial nonterminal. The set of states in-
cludes qo, 1, - . . ¢, where g is the maximal arity of an identifieid occurring in the
grammar. The intended meaning of these states is as follows: in a configuration
(qo, s) the automaton attempts to evaluate the expression top,(s), while in a
configuration (¢;,s) with ¢ > 0 and top,(s) = Fujusg... the goal is to evaluate
the i-th argument of F'. The automaton works in phases beginning and ending
in the distinguished states g;, using some auxiliary states in between.

We now describe the possible behaviour in each phase, assuming the following
induction hypothesis to hold for every configuration (g;, s ).

e All the “internal” items (not on top of 1-pds’s) begin with nonterminals.

2 Variables, signature constants and nonterminals are all called identifiers. An identi-
fier of type 1 — 72 — - -+ — 7, — 0 is said to be of arity n.
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e If an item ¢ occurs on a 1-pds directly atop of another item of the form F ...
then all variables occurring in t are formal parameters of F.
e If i # 0 then top,(s) has at least i formal parameters.
e Let s’ C s be a pds of level n — k, and let s” be a (n — k)-pds occurring
directly atop s’ on the same (n — k + 1)-pds. Then
e top,(s’) is an expression beginning with a variable ¢ : 7 of level k.
o If i # 0 and s” = top,_;,1(s) and the i-th formal parameter z; of
top,(s) is of level k then z; has type 7.
e Otherwise, the topmost incomplete application on s” of level k has

type 7.

Assume that the current configuration of the automaton is (qo, s ).
Case 1: Let top,(s) = Fuy ...uq where F is a nonterminal and Fay ... 2, =t
is the corresponding production. Then the automaton executes the instruction
pushﬁ7 and remains in state qq.
Case 2: If top,(s) = f or topy(s) = ft1...t, with f € X, then the next
instruction is (f,q1, ... ).
Case 3: If top,(s) = x : 0 then z must be a formal parameter of the previous
item top, (pop,(s)), say the j-th one. The automaton executes (pop, g;)-
Case 4: Let top,(s) = ¢ty ... tq, where ¢ is a variable of level k£ > 0 and arity at
least d. Assume that ¢ is an r-th formal parameter of top,(pop,(s)). The actions
to be executed are push,,_;,, followed by pop,, and the next state is g,.
That is, a call to a variable of level 1,2,...,n — 1 results in a “push” operation
respectively of level n,n — 1,...,2. The higher is the level of the variable, the
lower is the level of the corresponding pds operation.
Now consider a current configuration of the automaton of the form (g¢;,s),
with ¢ > 0.
Case 5: If top,(s) = Fty...t, and i < r then the top item is simply replaced
by t; and the next state is qq.
Case 6: Let top,(s) = Fty...t,, but i > r. Assume that top,(s) : 7 is of level k.
The action to be performed is (pop,, _pi1;@i—r)-

Now we prove the correctness of this construction. First we define the meaning
of an expression u at s, written as [u],.

o If F' is a signature constant or a nonterminal, then [F], = F.

o If w is an application ¢1t then [u], = [t1],[t2],-

o If topy(s) = Fty...tr, then [head]; = [F],,, (-
top,(s) = S, in which case we set [head], = S.

o Let top,(s) = Fty...t,, and let z4 be the d-th formal parameter at top, (s).
If d < then [zal, = [ta] ,op, (s)-

o Otherwise, [z4], = [zd—r],,,

An exception is when

(s)’ where k is the level of Fty...t,.

—k+1
If top,(s) = Ft1...t,., where F is an identifier of arity m > r, then we define
[s] = [headz ... z,],.

Lemma 5.6. For an arbitrary identifier x of level k =1,...,n — 1, we have

HI’]]S - Hm]]tof)n—lwrl(s)
In other words, the meaning of x is determined by the top pds of level n — k.
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Proof. Induction with respect to s. Note that to define [z, one never has to
consider variables of levels less than k. This is because the grammar G is assumed
to be safe. ad

Lemma 5.7. Assume that the configuration (q;,s) with i > 0 satisfies our in-
duction hypothesis. Then (q;,s) —»a (qo,s"), for some s" with [s'] = [z;],.

Proof. The proof is by induction with respect to s. If the automaton moves
according to Case 5, the hypothesis is immediate. Otherwise we have [z,], =
[i—r]pop e (®) and we apply induction. ad

Lemma 5.8. Assume that the configuration {qo,s) satisfies our induction hy-
pothesis, and let the top item top,(s) begin with a variable. Then (qo,s) —»a
(qo,$"), where [s'] = [s] and top,(s) begins with a nonterminal or a signature
constant.

Proof. If the head variable ¢ is of level k then we have [[gp]]popl(s)

[[ap]]popl(push ()7 by Lemma [.6. Thus the actions performed according to
Case 4 do not change the meaning of the pds. Termination follows by induction

on n — k and the size of top,, ;. (s). o

Lemma 5.9. Assume that the configuration {(qo,s) satisfies our induction hy-
pothesis, and that [s] =t. Suppose that t —¢ t1 —G +++ —¢ tm and let t, =
qguy ... u, be the first term in the reduction sequence which begins with a signature
constant. Then {qo,s) =>4 {qo, s ), where [s'] = guy ... u,.

Proof. The proof is by induction with respect to the number of steps in the reduc-
tion sequence t —»g gus .. .u,. There are cases depending on the first reduction
step t —¢ t1. The nontrivial case is when top,(s) begins with a variable ¢, i.e.,
not with the same symbol as ¢t. This corresponds to Case 4 in the definition of
the automaton. But it follows from Lemma [ that the meaning [s] remains
unchanged until a head nonterminal or terminal is exposed. O

Lemma 5.10. Suppose that S —g t1 —a -+ —¢ tm 1S an outermost reduction
sequence and that t,, is the first in the sequence term with t,,,(w) = f, where f is
a signature constant. Let the subterm of t,, occurring at w be fuy ...ux. Then A
has a partial run o on t such that o(w) = (qo, s ), with top,(s) = fuy...vx and
[s] = fu1...ug.

Proof. Induction with respect to the length of w. Assuming induction hypothesis
for the immediate predecessor of w, the automaton then simulates grammar
reductions. First, a “split” action is executed without changing the pds, and we
apply Lemma [5.7. Then we evaluate the expression on top of the pds and the
correctness of this evaluation follows from Lemma [5.9] O

The conclusion is that for every w € Domt there is a partial run that
reaches w. Thus the unique tree accepted by A coincides with .
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Abstract. Graph-based specification formalisms for Access Control
(AC) policies combine the advantages of an intuitive visual framework
with a rigorous semantical foundation. A security policy framework spec-
ifies a set of (constructive) rules to build the system states and sets of
positive and negative (declarative) constraints to specify wanted and
unwanted substates. Models for AC (e.g. role-based, lattice-based or an
access control list) have been specified in this framework elsewhere. Here
we address the problem of inconsistent policies within this framework.
Using formal properties of graph transformations, we can systematically
detect inconsistencies between constraints, between rules and between a
rule and a constraint and lay the foundation for their resolutions.

1 Introduction

Access Control (AC) deals with decisions involving the legitimacy of requests to
access files and resources on the part of users and processes. One of the main
advantages of separating the logical structure from the implementation of a sys-
tem is the possibility to reason about its properties. In [KMPPOOJKMPPO1a|
we have proposed a formalism based on graphs and graph transformations for
the specification of AC policies. This conceptual framework, that we have used
in [KMPPOOJKMPPOTIa] to specify well-known security models such as role-
based policies [San9§], lattice-based access control (LBAC) policies (examples
of mandatory policies) [San93] and access control lists (ACL) (examples of dis-
cretionary policies) [SS94], allows for the uniform comparison of these different
models, often specified in ad hoc languages and requiring ad hoc conversions to
compare their relative strength and weaknesses.

Our graph-based specification formalism for AC policies combines the advan-
tages of an intuitive visual framework with a rigor and precision of a semantics
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founded on category theory. In addition, tools developed for generic graph trans-
formation engines can be adapted to or can form the basis for applications that
can assist in the development of a specific policy.

We use in this paper examples from the LBAC and the ACL models to
illustrate the different concepts, with no pretense of giving complete or unique
solutions by these examples.

The main goal of this paper is to present some basic properties of a formal
model for AC policies based on graphs and graph transformations and to ad-
dress the problem of detecting and resolving conflicts in a categorical setting.
A system state is represented by a graph and graph transformation rules de-
scribe how a system state evolves. The specification (”framework”) of an AC
policy contains also declarative information (”invariants”) on what a system
graph must contain (positive) and what it cannot contain (negative). A crucial
property of a framework is that it specifies a coherent policy, that is one with-
out internal contradictions. Formal results are presented to help in recognizing
when the positive and the negative constraints of a framework cannot be si-
multaneously satisfied, when two rules, possibly coming from previously distinct
subframeworks, do (partly) the same things but under different conditions, and
when the application of a rule produces a system graph that violates one of the
constraints (after one or the other has been added to a framework during the
evolution of a policy). The solutions proposed on a formal level can be made part
of a methodology and incorporated into an Access Control Policy Assistant.

The paper is organized as follows: the next section reviews the basic notations
of graph transformations and recalls the formal framework to specify AC poli-
cies [KMPPO01al; Sect Bl discusses the notion of a conflict of constraints, Sect.dl
introduces conflicts between rules and mentions strategies to resolve conflicts;
Sect Bl discusses how to modify a rule so that its application does not contradict
one of the constraints; the last section mentions related and future work.

2 Graph-Based Security Policy Frameworks

We assume that the reader is familiar with the basic notation for graph trans-
formations as in [Roz97] and in [KMPP(OTa)]. Parts of a LBAC model are used
throughout the section to illustrate the explanations by examples.

Graphs G = (Gvy,GEg, sg,tg,lg) carry labels taken from a set X of variables
and a set C' of constants. A path of unspecified length between nodes a and b is
indicated by an edge a — b as an abbreviation for a set containing all possible
paths from a to b through the graph.

A total morphism f : G — H is a pair (fv : Gy — Hy, fg : Gg — Hg)
of total mappings that respect the graph structure and may replace a variable
with other variables or constants. A partial graph morphism f : G — H is a
total graph morphism f : dom(f) — H from a subgraph dom(f) C G to H.

Graphs can be typed by defining a total morphism tg : G — T'G to a fixed
type graph T'G that represents the type information in a graph transformation
system [CELP96] and specifies the node and edge types which may occur in the
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(v

Fig. 1. The type graph for the LBAC model.

instance graphs modeling system states. For example, the type graph in Figure [I]
shows the possible types for the LBAC graph model. The node U is the type
of nodes representing users, the node O the objects, the node val the actual
information of objects and the node P the processes that run on behalf of users.
The node SL with its loop represents a whole security lattice, and there is an
edge from security level SL; to SLo if SL; > SLy. The attachment of security
levels to objects, users and processes is modeled by an edge to a security level
of the security lattice. The typing morphism ts maps a node with label Tz to
the type T', and morphisms must preserve the typing.

A rule p : r consists of a name p, and a label preserving injective morphism
r: L = R. The left-hand side L describes the elements a graph must contain for
p to be applicable. The partial morphism r is undefined on nodes/edges that are
intended to be deleted, defined on nodes/edges that are intended to be preserved.
Nodes and edges of R, right-hand side, without a pre-image are newly created.
Note that the actual deletions/additions are performed on the graphs to which
the rule is applied. The application of a rule p : r to a graph G requires a total
graph morphism m : L — G, called match, and the direct derivation G g
is given by the pushout of » and m in the category of graphs typed over TG
[EHK™97].

Ezample 1 (LBAC graph rules). Figure Blshows the rules for the LBAC policy.
The labels for the nodes (Ux, Pz, SLxz, SLy,...) of the rules are variables.

delete pmceec

®

new 0bjecl

) @ﬁ@ ©)
delete object

Fig. 2. Graph rules for the LBAC policy.

The rule new object creates a new object Ox connected to a node valz (the
initial value of the object) and assigned to the security level SLz. The label
SLzx is generic and is substituted by the actual security level of the process
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when the rule is applied. The rule delete object for the deletion of objects is
represented by reversing the partial morphism of the rule new object. The rule
new process creates a process Px on behalf of a user Uz. The new process is
attached to a security level SLy that is no higher in the security lattice graph
than the security level S Lz of the user Uz. This requirement is specified by the
path from SLx to SLy. Processes are removed by the rule delete process.

For the specification of AC policies by graph transformations, negative appli-
cation conditions for rules are needed. A negative application condition (NAC)
for a rule p: L > R consists of a set A(p) of pairs (L, N), where the graph L is
a subgraph of N. The part N \ L represents a structure that must not occur in
a graph G for the rule to be applicable. In the figures, we represent (L, N) with
N, where the subgraph L is drawn with solid and N \ L with dashed lines. A
rule p: L = R with a NAC A(p) is applicable to G if L occurs in G via m and
it is not possible to extend m to N for each (L, N) in A(p).

Ezxample 2 (NAC). Figure Bl shows the rules for modifying the security lattice.
New security levels can be inserted above an existing security level (rule new
level 1), below (new level 2) or between existing levels (new level 3). (No-
tice that the lattice structure is not preserved by these rules.) The rule delete
level removes a security level. Since users, processes and objects need a security
level, security levels cannot be removed if a user, process or object possesses this
level. Thus, the NAC of the rule delete level, whose left-hand side contains
the node SLx, has three pairs (L, N): the first one prevents the deletion of secu-
rity levels that are assigned to a process, the second one concerns users and the
last one objects. Only if the NAC is satisfied, a security level can be removed.

new level 1 new level 2 @@ > @ @
@ @ < > @ @ < > new level 3
{ Px\)«ﬂ@ ':\Ux\)***@

Fig. 3. LBAC rules for modifying the security lattice.

delete level

"\\O_)‘(/}<, -

Negative application conditions are a form of constraint on the applicability
of a rule. Constraints can be defined independently of rules.

Definition 1 (Constraints). A constraint (positive or negative) is given by a
total morphism ¢ : X — Y. A total morphism p : X — G satisfies a positive
(negative) constraint c if there exists (does not exist) a total morphismq:Y — G
such that X S Y L G=X 5 G.

A graph G satisfies a constraint c if each total morphism p : X — G satisfies c.
A graph G vacuously satisfies ¢ if there is no total morphism p : X — G; G
properly satisfies ¢ otherwise.
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Example 8 (Constraints for LBAC). Figure [d] shows a positive and a negative
constraint for the LBAC model. The morphism for the negative constraint is
the identity on the graph shown (to simplify the presentation, we depict only
the graph). The constraints require that objects always have one (the positive
constraint) and only one (negative constraint) security level.

positive constraint: negative constraint:
©— @0—| &

Fig. 4. Positive and negative constraints for LBAC.

We now review the specification of AC policies based on graph transforma-
tions [KMPPQ00]. The framework is called security policy framework and consists
of a type graph that provides the type information of the AC policy, a set of rules
(specifying the policy rules) that generate the graphs representing the states ac-
cepted by the AC policy, a set of negative constraints to specify graphs that shall
not be contained in any system graph and a set of positive constraints to specify
graphs that must be explicitly constructed as parts of a system graph.

Definition 2 (Security Policy Framework). A security policy framework,
or just framework, is a tuple SP = (TG, (P,rulesp), Pos, Neg), where TG is
a type graph, P a set of rule names, rulesp : P — Rule(TG) a total mapping
from names to TG-typed rules, Pos is a set of positive constraints, and Neg is
a set of negative constraints.

The graphs constructed by the rules of a framework represent the system
states possible within the policy model. These graphs are called system graphs.

Definition 3 (Coherence). A security policy framework is coherent if all sys-
tem graphs satisfy the constraints in Pos and Neg.

Integration is concerned with the merging of AC policies and consists of two
levels, a syntactical level, i.e. a merge of the security policy frameworks, and
a semantical level, i.e. the merge of the system graphs representing the state
at merge time. The integration of two AC policies on the syntactical level is a
pushout of the frameworks in the category SP. It has been shown in [KMPP01b)
that the category SP of frameworks and framework morphisms is closed under fi-
nite colimit constructions. An important aspect of integration is the preservation
of coherence: if two frameworks are coherent, is their gluing also coherent? Gen-
erally, this is not the case. Conflicts also arise when modifying a framework by
adding/removing a rule or by adding/removing a positive/negative constraint.
In the next three sections, the problems of conflicting constraints, conflicting
rules and conflicts between a rule and a constraint are addressed.
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3 Constraint-Constraint Conflict

One way to determine whether a framework is contradictory is to analyze con-
straints in pairs.

Definition 4 (Conflict of Constraints). Given constraints ¢; : X; — Y; for
1= 1,2, ¢; is in conflict with cy iff there exist morphisms fx : X1 — X2 and
fy : Y1 — Y5 such that fy ocy = co0 fx and fx does not satisfy c1. The conflict
is strict if the diagram is a pushout.

X, =Y,

sl e

X27>Y2

When two constraints contain redundant restrictions, the conflict is harmless.

Proposition 1 (Harmless Conflicts). Let ¢; be in conflict with c3 and G
satisfy cy. Then G satisfies co whenever either c1,co € Neg or ¢y, co € Pos and
c1 s in strict conflict with co.

When the two constraints in conflict are one positive and one negative, then
any graph satisfying one cannot properly satisfy the other one.

Proposition 2 (Critical Conflicts). Let ¢; be in conflict with co and G prop-
erly satisfy co. If either ¢ € Pos, co € Neg and the conflict is strict, or
c1 € Neg, then G does not properly satisfy c .

Critical conflicts between constraints can be resolved by removing or weak-
ening one of the constraints by adding a condition.

Definition 5 (Conditional Constraint). A positive (negative) conditional
constraint (x,c) consists of a negative constraint x: X — N, called constraint
condition, and a positive (negative) constraint ¢ : X — Y. A total morphism
p: X — G satisfies (z,c) iff whenever p satisfies x, p satisfies c. A graph G
satisfies (x,c) iff each total morphism p: X — G satisfies (z,c).

A conditional constraint solves the conflict of ¢; with ¢y (via fx and fy) by
introducing a constraint condition for ¢; that requires the satisfaction of ¢; if
and only if ¢o is vacuously satisfied.

Proposition 3. Let ¢; : X1 — Y7 be in conflict with co : Xo — Yo via fx and
fy, then G satisfies fx if and only if G vacuously satisfies cs.

Definition 6 (Weak Constraint). If ¢; is in conflict with cy via fx and fy,
then the weak constraint c;(ce) for c; with respect to co is the conditional con-
straint ¢1(ca) = (fx,c1)-
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Proposition 4. If ¢y is in conflict with ca, then the weak constraint ci(cg) is
not in conflict with cs.

Weakening a constraint is one strategy to solve conflicts. A general discussion
of strategies is outlined in [KMPPO1D]. It is worth stressing that determining a
conflict between constraints can be performed statically and automatically.

4 Rule-Rule Conflicts

Two rules are in a potential-conflict (p-conflict) if they do (partly) the same
things but under different conditions. A conflict occurs if p-conflicting rules can
be applied to a common graph. If the choice for one rule in a conflict may prevent
the applicability of the other rule, the conflict is called critical, otherwise it is
a choice conflict. The LBAC rule new object and the access control list (ACL)
rule create object in Figure 5] are in p-conflict, since both rules create a new
object node Oz. An ACL (such as the one in UNIX) is a structure that stores
the access rights to an object with the object itself. The rule create object
specifies the creation of an object by a process that runs on behalf of a user.
Initially, there are no access rights to the new object and the user becomes the
owner of the new objectEI.

LBAC ACL

new object create object @ @
T 0 || @) TR

Fig.5. The LBAC rule new object and the ACL rule create object.

The rule new object creates an object with a security level, the rule create
object an object without one. Which rule shall be applied to introduce a new
object in the system? A static analysis of the rules can detect the critical and the
choice conflicts before run-time so that rules can be changed to avoid conflicts.

Definition 7 (p-Conflict, Conflict Pair, Conflict). Rules p;: L; LR, i=
1,2, with NAC A(p;) are in p-conflict if there is a common non-empty subruldd
for p1 and ps. Each pair of matches (my: L1 —Gma: Ly — G) is a conflict pair
for p1 and ps. The rules p1 and py are in conflict, if they are in p-conflict and
there is a conflict pair for p1 and py. Otherwise, they are called conflict-free.

Generally, there exist an infinite number of matches for one rule, so the set
of matches must be reduced for a static analysis. To detect a rule conflict, it is
sufficient to consider the left-hand sides of the rules.

! The complete specification of the framework for the ACL is given in [KMPPOTa.

2 A rule po : Lo % Ry is a subrule of rule p: L X\ R if there are total morphisms
fo:Lo— L and fr: Ro — R with ro fr, = frorg.
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Definition 8 (Set of Conflict Pairs). The set CP(p1,p2) of conflict pairs for
rules (p;: Li 2> Ry A(p;)), @ = 1,2, consists of all pairs of matches (my : Ly —
G,ms : Ly — G), where my and ma are jointly surjective.

The set of conflict pairs for two rules in a p-conflict consists of a finite number
of pairs since the left-hand side of a rule is a finite graph.

Proposition 5 (Conflict Freeness). Let CP(p1, p2) be the set of conflict pairs
for the p-conflicting rules (py : L = Ry, A(p1)) and (p2 : Lo REY Ro, A(p2)).
Then, the rules p1 and py are conflict-free if and only if CP(p1,p2) is empty.

The set of conflict pairs for rules may be split into choice and conflict critical
pairs: in the latter, after applying p; at match mq, the rule ps is no longer
applicable at mo or vice versa, while in the former, the order does not matter and
after applying p; at mq, ps is still applicable and vice versa. Critical and choice
conflict pairs are detected by the concept of parallel independence [EHKT97].

Definition 9 (Parallel Independence). Given rules (p; : L; = R;, A(p;)) ,

i=1,2, the derivations G 2 Hy and G 2 H, are parallel independent if rsomy
is total and satisfies A(p1) and ri o my is total and satisfies A(ps2). Otherwise,
the derivations are called parallel dependent.

R1<LL1 L2L>R2

LNy

H, - G - H,
1 T2

In the case of parallel independence, the application of p; at m; and the
delayed application of py at rj oms results in the same graph (up to isomorphism)
as the application of py at my and the delayed application of p; at 75 o my.

Definition 10 (Choice and Critical Conflict Pair). A conflict pair

(m1,m2) for rules py and ps is a choice conflict if the derivations G P gy

and G "2 H, are parallel independent. It is a critical conflict otherwise.

We propose two strategies to solve rule conflicts. In the first strategy, we take
one rule p; as major rule, and one po as minor rule. For a conflict pair (my, m2),
po is changed by adding a NAC that forbids its application at match msy if p;
can be applied at m;. The second strategy integrates the rules into one rule.

Definition 11 (Weak Condition, Weak Rule). Given a conflict pair
(my1,my) for rules (p; : Li = Ry, A(p;)), i = 1,2, the weak condition for po
w.r.t. (my,ma), denoted by WC(p1,p2, (m1,mz)), is given by the NAC (L2, N),
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where the outer diagram is a pullback and the diagram (1) is a pushout diagram.

1)

L1 4>N<TL2
G

The rule po with this added NAC is called weak rule.

The weak condition for the minor rule ensures that the major and the minor
rule cannot be both applied to a common system graph at match m; and ms.

Ezample 4 (weak rule). The top of Figure Bl shows the p-conflicting ACL rule
create object and the LBAC rule new object. Conflict pairs for these rules
are the inclusions (iny : Ly — L1 ® Lo, ing : Ly — L1 @ La) of the left-hand sides
into their disjoint union, and the inclusions (in} : L1 — G, ink : Ly — G) of the
left-hand sides into the graph G (the gluing of the left-hand sides over the node
Pz). Figure [0] shows the weak rules with respect to the second conflict pair.
The weak rule for create object w.r.t. new object has a NAC that forbids
the application when there is a security level for the process. Therefore, the
weak rule for create object is only applicable to processes created with the
ACL rule and without a counterpart in the LBAC model. The weak rule for new
object w.r.t. create object has a NAC that forbids the presence of a user
connected to the process. Since each user is connected to a process, the rule is
not applicable to processes created by ACL rules.

LBAC ACL

@

weak "new object" w.r.t. "create object" weak "create object” w.r.t. "new object”

RS & — &S
@»

Fig.6. The weak rules for new object and create object.

Theorem 1 (Weak Rule is Conflict-free). Given the set of conflict
pairs CP(p1,p2) for p1 and pa, the rule p1 and the rule ps, extended by
WC(p1,pa, (mi,mse)) for each (my,ms) € CP(p1,p2), are conflict-free.
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The second solution for solving conflicts between rules is the amalgamation
of the p-conflicting rules over their common subrule.

Definition 12 (Integrated Rule). Let (p; : L = R;, A(p;)) for i = 1,2 be
p-conflicting rules and py : Lo Ry with fr. : Lo — L; and fr, : Ry — R;
their common subrule (cf. Figure[7).

The integrated rule is given by (p : L -~ R, A(p)), where diagram (1) is the
pushout of fr, and fr,, diagram (2) is the pushout of fr, and fr, and r is the
universal pushout morphism.

The set A(p) contains a NAC n : L — N for each pair of NACs ny : Ly —
Ny € A(p1) and ng : Ly — Ny € A(pa), where N is the pushout of ny o fr,, and
ng o fr, and n is the universal pushout morphism.

EoRt

N

n

Fig. 7. Amalgamation of p-conflicting rules.

Example 5. Figure[§ shows the integrated rule for the rules create object and
new object. Their common subrule is marked in the rules and contains the
process node Pz in the left-hand side and the nodes Pz and Oz in the right-
hand side. The integrated rule creates an object that belongs to a user, as well
as a process, and that carries a security level.

LBAC

ACL
.@ . new«)bjeu . . , @ @ create object @ @

integrated rule

G-O® — @O
®

Fig.8. Amalgamation of p-conflicting rules create object and new object.
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5 Rule-Constraint Conflict

Rules can be classified into deleting rules that only delete graph elements, with-
out adding anything (i.e., dom(r) = R C L) and ezpanding rules that only add
graph elements, but do not delete anything (i.e., dom(r) = L C R).

A conflict between a rule and a constraint occurs when the application of
the rule produces a graph which does not satisfy the constraint. The potential
for conflict can be checked statically directly with the rule and the constraint
without knowledge of specific graphs and derivations. A deleting rule p and a
positive constraint c are in conflict if the added part required by ¢ (i.e., Y\ ¢(X))
overlaps with what p removes (i.e., L \ dom(r)). Similarly, an expanding rule p
conflicts with a negative constraint c if what is added by p (i.e., R\r(L)) overlaps
with something forbidden by ¢ (i.e., Y \ ¢(X)).

Definition 13 (Rule-Constraint Conflicts). Let p: L X R be an expanding
rule and ¢ : X — Y a constraint, then p and c are in conflict if there exists a
nonempty graph S and injective total morphisms s1:S — R and so : S — X so
that s1(S) N (R\ r(L)) # 0.

Let p: L = R be a deleting rule and ¢ : X — Y a positive constraint, then
p and c are in conflict if there exists a monempty graph S and injective total
morphisms s1 : S — L and s2 : S — Y so that s1(S) N (L \ dom(r)) # 0 and
53(S) N (Y \ (X)) # 0.

Conflicts between rules p and constraints ¢ : X — Y can be resolved (in
favor of the constraint) by adding NACs to the rules p. For the conflict between
expanding rules and negative constraints, the NACs prevent the rule from com-
pleting the conclusion of the constraint. For the conflict between expanding rules
and positive constraints, the NACs prevent the rule from completing the condi-
tion X, and for the conflict between deleting rules and positive constraints, the
NACs prevent the rule from destroying the conclusion Y.

Definition 14 (Reduction). Given a rule p: L — R and a nonempty overlap
S of R and the condition X of the constraint ¢: X — Y.

L—sRp<t § 2. X
Lo |-
N——>C Y

r

Let C be the pushout object of s;1 : S — R and cosy : S — Y in Graph, and

—1 -1
let C T:>’h N be the derivation with the inverse rule p~' : R '— L at match h.
The reduction p(c) of p by ¢ consists of the partial morphism L -~ R and the set

A(p,c) ={(L,N)|C (r_m N, C =R+sY for some overlap S } of NACs.
The construction considers arbitrary rules and constraints, i.e., it is not re-

stricted to deleting or expanding rules, respectively. This construction reduces
to the one in [HW95] if the constraint ¢ : X — Y is the identity morphism.
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Theorem 2 (Reduction preserves Satisfaction). Let p : L > R be a rule
and G a graph that satisfies the constraint c: X — Y.

1. If ¢ is megative, p is expanding, p(c) the reduction of p by ¢ and G pg) H is
a derivation with p(c), then H satisfies c.
2. If ¢ is positive, p is expanding, p(idx) the reduction of p by idx : X — X,

and G p(i__d>x) H a derivation with p(idx), then H satisfies c.

3. If ¢ is positive, p is deleting, p(c) = (r, A(idp,c)), and G pg) H, then H
satisfies c.

Consider the negative constraint c(succ) in Figure [ forbidding two (or more)
successor levels, and the (expanding) rule new level 2 in Figure B] that may
produce an inconsistent state by adding a successor level. We describe now, in
algorithmic form, the construction of the reduction of new level 2 by c(succ):

BH—EH—E®

Fig. 9. Negative constraint c(succ) forbidding more than two successor security levels.

Step 1: Construction of all possible nonempty overlaps of R of the rule new
level 2 and the graph of ¢(succ). Figure [[0l shows the nonempty overlaps S1,
52 and S3 with morphisms s; and ss. The remaining overlaps of R and X use
the same subgraphs S1,.52,53, but different morphisms s; and ss.

S1 Sy

2 eI RE

o) B Mo ”@@X
® 6 —1®e &

Fig.10. Nonempty overlaps between new level 2 and c(succ).

S3

Step 2: For each overlap S in step 1, the pushout C of the morphisms S — R
and S — X is constructed. The application condition (L, N) is constructed by
applying the inverse rule of new level 2 at match R — C resulting in graph
N. The inverse rule of new level 2 deletes a security level. Figure [IT] shows the
pairs (L, N) for the three overlaps in Figure [0l

The construction in Definition [[4 may generate redundant application con-
ditions. In fact, if we assume that G already satisfies the constraint ¢, some
application conditions are automatically satisfied. This corresponds to the case
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NAC 1 NAC2 NAC3
EN
/SL: (SL: SL) ‘SL:

Fig.11. NACs constructed from the overlaps.

where the overlap S — R can be decomposed into S — L — R. The graph N
generated from such overlap can be eliminated directly from Definition [[4] by
requiring only overlaps S for which s1(S) N (R \ r(L)) # (. In this manner, the
application condition NAC, of Figure [1] can be removed.

Another form of redundancy stems from the fact that, if S; with morphisms
st and s} and Sy with morphisms s? and s2 are overlaps and, say, S; C So,
stls, = s, sils, = s3 then C2 = R+5, Y C Cy = R+g, Y and thus No C Nj.
Hence, if a match L — G satisfies (L, N3), then it also satisfies (L, N;) and
the application condition (L, N7) can be removed from A(p, ¢). For example, the
overlap S is included into the overlap S3 (cf. Figure ). Therefore, NAC3 C
NAC1 (cf. Figure ) and we can remove N AC1.

The solution of conflicts between expanding rules and negative constraints
and of conflicts between deleting rules and positive constraints is a reasonable
reduction of the number of system graphs which the rules can produce. The
solution for conflicts between expanding rules and positive constraints, however,
is not very satisfactory, since it reduces more than necessary the number of
system graphs that can be generated. Another solution is a construction which
extends the right-hand side of a rule so that the rule creates the entire conclusion
Y of a constraint ¢: X — Y and not only parts of it.

Definition 15 (Completing Rule). The completing rule for an expanding
rule p: L 5 R and a positive constraint c is defined by pc(¢c) = v; 0 h;or, where

[—" sR< §_"2.%
o B
R<2C; vi Y

- 2= {R a S Y X} is the set of all nonempty overlaps of R and X so that
1S 1 (R r(1) £ 0, | |

— for each S; € 2, (Ci, hi,y;) is the pushout of s and co sh in Graph,

— (R',v; : C; — R') is the pushout of the morphisms h; : R — C; in Graph.

The completing rule for the ACL rule create object and the positive con-
straint requiring a value for each object is shown in Figure [12

Lemma 1. If p°(c) : L — R’ is the completing rule for p, ¢, then R’ satisfies c.
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R

L
e | &0
S
.@ sl .:

lST X l s2 Y

BRCelE

i

@)
La
)

Fig.12. Construction of the completing rule.

The completing rule, however, does not preserve consistency for each positive
constraint. If we restrict positive constraints to single (X contains at most one
node) or edge-retricted (for each edge s =t € (Y \ ¢(X)), s,t € (Y \ ¢(X))), the
construction results always in a consistence preserving rule.

Proposition 6. If ¢ is a single or edge-retricted positive constraint, the com-
pleting rule p°(c) for a rule p is consistent with respect to c.

The construction of the completing rule could be generalized to arbitrary con-
straints by using set nodes: a set node in the left-hand side of a rule matches all
occurrences of this node in a graph and the rule is applied to all the occurrences.

Another possibility to solve conflicts between positive constraints and ex-
panding rules p is to transform the constraint X — Y into a rule and require
that this rule is applied (after the application of p) as long as there are occur-
rences of X not “visited” in H. The new rule is just the constraint X — Y with
negative application condition (X,Y") to avoid its application repeatedly on the
same part of H. It is neccessary to add “control” on the framework to ensure
that this new rule is applied ‘as long as possible’. Control can be introduced
either by using rule expressions [GRPPS00] or transformation units [EKMR99]
as an encapsulation mechanism used in a way similar to procedure calls.

6 Concluding Remarks

In a graph-based approach to the specification of AC policies, states are rep-
resented by graphs and their evolution by graph transformations. A policy is
formalized by four components: a type graph, positive and negative constraints
(a declarative way of describing what is wanted and what is forbidden) and a
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set of rules (an operational way of describing what can be constructed). An im-
portant problem addressed here is how to deal with inconsistencies caused by
conflicts between two of the constraints, two of the rules or between a rule and a
constraint. Often such problems arise when trying to predict the behavior of an
AC policy obtained by integrating two separate coherent policies [KMPPOTa].
The conflict between a rule of one policy and a simple constraint of the other
policy has been addressed in part elsewhere [KMPPO0], where it is also shown
the adequacy of this framework to represent a Role-based Access Control policy.
Here we have tackled the problem of conflicts by making effective use of the
graph based formalism. Conflicts are detected and resolved statically by using
standard formal tools typical of this graph based formalism. In the process, we
have introduced the notions of conditional constraint and of weakening of a rule.
A tool, based on a generic graph transformation engine, is under development
to assist in the systematic detection and resolution of conflicts and in the stepwise
modification of an evolving policy while maintaining its coherence.
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Abstract. A logic for coalgebras is said to admit final semantics iff—
up to some technical requirements—all definable classes contain a fully
abstract final coalgebra. It is shown that a logic admits final semantics iff
the formulas of the logic are preserved under coproducts (disjoint unions)
and quotients (homomorphic images).

Introduction

In the last few years it became clear that a great variety of state-based dynamical
systems, like transition systems, automata, process calculi can be captured uni-
formly as coalgebras, see [24]7] for an introduction to coalgebras and [68/2013] for
recent developments. One of the important features of coalgebras is that under
rather weak conditions, categories of coalgebras have final (or cofree) coalgebras.
This allows to give final semantics to systems and to use coinduction as a proof
and definition principle.

In the view of coalgebras as systems, logics for coalgebras are specification
languages for systems. Examples of different approaches to logics for coalgebras
include [17/1422IT0/4J18]. These examples show that—due to the generality pro-
vided by functors as signatures—there is no uniform syntax for specification
languages for coalgebras.

The purpose of this paper is not to develop a new logical syntax for coalge-
bras (although we make the proposal to use modal logics with a global diamond).
Rather, we want to take an abstract approach. To this end, we consider as a logic
for coalgebras any pair (£, =) consisting of a class of formulas £ and a satis-
faction relation = between coalgebras and formulas, subject to the condition
that definable classes are closed under isomorphism. We then ask the question
whether we can characterise those logics for coalgebras which admit final seman-
tics.

The definition of a logic admitting final semantics as well as the proof of
our characterisation theorem follow the work of Mahr and Makowsky [15] and
Tarlecki [26] who characterised logics for algebras admitting initial semantics.

The first section covers preliminaries, the second gives a characterisation of
logics admitting final semantics. The third section points out that logics admit-
ting final semantics may be quite stronger than those cited as examples above
and makes two suggestions that can be used to strengthen (these and others)
logics in a way that they still admit final semantics.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 238-249] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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1 Preliminaries

We first review coalgebras and final semantics and then briefly discuss logics for
coalgebras. For more details on coalgebras and modal logic we refer to [24] and
[2], respectively.

1.1 Coalgebras and Final Semantics

A coalgebra is given wrt. a base category X and an endofunctor (also called
signature) X : X — X. A XY-coalgebra (X,¢{) consists of a carrier X € X
and an arrow ¢ : X — XY X. Y-coalgebras form a category Coalg(X) where a
coalgebra morphism f : (X,£) — (X', &) is an arrow f : X — X’ in X such that
Xfo&=¢ of. In the following we assume X = Set, the category of sets and
functions. Given a coalgebra (X, §), we call the elements of X states and £ the
(transition) structure. We sometimes denote a coalgebra (X, £) by its structure &.

We mention only the following paradigmatic example in which coalgebras
appear as transition systems (or as Kripke frames, in the terminology of modal
logic).

Ezample 1 (Kripke ‘mmes ). Consider the functor ¥ X = P, X where B, denotes
the finite powerset!!| Then P,-coalgebras ¢ : X — PX are image-finite (ie.,
finitely branching) Kripke frames: For x € X, £(x) is the set of successors of z.
Morphisms are functional bisimulations, also known as p-morphisms or bounded
morphisms.

A Y-coalgebra Z is final iff for all X € Coalg(X') there is a unique morphism
Ix : X — Z. The interest in the final coalgebra comes from the following definition
of behavioural equivalence. Given two coalgebras X = (X, ), Y = (Y, v) one says
that © € X and y € Y are behaviourally equivalent, written (X, z) ~ (Y, y), iff
() = v(y).

We call a pair (X,z) a process and z its initial state. Every element of
the final coalgebra represents a class of behaviourally equivalent processes. We
call the elements of the final coalgebra behaviours and !x(x) the behaviour of
(X, z). The final semantics of a coalgebra X is given by the unique morphism
Ix : X — Z (assigning to each process in X its behaviour).

Ezample 2 (Kripke frames, cont’d). Given two image-finite Kripke frames X =
(X,8),Y=(Y,v),and z € X,y € Y then (X,z) ~ (Y,y) iff (X,z) and (Y,y)
are bisimilar, that is, iff there is a relation R C X x Y with x R y and

rRy&a eé(x) = I eviy) &2’ Ry,
rRy&y ev(ly) = ' €é(x) &2’ Ry
The notion of a final coalgebra can be extended to incorporate additional

observations of the states as follows. Let C' be a set, called a set of colours, and

! That is, P.(X) = {A C X : A finite}. On functions P is defined as follows: given
fX—=Y, P f=XePX{f(a):a€ A}.
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X = (X,€) be a coalgebra. A mapping v : X — C is called a colouring of the
states. X together with v gives rise to a (X x C')-coalgebra (£,v) : X — XX x C.
We write (X,v), or (£,v), for a (X x C')-coalgebra consisting of a X-coalgebra
X = (X,¢) and a colouring v. Triples ((X,v),z) for x € X are called coloured
processes and abbreviated as (X,v, ).

Example 3 (Kripke models). Let ¥ = P, and C = PP where P is a set of
propositional variables. Then (X x C)-coalgebras ({,v) : X — P, X x PP are
Kripke models: For x € X, &(x) is the set of successors of 2 and v(z) is the
set of propositions holding in x. As for Kripke frames, (X x C)-morphism are
functional bisimulations (respecting, this time, the valuations of propositional
variables).

We can think of the colouring v as allowing additional observations. Accord-
ingly, a notion of behavioural equivalence is of interest that takes into account
these additional observations. This is provided by the final (X' x C)-coalgebra
{Corec): Zo — X Zc x C. We call (¢ the cofree X-coalgebra over C.

Definition 1 (having cofree coalgebras). We say that Coalg(X) has cofree
coalgebras iff for all C' € Set a final coalgebra exists in Coalg(X x C).

Remark 1. The standard way to establish that for a given functor X' the category
Coalg(X) has a final coalgebra is to show that X' is bounded (see [24]). In that
case X x (' is also bounded and Coalg(X') has cofree coalgebras as well. Since the
class of bounded functors seems to include the signatures which are important
in specifying Systems requiring cofree coalgebras is not much stronger than
requiring only a final coalgebra.

Nevertheless, there are examples of categories Coalg(X) which don’t have all
cofree coalgebras but still a final one. The use of the functor P,. in the following
example was suggested to the author by Falk Bartels.

Example. Let P,. be the functor mapping a set to the set of its non-empty
subsets. Coalg(P,.) has ({*},id) as a final coalgebra. But Coalg(P,.) does not
have a coalgebra cofree over a two element set 2. This follows from the fact
that a final (P, x2)-coalgebra can not exist due to cardinality reasons (same
argument as the one showing that Coalg(P) has no final coalgebra).

We conclude this subsection with two more definitions needed later. First,
we note that coalgebras for signatures X' x C' and X' x D are related as follows.

Definition 2 (the functor \). Given a mapping A : C — D we write X for
the functor

A : Coalg(X x C) — Coalg(X x D)
(6 v) = (& Aow)
where € : X — XX and v : X — C. On morphisms, X is given by \(f) = f.
2 Coalg(P), the category of coalgebras for the powerset functor, does not have a final

coalgebra. But Coalg(P.), where the cardinality of the subsets is restricted to be
smaller than some cardinal x, has cofree coalgebras.
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Finally, a coalgebra is said to be fully abstract iff it has no proper quotient.
In case that a final coalgebra exists, this is equivalent to being a subcoalgebra
of the final coalgebra.

Definition 3 (fully abstract final coalgebras). X is a final coalgebra in
B C Coalg(X) iff X € B and for all Y € B there is a unique morphism Y — X.
Assuming that Coalg(X) has a final coalgebra, we call X fully abstract iff X is a
subcoalgebra of the final X'-coalgebra.

1.2 Logics for Coalgebras
Recalling Definition [2, we begin with

Definition 4 (logic for coalgebras). Let X' : Set — Set be a functor. A
logic for X-coalgebras L = (Lo, =c)ceset consists of classes Lo and satisfaction
relations = C Coalg(X x C) x L for all C € Set and translations of formulas
N Lp — L for all mappings A\ : C — D. This data has to satisfy for all
X € Coalg(X x C) and ¢ € Lp

XEN(p) = MX) Ee (1)

Moreover, we require (A2 0 A1)* = Af o A5, (ide)* = idg,, and Vp € Lo : X |
¢ < X' ¢ for isomorphic (X x C)-coalgebras X = X'.

A class B C Coalg(X x C) is called L-definable, or also Lo-definable, iff there
is @ C Lo such that B = {X € Coalg(X x C) : X [=¢ ¢ for all ¢ € &}.

Remark 2. 1. The simpler notion of a logic for X-coalgebras as a pair (£, =)
where £ is a class and = is a relation &= C Coalg(X) x £ is a special case.
Indeed, (£, ) can be considered as a logic (Lc, Ec)ceset as follows. Let
Lo =L, v) Ec o & £ ¢, and M (¢) = ¢ for all C,D € Set,
E: X XX, v: X -C,AN:C — D, p € L. Conversely, any logic for
XY-coalgebras (L¢, =) ceset gives rise to the pair (£, =) defined as £ = Ly,
= = =1 where 1 is some one-element set.

2. Condition () ensures that if a class B C Coalg(X' x C) is L-definable then
A~Y(B) is L-definable as well.

3. The condition that (—)* be functorial ensures that C' = D implies that
L& =2 Lp and that (Lo, =¢) and (Lp, Ep) are equivalent logics. It plays
no role in the sequel.

Ezxample 4 (Hennessy-Milner logic). Hennessy-Milner logic is a typical example
of a logic for P,-coalgebras (£, =) (in the sense of Remark R11). Formulas in £
are built from the propositional constant L (falsum), boolean operators, and a
modal operator 0. Given a formula ¢ and a process (X, £, x), one has (X, &, z) E
Op < (X, 2') Epforall 2’ € &(z). And (X,¢) E ¢ iff (X,§,z) = ¢ for all
rzeX.
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Ezample 5. We extend Hennessy-Milner logic to a logic (L¢, Fc)ceset whose
formulas involve colours. For each C' € Set, let Lo be the logic with formulas
built from propositional constants ¢ € C, infinitary disjunctions, boolean oper-
ators, and a modal operator O. Define the semantics as in Example [4] with the
additional clause (X,&,2) = ¢ & m(é(z)) = ¢ where (X,¢) is a (R, xC)-
coalgebra and ms is the projection P, X x C — C. For all A : C — D, let
A : Lp — L¢ be the map replacing each occurrence of d € D by \/{\7!(d)}.
Note that the disjunction may be infinitary.

The notions of a formula being preserved under subcoalgebras, quotients,
coproducts, respectively, are defined as usualld Similarly, we say that a class
B C Coalg(X) is closed under domains of quotients iff for B € Band A — B a
surjective coalgebra morphism we have A € B. Note that the formulas of a logic
are preserved under ... iff every definable class of coalgebras is closed under . ...

Formulas of Hennessy-Milner logic are preserved under subcoalgebras, quotients,
coproducts, and domains of quotients. The same holds for the logics of the above
cited papers [I7\1422[T0I4IT]].

Of interest for us are also the notions of covariety and quasi-covariety which
dualise the corresponding notions from algebra. Behavioural covarietiedl dualise
ground varieties.

Definition 5 ((quasi-)covariety, behavioural covariety). A quasi-covariety
is a class of coalgebras closed under coproducts and quotients. A covariety is a
quasi-covariety closed under subcoalgebras. A behavioural covariety is a covariety
closed under domains of quotients.

We will use the following fact about quasi-covarieties.

Proposition 1. Let Coalg(X) have cofree coalgebras. Then each quasi-covariety
in Coalg(X x C) has a fully abstract final coalgebra.

Proof. This follows from the fact (see eg. [13], Proposition 2.3) that each quasi-
covariety B is an injective-coreflective subcategory, that is, for all X € Coalg(X x
C) there is X’ € B and an injective morphism r : X’ < X such that for all Y € B
and all f : Y — X there is a unique g : Y — X’ such that r o g = f. Since,
by assumption, Coalg(X x C') has a final coalgebra Z, the fully abstract final
coalgebra in B is given by the coreflection r : Z' — Z.

In contrast to algebra where already a weak logic as equational logic allows to
define any variety, finitary logics for coalgebras are in general not even expressive

3 In modal logic terminology one would rather speak of preservation under generated
subframes, bounded images, and disjoint unions, respectively.

4 The name ‘behavioural’ covariety is due to the fact that a behavioural covariety
B C Coalg(X) is closed under behavioural equivalence in the sense that, given X € B
and Y € Coalg(X) such that Ix(X) = !v(Y), then Y € B (where X,Y are the carriers
of X, Y respectively). Behavioural covarieties are studied eg. in [5I21]1].
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enough to define all behavioural covarieties. Nevertheless, and this will be used
in the proof of our main theorem, any logic for coalgebras is the fragment of an
expressive logic, as explained below.

Definition 6 (fragment/extension of a logic). We say that L' extends the
logic for X-coalgebras L and that L is a fragment of L' iff L' is a logic for X-
coalgebras with Lo C Ly and ¢ € Lo = (VX € Coalg(X x C) : X =c ¢ &
X Eg @) for all C € Set.

Definition 7 (expressive logic). A logic for X-coalgebras L is expressive iff,
for all C € Set, every behavioural covariety in Coalg(X x C) is L-definable.

Remark 3. If Coalg(X) has cofree coalgebras then any logic £ for X-coalgebras
has a smallest expressive extension £’. The idea of the construction is simply to
add, for each behavioural covariety B, a formula defining B. That this results
indeed in a logic in the sense of Definition[d follows from [11], Theorem 4.12. The
extension £’ is the smallest expressive extension in the sense that £’-definable
classes are also definable in any other expressive extension of L.

2 Logics Admitting Final Semantics

The notion of a logic admitting final semantics is adapted from Mahr and
Makowsky [15] and Tarlecki [26] who characterised logics for algebras admit-
ting initial semantics. For the notion of a class having a fully abstract final
coalgebra see Definition Bl

Definition 8 (logic admitting final semantics). A logic for X-coalgebras £
admits final semantics iff L is a fragment of an expressive logic L' such that
every L'-definable class has a fully abstract final coalgebra.

Remark 4. 1. Comparing with [T5[26] the analogous requirement would be to
demand that L itself is expressive. This is too strong in our setting since
many logics for coalgebras are not expressive. On the other hand all the
logics for coalgebras considered in the papers mentioned in the introduction
satisfy our weakened requirement.

2. The requirement of full abstractness means that any definable class B C
Coalg(X) not only has a final semantics but that the final semantics of B is
‘inherited’ from the final semantics of Coalg(X), that is, if two processes of B
are identified in the final semantics of Coalg(X'), then they are also identified
in the final semantics of B.

The following gives an example—based on a similar one due to Tobias
Schroder [25]—of a category B which has a final coalgebra which is not
fully abstract.
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Ezample. Consider Coalg(R,) consisting of the finitely branching transition
systems. Coalg(P,) has cofree coalgebras. Consider the class B C Coalg(R,)
consisting only of the following transition system X

x /IO\I
N

zs3

It is not difficult to see that X has only one endomorphism, the identity (recall
that morphisms are bisimulations). It follows that X is the final coalgebra
of B = {X}. But X is not fully abstract: It distinguishes the states x; and
x3 which are identified in the final semantics of Coalg(P,) (corresponding to
the fact that both states are terminating).

We now formulate our main result.

Theorem 1. Let Coalg(X) have cofree coalgebras and let L be a logic for X-
coalgebras. Then L admits final semantics iff the formulas of L are preserved
under coproducts and quotients.

As in the results on logics admitting initial semantics [15l26], the proof is based
on a theorem by Mal’cev [16] which we state and prove in the following dualised
form (cf. [26] Theorem 4.2).

Theorem 2. Let Coalg(X) have cofree coalgebras. Then for a class of coalgebras
B C Coalg(X x C) the following are equivalent.

1. For all mappings A : D — C and all behavioural covarieties V C Coalg(X x
D) it holds that A=1(B) NV has a fully abstract final (X x D)-coalgebra.

2. B is closed under coproducts and quotients.

Proof (of Theorem 2). * < ’: If B is a quasi-covariety then A~!(B) is a quasi-
covariety. The intersection of a quasi-covariety with a behavioural covariety is
a quasi-covariety. And quasi-covarieties have fully abstract final coalgebras, see
Proposition [

‘= 7: We use that B is a quasi-covariety if it is an injective-coreflective subcat-
egory (see eg. [I3] Proposition 2.3), that is, if for any (X,¢) € Coalg(X x C)
there is (X’,¢’) € B and an injective morphism r : (X', &) — (X, &) such that
for all (Y,v) € Band all f: (Y,v) — (X,§) thereis g : (Y,v) — (X', £') such
that rog = f.

Given (X,&) welet D = C x X and A : C x X — C the projection. In the
following we denote (X x C)-coalgebras by their structure and (X' x C x X)-
coalgebras by pairs (v, v) where v is a (X x C')-coalgebra and v is a colouring. Let
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V C Coalg(X x D) be the behavioural covariety {(v,v) | 3f : (v,v) — (&,idx)}
and note that (£,idx) is a fully abstract final coalgebra in V. It follows from
our assumption on B that A™'(B) NV has a final coalgebra (¢',v’) and (by full
abstractness) that there is an injective morphism r : (¢/,v") — (£, idx). To show
that r : £ — £ is the required ‘coreflection’-morphism, let v € B and consider a
(X x C)-coalgebra morphism f : v — & Then f: (v, f) — (£,idx) is a (X x D)-
coalgebra morphism. Since (v, f) € A=Y(B) NV, there is g : (v, f) — (¢/,v') by
the finality of (¢/,v"). Hence f = r o g as required.

Proof (of Theorem[l). * = ’: Let B C Coalg(X x C) be L-definable and £’ be an
expressive extension of L. It follows that for all A : D — C and all behavioural
covarieties V C Coalg(X x D) the class A™}(B)NV is L'-definable and, therefore,
has a fully abstract final coalgebra. Now apply Theorem

‘<7 Let L” be a logic having precisely the behavioural covarieties as definable
classes. That £” is a logic in the sense of Definition [ follows from Theorem 4.12
in [11]. Define, for all C' € Set, L, as the disjoint union Lo + L and == (F=c¢
U [=4). Then L is a fragment of the expressive logic £'. Since L-definable classes
are quasi-covarieties and L"-definable classes are behavioural covarieties, £’-
definable classes are quasi-covarieties. And quasi-covarieties have fully abstract
final coalgebras, see Proposition [I}

Remark 5. 1. In * = 7 of the proof of Theorem 1 we see why we need to require
that definable classes of an expressive extension of £ have fully abstract final
coalgebras. For an example showing that it does not suffice to require that
L-definable classes have fully abstract final coalgebras, recall Remark[21 and
consider a logic (£, =) that has as the only definable class B C Coalg(X) the
class consisting of precisely the cofree coalgebras (for, say, X = B,). Then
every Lc-definable class C Coalg(X x C') has a fully abstract final coalgebra
but B is not closed under quotients.

2. The corresponding result in Tarlecki [26], Theorem 4.4, is proved more gener-
ally not only for algebras but for ‘abstract algebraic institutions’. Our result
can be generalised along the same lines. In fact, a logic for coalgebras as in
Definition [ is a co-institution (see [I1]). It suffices therefore to extract the
additional requirements needed to prove the theorems above in order to reach
a corresponding notion of ‘abstract coalgebraic co-institution’. But in con-
trast to abstract algebraic institutions which subsume not only (standard)
algebras but also other structures as eg. partial algebras and continuous al-
gebras, we are not aware of analogous examples in the coalgebraic world
that would justify the generalisation of our result to ‘abstract coalgebraic
co-institutions’.

3 Examples of Logics Admitting Final Semantics

As mentioned already, most logics for coalgebras studied so far, only allow for
definable classes closed under coproducts, quotients, subcoalgebras, and domains
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of quotients. On the other hand, as our theorem shows, stronger specification
languages with formulas not necessarily preserved under subcoalgebras and do-
mains of quotients may be of interest. In this section we show some ways of how
to extend known logics for coalgebras to such stronger ones. Since the ideas from
modal logic used in this section are completely standard, we avoid providing full
details. They can be found, eg., in [2].

Let us first go back to the example of Hennessy-Milner logic. We can extend
the expressive power of Hennessy-Milner logic by adding propositional variables.

Example 6 (adding propositional variables). Let us extend the logic of Example @]
by adding propositional variables from a set P. The satisfaction relation is now
defined by referring to coloured processes (X,v,z) where v : X — PP. For
propositional variables p € P we have (X,v,2) EF p < p € v(x). Boolean
and modal operators are defined as usual. And X | ¢ iff (X,v,z) | ¢ for all
v:X — PP and all z € X.

Note that the definition of X |= ¢ involves a quantification over all valuations
of propositional variables v : X — PP. Since the extension of a propositional
variable can be any subset of the carrier of X, adding propositional variables can
be described as allowing a prefix of universally quantified monadic second-order
variables in the formulas (cf. [2], Definition 2.45 and Proposition 3.12).

Typical examples of how adding propositional variables increases expressiveness
are the following. Referring to Example[@, the formulas Op — p and Op — OOp
with p € P define, respectively, the class of reflexive Kripke frames and the
class of transitive Kripke frames. Both classes are not closed under domains
of quotients, showing that propositional variables add indeed expressiveness.
On the other hand, formulas with propositional variables are still preserved
under subcoalgebras, that is, definable classes are covarieties. Conversely, every
covariety is definable by an (infinitary) modal logic with propositional variables
(see [12]).

We show now how to build logics whose formulas are not necessarily pre-
served under subcoalgebras. A logic for coalgebras, possibly with propositional
variables, can be strengthened by adding rules. Given two formulas ¢, v we call
/v a rule and extend the satisfaction relation via

XEp/y it Xo)Ee = (X,0) =9 for all valuations v : X — PP.

This definition dualises the definition of implications for algebras and was studied
in [I3] where it was shown that—allowing infinitary conjunctions—any quasi-
covariety is definable by a logic for coalgebras with rules.

Since rules can be rather unintuitive in writing specifications, adding a global
diamond instead (suggested to the author by Alexandru Baltag) may be prefer-
able. A global diamond E (cf. [2], Section 7.1) is a unary modal operator defined
via

X,v,2) =EEp iff (X,v,y) = ¢ for some y € X.
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E is called global because the range of quantification is not confined by the
transition structure. Of course, adding a global diamond, we have to restrict
occurrences of E to appear only positively in the formulas (otherwise we would
also add the defining power of a global boxﬁ).

Concerning expressiveness, adding the global diamond is equivalent to adding
rules. To sketch the argument: On the one hand, every rule ¢/ is equivalent
to the formula =) — E-y; on the other hand, formulas containing a global
diamond are still preserved under coproducts and quotients and therefore can
not be more expressive than rules.

Conclusion

We have shown that a logic for coalgebras admits final semantics iff its formulas
are preserved under coproducts and quotients.

On the one hand, this result allows to design specifications languages admit-
ting final semantics, since it is usually not difficult to check whether formulas
are preserved under coproducts and quotients. This can be of interest for spec-
ification languages for coalgebras like CCSL [23]. CCSL allows the coalgebraic
specification of classes of object-oriented programs. A question in this context
is to determine the largest fragment of CCSL that ensures that specified classes
of objects have a final semantics (final semantics for objects was proposed by
Reichel [19] and Jacobs [9]). The value of our result in such a concrete setting
needs further exploration.

On the other hand we have pointed out possibilities to extend weaker logics
in a way that they still admit final semantics. Possible strengthenings may allow
formulas with (1) prefixes of universally quantified monadic second-variables
(propositional variables) and (2) positive occurrences of a first-order existential
quantifier (global diamond).
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A global box A (defined as —~E-) would allow to define classes that do not have
final coalgebras. Eg., for a propositional variable p, p — Ap defines the class of P,-
coalgebras with at most one element (and this class contains exactly three coalgebras
none of which is final).
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Abstract. This paper examines FLC,

which is the modal p-calculus enriched with a sequential composition op-
erator. Bisimulation invariance and the tree model property are proved.
Its succinctness is compared to the modal p-calculus. The main focus
lies on FLC’s model checking problem over finite transition systems. It
is proved to be PSPACE-hard. A tableau model checker is given and an
upper EXPTIME bound is derived from it. For a fixed alternation depth
FLC’s model checking problem turns out to be PSPACE-complete.

1 Introduction

Modal and temporal logics are well established research areas in computer sci-
ence, artificial intelligence, philosophy, etc. [2) [4, [10]. An important temporal
logic is Kozen’s modal p-calculus £, 7] because it contains almost all other
propositional temporal logics. In fact, it is equi-expressive to the bisimulation in-
variant fragment of monadic second-order logic over transition graphs [6]. There-
fore, properties expressed by £, formulas are essentially “regular”.

In [9], Miiller-Olm introduced FLC, fixed point logic with chop, that extends
L,, with sequential composition. He showed that the expressive power of FLC is
strictly greater than £, because FLC can define non-regular properties. Whereas
the semantics of a modal p-calculus formula is a subset of states of a transition
system, the semantics of an FLC formula is a predicate transformer, a function
from sets of states to sets of states. This makes it easy to introduce a composition
operator in the logic.

Miiller-Olm proved that the satisfiability problem for FLC is undecidable
because of its rich expressiveness. However, he notes that model checking finite
transition systems is decidable. There are only finitely many (monotonic) func-
tions from subsets to subsets of a finite set. Using the Tarski-Knaster Theorem
[T1], he shows that model checking can be done in the function lattice using fixed
point approximants.

In this paper we examine FLC in more detail. We show that FLC retains
some features of £, such as the tree model property. However, most of the paper
is devoted to FLC model checking over finite transition systems. We provide a
tableau based model checker that avoids explicit calculation of functions and
approximants. We also give lower, PSPACE, and upper, EXPTIME, complexity

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 250-263] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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bounds on model checking. The upper bound is derived directly from the tableau
model checker. An interesting open question is whether there is a suitable notion
of automaton that captures FLC model checking.

In Section 2] we recall the syntax and semantics of FLC, example formulas
that express non-regular properties and a proof of the tree model property. The
tableau based model checker is defined and shown to be sound and complete in
Section [3. In Section [4] we examine the complexity of model checking FLC in
the general case and for fixed alternation depth, and we give upper and lower
bounds. The paper concludes with some remarks on possible further research.

2 Preliminaries

Let P = {tt,ff,q,q,...} be a set of propositional constants that is closed under
complementation, V = {Z,Y,...} a set of propositional variables, and A =
{a,b,...} a set of action names. A labelled transition system is a graph 7 =
(S,{% | a € A}, L) where S is a set of states, % for each a € A is a binary
relation on states and L : S — 27 labels the states such that, for all s € S : g €
L(s) iff § ¢ L(s), tt € L(s), and £f ¢ L(s). We will use infix notation s % ¢ for
transition relations.
Formulas of FLC are given by

o n= ql Z |7 |a | eVe | peAe | pZe | vZie| ¢e

where g € P, Z € V,and a € Al We will write o for u or v. To save brackets
we introduce the convention that ; binds stronger than A which binds stronger
than V. Formulas are assumed to be well named in the sense that each binder
variable is distinct. Our main interest is with closed formulas, that do not have
free variables. In which case there is a function fp : V — FLC that maps each
variable to its defining fixed point formula (that may contain free variables).

The set Sub(p) of subformulas of ¢ is defined as usual, with Sub(cZ.¢p) =
{oZ.4} U Sub(v)). We say that Z depends on Y in ¢, written Z <, Y, if ¥V
occurs free in fp(Z). We write Z <, Y iff (Z,Y) is in the transitive closure of
<. The alternation depth of ¢, ad(y), is the maximum number of variables of
@ in a chain Zy <, Z1 <, ... <, Z where Z;_; and Z; are of different fixed
point types for 0 < i < k. FLC* = {p € FLC | ad(p) < k}.

An environment p: V — (25 — 2°) maps variables to monotone functions of
sets to sets. p[Z — f] is the function that maps Z to f and agrees with p on all
other arguments. The semantics [[]]7; : 25 — 29 of an FLC formula, relative to 7
and p, is a monotone function on subsets of states with respect to the inclusion
ordering on 2°. These functions together with the partial order given by

fCgiff VX CS: f(X)Cg(X)

form a complete lattice with joins U and meets M. By the Tarski-Knaster The-
orem [11] the least and greatest fixed points of functionals F : (25 — 25) —
(25 — 29) exist. They are used to interpret fixed point formulas of FLC.

"' In [9], 7 is called term.
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To simplify the notation we assume a transition system 7 to be fixed for the
remainder of the paper, and drop it from the semantic brackets.

l[q], =AX{s €S |qe L(s)}

[Z1, = r(2)

[7], = 2X.X
[o Vo], = AXJe] ,(X) U [],(X
[e A 9], = AX.[0] ,(X) N [4],(X)

[a)], =XAX{seS[Tte X, st. 55t}

[lal], =AX{seS|VteS,sSt=>tc X}
ﬂﬂﬂ =[1{f:2% — 2% | f monotone, [¢] 5 E f}
[vZel, = LIS : 25 — 25 | f monotone, f C [¢],5. 1}
[es v, = lel, o [¥],

A state s satisfies a formula ¢, written s |=, ¢, iff s € [¢] (S) for some p. If ¢
is a closed formula then p can be omitted and we write s = ¢.

Two formulas ¢ and i are equivalent, written ¢ = 1, iff their semantics
are the same, i.e. for every 7 and every p: [[np}]z = [[zﬁ]]z. This equivalence is a
congruence and thus allows substituitivity. It is easy to see that there is no FLC
formula ¢ that does not contain 7 as a subformula, s.t. ¢ = 7.

For model checking purposes it is useful to consider a weaker equivalence. ¢
and ¢ are called weakly equivalent, written ¢ ~ 1), iff they are satisfied by the
same states, i.e. s |=, ¢ iff s =, 4 for any state s of any transition system 7°
and every p. Note that weak equivalence is not a congruence.

Lemma 1. (Equivalences)

a) If o = ¢ then ¢ = .

b) If p 1) then ¢;tt = ¢;tt

¢) it

a) (pVY)ix =@ x Vix and (o A)ix = @i x Adix
e)Tip=p=¢;T

f)ap=qforqeP.

Proof. a) If = ¢ then [¢] ,(S) = [¢],(S) for every set of states S and every p,
and therefore ¢ &~ 9. b) [p;tt] , = [¢], o [tt], = AX.[¢] ,( for any transmon
system with state set S and any p. But ¢ = 1/1 implies [[{:p (S) and
therefore ¢;tt = ¢;tt. ¢) Trivial. d) [(¢ V¥);x], = (AX. [[(p]] ( U [[w]]p(X)) o
D, AT (L 00) U L 0) 2 Ty bexd i stal T n
e)-f) Trivial. O

In [9] it is shown how to embed L, into FLC by using sequential composi-
tion: for instance, (a) becomes (a); . Therefore, we will sometimes omit the
semicolon to maintain a strong resemblance to the syntax of £,. For example,
(a)Z{a) abbreviates (a); Z; {a).

In order to prove correctness of the tableau construction in Section Bl we
introduce approximants of fixed point formulas. Let fp(Z) = uZ.¢ for some ¢
and let a, A € Ord, the ordinals, where A is a limit ordinal. Then Z° := ff,
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Zott = [2%)Z), Z* =\ oo 2% 1f fp(Z) = vZ.p then Z° = &, Z*T =
2%/ 2], Z* = Nyey Z°. Note that pZ.o =\ ,cgrq 2% and vZ.o = N, corq 2%
If only finite transition systems are considered Ord can be replaced by N.

First we recall some properties of FLC shown by Miiller-Olm.

Theorem 1. [9J]
a) Satisfiability for FLC' is undecidable.
b) FLC does not have the finite model property.

The proof of part a) uses a reduction from the simulation equivalence problem
for Basic Process Algebra which is undecidable [5]. For every BPA process P
one can construct two characteristic FLC formulas ¢p- that is satisfied by all
processes that simulate P, and ¢p+ that is satisfied by all processes that are
simulated by P. Hence the formula ¢p- A ¢pp+ A 9pg- A P+ is satisfiable iff P
is simulation equivalent to Q. Part b) also follows from the existence of such
characteristic formulas: however, also see example [2 later.

Ezample 1. Let A = {a,b} and ¢ = vY.[b|ff A [a](vZ.[0] A [a](Z; Z)); (([a]££ A
[b)ff) VY). Formula ¢ expresses “the number of bs never exceeds the number
of as” which is non-regular and, therefore, is not expressible in £,,. This is an
interesting property of protocols when a and b are the actions send and receive.

The subformula ¢ = vZ.[b] A [a](Z; Z) expresses “there can be at most one
b more than there are as”. This can be understood best by unfolding the fixed
point formula and thus obtaining sequences of modalities and variables. It is easy
to see that replacing a Z with a [b] reduces the number of Zs whereas replacing
it with the other conjunct adds a new Z to the sequence.

Then, [b]ff A [a]ip postulates that at the beginning no b is possible and for
every n as there can be at most n bs. Finally, the Y in ¢ allows such sequences
to be composed or finished in a deadlock state.

We now establish that FLC has the tree model property, by showing that
each closed formula defines a bisimulation invariant property3.

Theorem 2. (Bisimulation invariance) Let T = (S,{% | a € A}, L) and
s,t € S. If s and t are bisimilar, s ~ t, then for all closed p € FLC: s = ¢ iff

t = .

Proof. Let ¢ € FLC be closed. ¢ is equivalent to an infinitary formula of
FLC without fixed point operators and variables, using uZ.0 = \/,cy Z' and
vZ.p = \;en 2" since T is assumed to be finite. Lemma[ll ¢) says that the re-
sulting ¢’ is weakly equivalent to ¢'; tt. Using parts d)—f) of Lemma [l one can
transform ¢'; tt into a formula that does not contain 7, and which is a (possibly
infinitary) boolean combination of sequences of the form ¢ or (a);% or [a];4¢
where 1 again is of the described form. Every «, obtained in such a way, is
equivalent to an infinitary modal formula g or {(a)y or [a]y, where equivalence

2 The definition of bisimulation here includes the condition that states also preserve
atomic properties in P.
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means being satisfied by the same states. But a formula of infinitary modal logic
cannot distinguish between bisimilar states and weak equivalence preserves this
property. O

An immediate corollary of Theorem Plis the tree model property.

Corollary 1. FLC has the tree model property.

Ezample 2. Let A = {a,b}. An FLC formula that is satisfiable but does not
have any finite model is ¢ = (VZ.(a)(Z A T); ([b] A (b))); ([a]£f A [b]£f). The
formula postulates the existence of an infinite a-path, s.t. after every prefix of n
as exactly n bs are possible. The body of the fixed point formula can be rewritten
as (a) (([B] A (b)) AZ; ([b) A (D))). This expresses that there must be a path labelled
ab and all such bs lead to states that have similar properties. Moreover, after the
a there is another path of the same style with one more b at its end.

Clearly, ¢ has an infinite model. Suppose ¢ has a finite model, too. This could
be regarded as a finite automaton 2 with final states being the deadlock states.

But 2 would accept the context-free and non-regular language L = {a™b" | n €
N}.

The proof of Theorem [ is similar to showing bisimulation invariance of L,

formulas. If the transition system is image-finite, i.e. |[{t € S | s % t}| < o0
for every s € S, a € A, the converse implication in Theorem 2] holds, too. It is
well-known that, if the transition system is finite and fixed, £,, formulas become
equivalent to formulas of finitary modal logic. In particular, pZ.o = \/,.,, Z “ and

vZ.p = N\;<, Z" where n = |S|. In the case of an FLC formula, |S| - 2/l is an
upper bound for n according to Tarski-Knaster since this is the maximal length
of a chain fo C f; C ... C f,,. From Theorem [J follows that, in fact, there is
a linear upper bound for the number of approximants needed to eliminate fixed
points in FLC.

Theorem 3. (Approximants) Let T = (S,{% | a € A},L) be finite with
seS§,SCS.

a) s € [uZ.p]7 (S) iff 3k < |8, s.t. s € [Z¥]) (S).
b) s € [vZ.o]7 (S) iff Vk < |S|: s € [2]] (S).

Proof. a) The “if” part is trivial. For the “only if” part consider the general
approximant characterisation of fixed point formulas. It implies the existence of

a k € N that makes s € [[Zk]]pT(S) true. To show that it is bounded we introduce a

new proposition gs s.t. [gs]” = AX.S. Then s € [[MZ.gp]];[(S) iff s = (uZ.9);qs.
According to Theorem[2 (1 Z.¢); qs can be translated into a sequence {«; | i € N}
of formulas of infinitary modal logic. We show by induction on the fixed point
depth of ¢ that finitary modal logic suffices.

Suppose ¢ does not contain any oY.). Clearly, in this case every a; is a
formula of finitary modal logic. Consider now the function f : o; — a1 for
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every i € N. f is monotone since a;41 arises from «; by variable substitution
and transformations that preserve equivalence. This means that s = (uZ.p); qs
implies the existence of a k < |S] s.t. s = ag. But then s € [[Zk]]Z(S).

Suppose now that ¢ has fixed point depth n + 1 and every oY.p € Sub(p)
has fixed point depth at most n and can therefore be translated into a formula
of finitary modal logic. Replacing every such pY.4) in ¢ by \/L‘ilo Z*, and every
vY.a) with /\L‘Szl0 Z* . yields a formula ¢’ of fixed point depth 0 that is equivalent
to . The latter substitution uses part b) of the Lemma on a smaller formula.
The same argument as above holds now for translating puZ.¢’ into a sequence

{ai [ 1 <|S]}-
b) Here, the “only if” part is trivial. The “if” part is dual to the “only if”
part of a). O

Theorem 4. FLC is exponentially more succinct than L,,.

Proof. Let A = {ag,bo,...,an,b,}. Consider the binary, finite tree of depth n+1
whose nodes at level i have two transitions labelled a; and b;. It is easy to see
that the minimal characteristic £, formula x,, for this tree is exponential in n.
Consider now the infinite tree that arises from the finite one by pasting itself
iteratively to its leaves. Again, every £, formula describing this tree must be
exponentially long in n. However, vZ.({ag) A (bo)); ... ; ({an) A (bn)); Z describes
this tree too and has linear length in n. O

For each a € A one can regard converse modalities (o™ ), [a~]. Their semantics
is
[(a)] =AX{seS|3teX, st.t>s}
[[a ]l =AX{seS|VteStLs=>tc X}

The tableaux of section [B] can easily be extended to handle these formulas as
well. Indeed, all the complexity results of section ] also hold for the extended
logic.

Ezample 3. This extension of FLC is capable of defining uniform inevitability, ¢
holds in all paths of a transition system at the same moment. Let A = {a} and
o =pY ()Y V(WA WZ[a"];(Z AT);lal); ). ¢ is an instance of an eventually
formula of £, i.e. pY.(a)Y V )’ says that there is a path on which ¢’ eventually
holds. (vZ.[a"|; (Z A 7);[a]); ¢ says that at every state that can be reached by
a sequence of n as backwards and then n as forwards ¥ holds. Composing these
two formulas achieves uniform inevitability. In [3] it is shown that ¢ has no
equivalent in £,,.

3 A Tableau Based Model Checker for FLC

For the remainder of the paper we restrict ourselves to finite transition systems
only. In this section we present a tableau based model checker for FLC that is
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(T7S) '_QPO\/(Pl

T=ToUT
(V) (To,S)F oo (T1,S)F ¢ oUTh
(T, S) o A
A T=ToNT
() (To, S) F o (T1,S) F @1 0 1
¢) (T,5) F po; p1
VT e (T,8)F ¢
(T,S)FoZy (T,8) -7 . -

Fig. 1. The tableau rules for FLC.

sound and complete and that avoids explicit calculation of functions and approx-
imants. The extra expressiveness of FLC and its succinctness suggest that the
complexity of model checking FLC is higher than £,,: exact bounds are presented
in the next section.

Let 7 = (5,{% | a € A},L) and assume that 7,5 C S. A tableau for
T,S and ¢ € FLC is a finite tree whose nodes are labelled (7", 5’) F 1, where
7,5 C S, and ¢ € Sub(yp). The intended meaning of such a configuration is
T C [](S"), ie. all the states in T satisfy 1 relative to S’.

The tableau rules for the boolean connectives and the sequential composition
operator are justified by the semantics of FLC. Fixed point formulas are replaced
by their corresponding variables. A variable itself is replaced by the body of its
fixed point definition. The rules are shown in figure .

Let Cy = (Tp, So) F ¢. A branch Cy,C4,...,C, of a tableau for Ty, Sy and
@ is successful iff

- C, =(0,5) + 1 for some S and ), or
— o= (T,8) b, 4 € {r,q,(a), [a]}, and T C [¢](5), or
— Cp = (T, Sn) b Z with fp(Z) = vZ.¢ for some ¢, and
e Ji<n, st C;=(T;,5;)F Z, and
e T, CT;and S, DS;, and
o fj,st.i<j<nandC;=(T,S)FY and Z <, Y.

It is unsuccessful iff

= Co=(T,8)F %, ¥ € {r,q, (@), [a]}, and T Z [9](S), on
- C, = (T,,S,) F Z with fp(Z) = puZ.¢ for some ¢, and
e Ji<n,st. C;=(T;,5;)F Z, and
e T, DT;and S, C S;, and
o fj,st.i<j<nandC;=(T,S)FY and Z <, Y.

In all cases, C, is called a leaf. A tableau is successful if all its branches are
successful.
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({s},8) FvZ.pY(a)Z A ([B]; (Y V 7); (b))
{s},S)+F 2
({s},8) F uYla)Z A ([b]; (Y V 7); (b))
({s}, S FY
({s},S) F(a)Z A ([]; (Y v 7); b))
({s}, ) F(a)Z (8,8) F [bl; (Y vV 7); ()
({sh{sh) F(a) (s}, S)FZ (S, S)F ] (S, S)FY VT (S,8)F (b)
@0,9FY (S,S)FT

Fig. 2. The tableau for example Hl

Ezample 4. Let ¢ = vZ.puY.(a)Z A ([b]; (Y V 7); (b)) and T be the transition
system consisting of states S = {s,t} and transitions s = s, s b, t, and t 2.
@ says “there exists an infinite a-path from which every sequence of n b-actions
can be repeated by another n b-actions.”. The tableau of figure ] shows that
state s satisfies ¢. To save space, rule (;) has been extended to

(T,S) F @o;...; o
(I,To) oo (To,T1) o1 oo (Te—1,5) F o

3.1 Correctness

Theorem 5. (Soundness) Let T = (S,{% | a € A}, L) be a finite transition
system, 1o, So C S, and ¢ € FLC. If there is a successful tableau with root
(To, So) - @, then To g [[(p]] (So)

Proof. Let C = (T,S) I 9 be a configuration with a ¢t € T s.t. t & [¢](S). C
will be called false in this case. The tableau rules are backwards sound, i.e. if
all the successors of a configuration C' are not false then C is not false. This
holds for rule VAR because a fixed point is equivalent to its unfolding, and for
rule FP when variables are interpreted as approximants. We show that rule (V)
is backwards sound. Suppose there is at € T, s.t. t & [0 V ¢1](S). Then t € T;
for some i € {0,1} because T'= Ty U T1. But [wo V ¢1](S) = [¢o] (S) U [¢1] (S)
and therefore ¢ & [¢;](S) which means that (7;,5) F ¢; is false. Backwards
soundness of rules (A) and (;) is established similarly.

Suppose now that the tableau for Cy = (Tp, So) b ¢ is successful but Ty €
[#](So), ie. Cy is false. From backwards soundness follows that at least one
leaf (T,.5) F 1 of the tableau must be false. ¢ € {7, ¢, (a), [a]} is impossible
because the branch to this leaf would be unsuccessful and, hence, the tableau
itself cannot be successful.

Suppose therefore it is a configuration C' = (T, 5) F Zy with Z; denoting a
greatest fixed point. Then Zj is interpreted as the least approximant Z(lf", s.t.
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T € [Z5](S) but T C [ZE°~1](S). Note that kg > 0 because it is impossible to
have a false configuration (T, S) - Z where Z is interpreted as Z°. Starting from
C one can continue to build a tableau and using backwards soundness again,
falsity of a configuration can be pushed through this tableau towards a leaf
C' = (T",58") + Z,. Note that the false successor of a configuration may depend
on the index of an approximant and therefore Z; need not equal Zy. However,
Z is interpreted as the least approximant Zf ! in the same way as above and the
argument can be iterated. Since ¢ contains only a finite number of variables and
the transition system at hand is finite too, the tableau must contain a branch
Co,...,Cj7...7CJ/< s.t. Cj = (T,S) F Zj, CJ/ = (T/,S/) F Zj, T - T, S/ o S and
C’ is false. But if there is a ¢ s.t. ¢t ¢ T then t ¢ 7", and [Z;](S5) C [Z;](S").
By monotonicity C; must be false too. Note that in C; Z; was interpreted as
the least approximant ij in the described sense. Since between C'; and C’j’- rule
VAR must have been applied at least once and no greater variable occurs, C]‘
contradicts the assumption that k; was the least approximant index for which
C; is false. O

Theorem 6. (Completeness) Let T = (S,{% | a € A}, L) be a finite transi-
tion system, Ty, So C S, and ¢ € FLC. If Ty C [¢] (So) then there is a successful
tableau rooted (T, So) - .

Proof. Let C = (T,S) I 9 be a configuration s.t. T' C [¢)] (.S). In this case C' will
be called true. Note that the tableau rules can always be applied so that they
preserve truth: if the antecedent of a rule is true then so are the consequents.
This remains true when variables are interpreted by their approximants. The
proof proceeds by constructing a tableau such that each node is true, and then
stopping a branch whenever there is a leaf. However, if the application of the
rule is FP and fp(Z) = pZ.) then the formula in the consequent is interpreted
as the least approximant Z* s.t. T C [Z*](S) but T ¢ [Z*~1](S). Note that
k > 0 since T' C [Z°](S) only if T = () and so a leaf is already reached.
Continuing from this configuration (T, S) - Z a tableau is built preserving
truth. Suppose this tableau is unsuccessful, i.e. it has an unsuccessful branch.
This branch cannot end on a configuration (77, .5”) F ¢ where ¢ is atomic because
this configuration would be false. As in the proof of Theorem Bl a configuration
(T",8") v Z with T/ C T and S’ O S must eventually be reached. But this
contradicts the assumption that Z* is the least approximant. We conclude that
there is no least approximant and therefore that T' € [uZ.4](S) which means
the configuration (T,S) F uZ.1) could not have been true. a

Corollary 2. If there is a successful tableau for (T,S) b ¢ then there are suc-
cessful tableauz (T',S") \ ¢ for every T' C T and every S' 2 S.

4 Complexity of Model Checking

In this section we provide upper and lower bounds on the complexity of model
checking FLC over finite transition systems.
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Theorem 7. (General upper bound) FLC model checking is in EXPTIME.

Proof. We describe an alternating algorithm that, given a finite transition sys-
tem 7 = (§,{% | a € A},L), aset Sy C S, and an FLC formula ¢, finds
a successful tableau for (Sp,S) b ¢ if one exists. Alternating algorithms allow
both nondeterministic and co-nondeterministic choices. They are taken by play-
ers J and V. 3 wants to show that a successful tableau exists. V wants to show
the opposite. Therefore he will choose which branch of the tableau is inspected,
whereas 3 is in charge of choosing the correct elements of the next configuration
on this branch. She wins the play if the branch is successful. V wins if they ex-
hibit an unsuccessful branch of the tableau. It is easy to see that 3 has a winning
strategy iff there is a successful tableau for (Sp,S) - .

During the play each player is allowed to store one configuration C; =
(T,S) F Z. If the play visits another configuration C' = (T",5') b Y with
Z <, Y then C; will be deleted or overwritten by C’. Note that only an ac-
tual configuration can be stored. If the actual configuration is (7,.5) F ¢ and
1 = g Vb or ¢ = ¥y Ay player 3 chooses two sets Ty and 11 s.t. T = Ty UTh,
resp. T' = ToNT1, and player V chooses an i € {0, 1}. The next configuration will
be (T;,5) b ;. If 1 = ;11 player 3 chooses a T' C S. Again, V determines
which branch of rule (;) to follow. The rules for fixed points and variables are
deterministic. The stored configurations are used to determine whether a branch
is successful or unsuccessful.

A play can be implemented using polynomial space since three configurations
only need to be kept in memory, namely the actual one and a C; for each player
in the sense of the condition for success and unsuccess. Their sizes are polynomial
in both the size of the transition system and the size of the formula. Therefore,
FLC model checking can be done in alternating PSPACE. This is the same as
EXPTIME [1]. O

Theorem 8. (Upper bounds) FLC* model checking is in PSPACE for every
k e N.

Proof. Let T = (S,{% | a € A}, L) be finite and ¢ € FLC. Using Theorems P]
and[B one can translate a fixed point formula o Z.¢ into a series {c; | 0 <7 < |S|}
of modal formulas, where «; is allowed to contain the subformula Z~!. Every
such «; can be stored as a directed acyclic graph with atomic formulas as nodes
and the connectives V, A and ; as labelled edges. In fact, the entire sequence can
be represented as one directed acyclic graph with a counter for the approximant.
Evaluating a formula in a state corresponds to tracing the paths of this graph.
This avoids a possible exponential blow-up in the size of «; which could occur if
the technique described in the proofs of Theorems 2l and Bl was explicitly used.
To establish whether for some s € S, s |= 0Z.¢ holds, it is enough to check
s | «a; for 0 < i < |S|. This might involve checking whether ¢ = Z*~! for some
t € S. Tt is possible to store this information in a table of size |S| - O(p)*4(#),
which is polynomial in the size of the input if the alternation depth of ¢ is fixed.
O
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Theorem 9. (Lower bound) FLC model checking is PSPACE-hard.

Proof. Tt is known that QBF (quantified boolean logic) is PSPACE-hard [§].
We show a reduction from QBF to the model checking problem for FLC. Let
D =Qx1... le‘k(cl VANPIAN Cn) with each C; = li,l \ li,g vV li,3 and each l@j €
{z},Tn | 1 < h < k}. We construct a finite transition system 7 and a formula ¢,
s.t. 7 | ¢ iff @ is valid. The actions of 7 will be A = {¢,0,1, 21, ..., 2k, T1, ...,

For each clause C; construct a tree of depth k + 1 in the following way.
Beginning with j = k introduce a node that has two transitions labelled x; and
T; to two different subtrees if x; appears in clause C;, and to the same subtree if
it does not. Continue with j — 1 at the successor(s) until j = 1. Every path 7 in
this tree induces a valuation function 7, : {z1,..., 21} — {0,1} by nx(x;) =1 if
x; occurs on . The leaves at the end of each path 7 are now extended with one
further transition which is labelled 1, resp. 0, if n, makes the clause evaluate to
true, resp. false.

The second part of the transition system consists of states {0,1,1,...,k,k}.

The transitions are 0 2 1,0 2 T, 2 % 4,2 D G for 2 € {i — 1,7 — 1} and
2<i<k.

Finally, there are transitions labelled ¢ from nodes k, k to every root of the
trees representing the clauses. As an example the corresponding transition sys-
tem for @ = Jz1VaoVrzIzs(r1 VT2V Tg) A (T2 V 23 V x4) is given in figure 3

The formula ¢ is constructed in the following way.

@) 2w v (@) Z(@m) Q=3 . i
v {<$z>Z<l‘¢>/\<xl>Z<xz> if Q; =V for1<i<k

wk:{ﬁmﬂd@wvﬁmWMmﬁ if Qi =43
(zr)[cl{er) A (Tr)[c(@r) i Qi =V

¢ = (uz. ,\zk/l ¥i); (1)

Intuitively for a @ that has existential quantification only ¢ says: There exists a
path labelled with a w € A* s.t. after every ¢ action there is a path labelled with
w and after that a 1 action is possible. If @ contains universal quantification the
path becomes a tree.

The resulting transition system has O(|®|?) transitions, and |p| = O(|®]).
Therefore the reduction can be computed in polynomial time. Since only counters
for the clauses and variables are needed it can even be computed in logarithmic
space. It remains to show that the reduction is correct.

Suppose 7,0 |= . Since T is acyclic and an action 1 only occurs at the end
of a path through 7 this is only possible if 0 = Z*; (1). Then Z*; (1) describes
a tree through 7 starting with node 0 s.t. every path of the tree ends on an
action 1. Furthermore, every universally quantified variable x; corresponds to

a genuine branching e =5 e and e =5 e whereas every existentially quantified
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variable corresponds to either of these transitions. It is now easy to see that this
tree is a witness for the validity of @.

Suppose now that @ is valid. Let & = Q1219’. Case Q1 = 3. @ is valid if
there exists v € {0,1} s.t. &'[v/z1] is valid. By hypothesis there exists a tree
through 7, starting with node 1 if v = 1 or with node 1 if v = 0, that witnesses
the validity of @'[v/x1]. Extend this tree at its root with a transition e 2 e if

v=1, and ¢ 2 e if v = 0. In the case of Q; =V there are two trees through 7
that witness the validity of ¢'[0/z1] and @'[1/x1]. It remains to show that this
tree witnesses that 7,0 = ¢.
Again, let ¢ = 319" and &'[v/x1] be valid, and assume w.l.o.g. that v = 1.
k
Then 0 E ¢ iff 1 = (uZ. \V ¥;); (x1); (1). Suppose @ = V1P'. Then 0 ¢ iff

1=2
1E (uZz. \k/ ;)i (x1); (1) and 1 |= (uZ. \k/ ¥;); (T1); (1). The fixed point formula
i=2 i=2

can be unfolded further, ruling out those disjuncts that can obviously not be
satisfied by the current state. Finally, after (k — 1) unfoldings one obtains a
formula that implies Z*: (1) by propositional reasoning already. O

Miiller-Olm has found a simpler proof of PSPACE-hardness but not pub-
lished it. He uses a reduction from the universal acceptance problem for non-
deterministic finite automata. Given an NFA %[ over the alphabet Y| does 2

Fig. 3. The transition system for .
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accept X*7 For the reduction, 2 is regarded as a transition system that satisfies
(V2.1 N Noex Z;(a)); qain iff A accepts X* where ggy, is true in all final states
of A.

This proves the even stronger result that model checking FL.C is PSPACE-
hard for fixed formulas already. The reduction does not work for £, since fixed
point formulas in £, are right-linear. But the automaton at hand is nondeter-
ministic and a left-linear formula is needed to allow prefixes of a word w to be
accepted along paths that are not prefixes of the one accepting w.

Corollary 3. FLC* model checking is PSPACE-complete for every k > 0.

5 Conclusion

FLC is a very interesting general temporal logic. Its expressive power goes be-
yond regular properties: indeed it can express both context-free and context-
sensitive features (such as, “every path has the label sequence a™b™c"”, see
[@]). Although satisfiability is undecidable, model checking finite transition sys-
tems is decidable. In the paper we have provided a reasonably simple tableau
based model checker that does not explicitly calculate functions and approxi-
mants. This model checker yields an EXPTIME complexity upper bound. We
also showed a PSPACE lower bound and PSPACE-completeness when alterna-
tion depth is fixed. There is a similarity with the model checking £, problem.
It is P-complete for fixed alternation depth and is in NPNco-NP for the general
case.

An interesting open question is whether there is a suitable notion of (alter-
nating) automaton or graph game that is equivalent to model checking FLC.

Acknowledgments We would like to thank Markus Miiller-Olm and the people
of the Concurrency Workshop at BRICS for helpful comments on this topic.
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Abstract. We consider quantitative model checking in durational
Kripke structures (Kripke structures where transitions have integer du-
rations) with timed temporal logics where subscripts put quantitative
constraints on the time it takes before a property is satisfied.

We investigate the conditions that allow polynomial-time model check-
ing algorithms for timed versions of CTL and exhibit an important gap
between logics where subscripts of the form “= ¢” (exact duration) are
allowed, and simpler logics that only allow subscripts of the form “< ¢’
or “>¢” (bounded duration).

A surprising outcome of this study is that it provides the second example
of a AB-complete model checking problem.

1 Introduction

Model checking (the automatic verification that a model fulfills temporal logic
specifications) is widely used when designing and debugging critical reactive sys-
tems [Eme90ICGP99]. During the last decade, model checking has been extended
to real-time systems, where quantitative information about timings is required.

Real-time model checking has been mostly studied and developed in the
framework of Alur and Dill’s Timed Automata [ACD93]. There now exists a large
body of theoretical knowledge and practical experience for this class of systems,
and it is agreed that their main drawback is the complexity blowup induced by
timing constraints: all model checking problems are at least PSPACE-hard over
Timed Automata [Alu91CYI2IACDIZAT.I9].

However, there exist simpler families of timed models, for which polynomial-
time model checking is possible. Usually, these are based on classical, discrete,
Kripke structures (KS). Here there is no inherent concept of time (contrary to
clocks in Timed Automata) and the elapsing of time is encoded by events. For
example, in [EMSS92] each transition of a KS is viewed as taking exactly one
time unit, and in [LSTO0] a “tick” proposition labels states where the clock
is incremented. This framework is less expressive than Timed Automata, but
it is conceptually simpler, it allows efficient model checking algorithms, and is
convenient in many situations.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 264-279] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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There are two main popular approaches for extending temporal logics with
the ability to express timing aspects of computations (see [AH92] for a survey).

First, the use of freeze variables (also formula clocks) in temporal formulae
allows the comparison of delays between events. The resulting logics are very
expressive but often have hard model checking problems (because they make it
possible to combine the timings of several different events in arbitrary ways).

A simpler approach is the use of timing constraints tagging temporal modal-
ities. For example, the formula EF_ ., A states that it is possible to reach a
state verifying A (“EF A”) in less than 10 time units. These constraints are less
expressive than freeze variables but they lead to more readable formulae, and
sometimes allow easier model checking.

Timing constraints can have three main forms: “<¢” and “>¢” set a lower
or upper bound for durations, while “= ¢’ requires a precise value. TCTL is
the extension of CTL with all three types of constraints, while TCTL< > is
the fragment of TCTL where the “=¢” constraints are forbidden. Other classical
temporal logics can be extended in the same way, and we call TCTL*, TLTL< >,
etc. the resulting formalisms.

Model checking TCTL over Kripke structures can be done in timd] o(S|* -
lo]) [EMSS92]. This is in sharp contrast with model checking over Timed Au-
tomata (PSPACE-complete [ACD93]) and with model checking CTL extended
by freeze variables (PSPACE-complete over KSs [LST00]).

Thus it appears that polynomial-time model checking of timed properties is
possible if one picks the right logic (e.g. TCTL) and the right models (e.g. KSs).

79 RY

y
=c

Our contribution. In this paper, we propose and study durational Kripke struc-
tures (DKSs), a very natural extension of KSs. As illustrated in Fig. [l a DKS
is a KS where transitions have possible durations specified by an interval of
integers. Such structures generalize the models of [EMSS92] or [LST00] and pro-
vide a higher-level viewpoint. For example, steps having long durations can be
modeled without long sequences of transitions. Also, the size of a DKS is mostly
insensitive to a change of time scale. Still, the model does not allow anything like
the synchronization of several clocks in Timed Automata: the main limitation
of DKSs is that there is no simple way to combine several components.

We show that model checking DKSs can be done in polynomial time when
TCTL< > is considered, i.e. when exact durations are not allowed as subscripts
of modalities. This extends the positive results from [EMSS92ILST00] to a more
expressive class of models.

Allowing exact duration constraints increases the complexity of model check-
ing: we show that model checking TCTL over DKSs is Ab-complete. This last
result is technically involved, and it is also quite surprising since A%, the class
PNP of problems that can be solved by a deterministic polynomial-time Tur-
ing machine that has access to an NP oracle [Sto76[Pap94], does not contain
many natural complete problems [Pap84|Wag87[Kre88]. Indeed, the only known

! In such statements, |S| denotes the size of the structure, and |¢| the length of the
temporal formula.
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[0,10]

Notif.
Reject

Notif.
Accept
Final
Version

[50,110]

1

Fig. 1. A DKS modeling publications by one author (time in days)

Ab-complete problem from the field of temporal model checking has only been
recently identified [LMSO1].

Finally, we show that exact duration constraints induce a similar complexity
blowup when model checking DKSs with other logics like TLTL and TCTL".

Related work. Quantitative logics for Timed Automata are now well-known and
many results are available regarding their expressive power, or the complexity
of satisfiability and model checking [AH94JACD93/AH93/AFHI6/Hen98]. That
exact durations may induce harder model checking complexity was already ob-
served in the case of TLTL and Timed Automata [AFH96].

The literature contains several models that are close to DKSs but mostly
linear-time logics were considered [Ost90/AH94] and this makes model checking
at least PSPACE-hard.

Emerson et al. give polynomial time algorithms for model checking TCTL
over discrete KSs in [EMSS92] and TCTL< over “tight DKS” (all intervals are
singletons) in [ET99] section 4]. They also study model checking for quanti-
tative logics with more complex constraints in [ETO7[ET99]. Model checking
TCTL over “small-step DKS” (see section B)) is considered in [LSTO0] where the
expressive power of constraints is investigated. [Lew9(] describes a quantitative
CTL over discrete timed structures but does not investigate complexity of model
checking.

2 Durational Kripke Structures

We write N for the set of natural numbers, and Zy (or just Z) for the set of
intervals over N. An interval p € 7 is either finite (of the form “[n,m]”) or
right-open and infinite (of the form “[n,c0)”).

Assume a countable set AP = {Py, P5,...} of atomic propositions.
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Definition 2.1. A durational Kripke structure (DKS) is a 3-tuple S = (Q, R, 1)
where @ is a set of states, R C Q x Z X @ 1is a total transition relation with
duration and [ : Q — 24% labels every state with a subset of AP.

Below we only consider finite DKSs, such that ¢, R and all I(g) are finite sets.
Graphically, a DKS is just a directed graph where a triple (¢,p,q¢’) € R is
depicted as a p-labeled edge from ¢ to ¢'.

Semantics. The intended meaning of an edge (g, p,¢’) is that it is possible to
move from ¢ to ¢’ with any integer duration d belonging to the interval p. We

write g 4, ¢’ when d € p for some (g, p,q') € R. A sequence m = ¢qq Lo, 7l a, qQ ...

with ¢; &, ¢i+1 € R for all i is called a path if it is finite and a run if it is infinite.
A simple path is a path where no state is visited twice (a loop-free path). For
a Tun m, 7|, is the path obtained by only considering the first n steps in 7. For
q € Q, we let Exec(q) denote the set of runs starting from ¢: because R is total,
any state is the start of at least one run.

The size (or length) of a path m = qo do, Q1 4, g2 Gn is n (the number of
steps), and its duration, denoted Time(w), is do + -+ + dp—1.

Ezample 2.2. The DKS of Fig. Mlmodels the publication process of one busy re-
searcher, assuming time in counted in days. (This example does not distinguish
between the name of the states and their labeling by propositions. Also, single-
ton intervals [n,n] are written simply n.) A property we would like to express
(and model-check) is “whenever a notification is received, either publication or
submission occurs in less than 150 days”.

Restricted DKSs. There are several natural restrictions one can put on the gen-
eral model of DKS:

— A tight DKS is a DKS where all intervals are singletons. The Timed Kripke
structures of [ET99, section 4] are tight DKSs and the Timed State Graphs
considered in [AH94] are equivalent to tight DKS. Below we show that, in
general, restricting to tight DKSs does not make model checking easier.

— A small-step DKS (a ssDKS) is a tight DKS where all steps have duration
0 or 1. The model used in [LST0O0] is very close to small-step DKSs, but the
duration information, “0 or 1 time unit?”, is carried by the nodes.

— A KS is a small-step DKS where all steps have duration 1. This is the model
assumed in [EMSS92].

There are fundamental differences between ssDKSs and DKSs. First, if there is
a path connecting some ¢ to some ¢’, then the shortest such path has duration
at most |@| — 1 in a ssDKS, while it can have exponential duration in DKSs.
Moreover, in ssDKSs time progresses smoothly along paths: a path 7 of
duration ¢ can always be decomposed into two subpaths m = 7’.7n” with
Time(r') = [§] and Time(n”) = [§]. This property plays a crucial réle in
efficient TCTL model checking algorithms over ssDKSs [EMSS92ILST0Q].
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3 Quantitative Temporal Logic

TCTL is the quantitative extension of C'I'L where temporal modalities are sub-
scripted with constraints on duration [ACD93]. Here it is interpreted over DKSs
states.

Definition 3.1 (Syntax of TCTL). TCTL formulae are given by the following
grammar:

e, u= P | P | ... | e | oAy [ EXe | EpUnct | ApUncd
where ~ can be any comparator in {<,<,=,>,>} and ¢ any natural number.

Standard abbreviations include T, L, V 9,0 = 1,... as well as AXy (for
—EX-¢), EF . ¢ (for ETU . @), AF. ¢ (for ATU . ¢), EG.c @ (for AF . —¢p)
and AG.. ¢ (for =EF .. —p). Further, the modalities U, F and G without sub-
scripts are shorthand for Usg , etc. The size |¢| of a formula ¢ is defined in the
standard way, with constants written in binary notation.

Definition 3.2 (Semantics). The following clauses define when a state q of
some DKS S, satisfies a TCTL formula o, written q = ¢, by induction over the
structure of ¢ (semantics of boolean operators is omitted).

q = EXe iff there is a q LR q st. ¢ Ep,

q = EpU.. ¢ iff there is a run m of the form q = qo d—0>q1 d—l>q2~-- and an
s.t. Time(m),) ~ ¢, gn F ¥, and g; = ¢ for all 0 <i <n,

q = ApU.. ¥ iff for all runs 7 of the form g = qo do, q 4, qs- -+ thereis an
s.t. Time(m),) ~ ¢, gn F ¥, and g; |= ¢ for all 0 <i < n.

Thus, in EpU.. ¥, the classical until is extended by requiring that ¢ be satisfied
within a duration (from the current state) verifying the constraint “~c”.

Here are some examples of TCTL formulae stating expected properties for
the DKS from Figure [}

AG(New_Idea = —EF 1 Publication)

AG(Submission = AF 40 (Publication \V Revised Draft \ New_Idea))
The first formula states that a new idea is never followed by a publication in
less than 100 days. The second formula states that any submission is inevitably

followed by a notification of acceptance, a revised draft, or a new idea, in less
than 40 days.

Equivalent formulae. We write ¢ = 19 when ¢ and v are equivalent (every state
of every DKS satisfies ¢ < 9) and ¢ =,, ¥ when the equivalence only holds in
states of small-step DKSs.

The following equivalences hold:

ApUcct)=AF<ot) A ~E(-$)U(-p A ) (1)
AUzt =AG (¢ A ApUso ) (2)
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Some seemingly natural equivalences only hold for small-step DKSs (but do not
hold for DKSs in general). For example:

EoU<cp = Ep U< (¥ VEpU<c1 ) (3)
EoU_cp=.EpU_; (Ep U1 9) (4)
EpUsc =.EpU— (EpUy) (5)

4 Model Checking TCTL over DKSs

The model checking problem we consider in this section is, given some DKS 5,
some state ¢, and some TCTL formula ¢, to decide whether ¢ = ¢.

Model checking algorithms for TCTL have to deal with the timing constraints
carried by the modalities. Constraints of the form “= ¢” (exact durations) are
usually more difficult than inequality constraints. Furthermore, when dealing
with DKSs, the durations associated with the transitions make the problem
even harder. Indeed NP-hard problems appear for simple formulae:

Proposition 4.1 (Hardness of reachability with exact duration).
Model checking formulae of the form EF_. P over DKS is NP-hard.

Proof. By reduction from SUBSET-SUM [G.J79, p. 223]: an instance is a finite
set A ={aq,...,a,} of natural numbers and some number D. One asks whether
there exists a subset A’ of A such that D = )" a. This is the case iff ¢y =
EF_p P in the following DKS:

acA’

q0 ai q1 a q2 as Ay, dn
— PDo
0 0 0 0

Therefore model checking T'C'TL over DKSs is NP-hard and coNP-hard. Now,
the problem is clearly in PSPACE: one can easily adapt algorithms for model
checking TCTL over Timed Automata (a PSPACE-complete problem [ACD93])
to handle DKSs.

4.1 Polynomial-Time Model Checking for Restricted Cases

It turns out that polynomial-time model checking remains possible as long as
equality constraints or durations on transitions are forbidden, as we now show.

Let TCTL< > denote the fragment of TCTL where equality constraints on
modalities are not allowed:

Theorem 4.2.
Model checking TCTL< > over DKSs can be done in time O(\S|2 o).

Proof. Tt is enough to extend the classical CTL algorithm with labeling proce-
dures running in time |S|2. [log c] for each modality E Py U.. P> and AP, U Ps.
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¢ is E Py U<, Po: We restrict to the subgraph where only states satisfying
E P, U P, have been kept, and where we only consider the left extremity
of intervals p on edges. Then for every state ¢ we compute the smallest du-
ration (call it ¢4) such that ¢ = EP;U<., P». This can be done in time O(|S?|)
using a classical single-source shortest paths algorithm [CLR90]. Then q |= ¢
iff ¢, <ec.

¢ is E P, Us. P>: We start with some preprocessing of S: let us introduce a new
proposition Psee+ () and use it to label every node belonging to a strongly
connected set of nodes satisfying ¢ and where at least one edge allows a
strictly positive duration. That is, ¢ = Pscc+ (g iff it is possible to loop on
p-states around q with ever increasing durations. Labeling states for Pscc+ (y)
can be done in time O(]S]) once they are labeled for .
We can now solve the original problem. There are two ways a state can satisfy
. Either a simple path is enough, or a path with loops is required so that a
long enough duration is reached. We check the existence of a path of the first
kind with a variant of the earlier shortest paths method, this times geared
towards longest acyclic paths. We check for the existence of a path of the
second kind by model checking the CTL formula E PyU(Pscc+(p,) AEPLU P2).

¢ is A Py U<, Py: We reduce to the previous cases using equivalence (1) and
AF<ct = mE-p U5 T A =E=pU Pyeeo(—y)- Here Psgeo(—y) labels strongly
connected components where one can loop on —)-states using only transi-
tions allowing for zero durations.

¢ is A Py Us. P,: We reduce to the previous cases using equivalence (2) and
AG.. p = -EF. —p. O

Note that this result extends Theorems 3 and 4 of [ET99] on model checking
E P U<, P> and EG<. P over tight DKSs.

When equality constraints are allowed but arbitrary large durations in DKSs
are forbidden, we rely on the following result:

Theorem 4.3 ([EMSS92/LST00]).
Model checking TCTL over small-step DKSs can be done in polynomial-time.

Now, since model checking is already P-hard for CTL over KSs, model checking
TCTL< > over DKSs, or TCTL over ssDKSs, is PTIME-complete.

4.2 A% Model Checking for TCTL over DKSs

Allowing both exact durations and general DKSs makes model checking harder
(Prop. EL1) but this is not enough to make the problem PSPACE-completdd. In
fact, we have:

Proposition 4.4. Model checking TCTL over DKSs is in A¥.

Proof. A natural A algorithm is to use the natural CTL-like labeling algorithm,
accessing an NP oracle for the basic modalities. Theorem [.2] provides determin-
istic polynomial-time solutions for modalities where exact duration is not used.

2 This sentence assumes there is no collapse in the polynomial-time hierarchy.
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Therefore it remains to provide NP routines for modalities of the form EP; U_. P,
and A P; U_, P». We deal with the E P; U_, P, modalities in Lemma [4£3] and
with the A P; U—. P, modalities in Lemma 0O

Lemma 4.5. Model checking the formula EPyU_. P> over DKSs is in NP.

Proof. Let S =(Q, R,l) be a DKS. We first deal with the simpler case where S
is tight (all intervals labeling R are singletons).

Assume there exists a path m = qq do, Q1 4, G2+ qn in S witnessing qp =
E P, U_. P,. We can assume n < ¢ - |@| since any null duration loop can be
removed from 7, but this is not enough to guarantee that 7 has size polynomial
in |S| + [logc].

With 7m we associate the Parikh image of its transitions, that is, the map
@, : R +— N that counts the number of times each transition appears in 7. Such
a @ also counts the number of times each node is entered and left: &i(q) =
SH{P(t) | t enters ¢} and $°(q) = > _{P(t) | t leaves ¢}.

Obviously, @, satisfies the following properties:

1. @i (q) = P2(q) for any ¢ different from gy and g,. Furthermore, if gy = ¢y,
then @7 (qo) = P3(qo), otherwise #7(qo) — D7 (q0) = 1 = D7 (qn) — P7(qn)-

2. The subgraph of S induced by the transitions ¢ € R with @,(t) > 0 is
connected.

3. &, has duration ¢, i.e. c = > {d-®(t) | t = (¢,[d,d],q') € R}.

4. g» = P2 and g = P; for any state ¢ such that 2(q) > 0.

Conversely, if some @ (with qo, ¢, ) fulfills conditions 1. and 2., then by Euler
circuit theorem, @ is @, for some path 7 from ¢¢ to g, in S. If conditions 3.
and 4. also hold, then 7 proves that ¢y = E Py U=, P. If we assume n < ¢ |Q)],
then @ can be encoded in polynomial-size, conditions 1 to 4 can be checked in
polynomial-time, and @ (with g, ) can be used as the polynomial-size witness we
need for an NP algorithm.

Now, if we remove the assumption that S is tight, it is enough to replace
condition 3. by

Z min(p) - P(t) < ¢ < Z max(p) - P(t)

t=(q,p,q") t=(q,p,q")

Lemma 4.6. Model checking the formula A Py U_. P, over DKSs is in coNP.

Proof (Sketch). Since APy U=, P, = AP, Us. P> N “EG=. — P, it is enough to
show that model checking formulae of the form EG_. P can be done in NP. This
is done using techniques similar to the previous Lemma. (One difference is that
we have to consider two cases: the path visits duration ¢, or it avoids it.) O
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4.3 A%-Hardness of TCTL Model Checking

We now show that model checking TCTL over DKSs is Ab-hard, and hence Ab-
complete. This means that there is no essentially better way for model checking
TCTL over DKS than the labeling algorithm used in Prop. 4.4

Proving Ab-hardness is difficult in part because there exist very few natural
problems that are Ab-complete and that could be used in reductions to TCTL
model checking. Here we capitalize on our recent proof that model-checking
FCTLis Ab-complete [LMSOI] and follow its pattern. However, this pattern must
be altered and we have to encode boolean problems in numerical problems. Since
model-checking TCTL becomes polynomial-time when the numerical constants
are written in unary, the Af-hardness proof has to encode information in the
bits of the numbers used in the DKS and the TCTL formula.

A Ab-complete problem. We start by briefly recalling SNSAT (for sequentially
nested satisfiability), the Ab-complete satisfiability problem we reduce from. An
instance Z of SNSAT has the form

Iy = 3Z1 Fl(Zl),
I T 1= HZQ Fg(.]?l,ZQ),

T, =37, ,Fn(.’L'l7 . ,xnfhzn)

where each F; is a boolean expression, each Z; is a set of (auxiliary) boolean
variables, and the z; are the main variables. We write X for {z1,...,z,}, Z
for ZyU---U Z,, and assume the sets X, 71, ..., Z, are pairwise disjoint. Var
denotes X U Z and p = |Z].

W.lo.g., we assume every F; is a 3-CNF of the form A, \/;o’nz1 o,1,m Where
the ;1 are literals. With every disjunct \/m o 1.m We associate a clause Cj
of the form z; V'V, ai1,m and write Cl = {C4,...,C,} for the resulting set of
clauses.

Z defines a unique valuation vz of the variables in X where vz(z;) = T
ift F;(vz(x1),...,vz(zi—1), Z;) is satisfiable. The computational problem called
SNSAT is, given an instance Z as above, to decide whether vz (z,) = T. Therefore
T can be seen as a sequence of n satisfiability problems where the ith problem
depends on the answers of the earlier problems.

With this in mind, we say a valuation w of Var is:

safe: if, for all i =1,...,n, w(zx;) implies F;(w(x1),...,w(zi—1),w(Z;)),
correct: if, for all i =1,...,n, w(z;) = Fy(w(z1),...,w(x,—1),w(Z;)),
admissible: if w is correct and coincide with vz over X.
A correct valuation is safe and is also consistent for negative values assigned to
some x;. Still, this does not guarantee that the values of variables in Z are best
possible, i.e. that w is admissible. An arbitrary valuation over Z extends into a
correct valuation in a unique way, and checking that a given w is correct can be
done in polynomial-time.

An admissible valuation is just a valuation for Z that yields vz for X. Hence
it is optimal over Z. Clearly, admissible valuations exist for any SNSAT instance,
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positive (vz(x,) = T) or negative, but checking that a given w is admissible is
Ab-complete.

Reducing SNSAT to TCTL model checking. Fix some K € N. To variables
u € Var and clauses C' € Cl we assign weights s(u) and s(C') given by:

s(x;) = K* s(z) = K" s(C;) = Ktrte

A multiset M of variables and clauses (M € NVeYUCl) hag weight s(M) =
Y. 5(x) x M(z). Now if M(z) < K and M'(z) < K for all x € Var U ClI,
then s(M) = s(M’) iff M = M. Therefore, by picking K large enough, we can
reduce the equality of small multisets to the equality of their weights.

We now build Sz, a DKS associated with Z. See Fig. 2l Nodes in St are of
two kinds: literal nodes (in the upper part of the figure) and filling nodes (in
the lower part). With a path through the literal nodes that avoids the vertical
“Z; — x;” edges one associates a valuation of Var in the obvious way. The filling
nodes are there for accounting purposes (see below).

d(xn)

Fig. 2. Kripke structure St associated with SNSAT instance 7

For a literal o of the form +u, the duration d(«) is defined as s(u) +
SHs(C) | C € Cly,a = C}. Therefore a path through the literal nodes will
collect in its duration the weight of all the variables it visits plus the weight of
all the clauses these literals satisfy (each clause being counted up to four times
since it may be satisfied thanks to four different literals). Then the path visits
the filling nodes where it can gather further clause or literal weights.

Now define
K S sy +4x Y s(0)
u€ Var CcecCl

and assume K is large enough (here K > 11 suffices). Then, for any u € Var,
a path 7 of weight K’ must collect d(u) or d(@) once and only once. Thus 7
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defines a valuation of Var. Furthermore 7 has to gather 4 times the weight of all
clauses from Cl. Since, for C' € Cl, we can only collect 3s(C) via filling nodes,
must visit at least one literal that satisfies C.

Hence paths of length K’ correspond to valuations that satisfy all the clauses.
We rely on this and introduce the following T'C'TL formulae:

def
SOOZeTa

and, for k>0, ¢, o E[PE = EX(P, A w,H)} U T,

where P, (resp. Pz) is an atomic proposition that labels the n positive z; nodes
(resp. the Z; nodes).
We can now link vz and the ¢y by:

Lemma 4.7. ForkeNandr=1,...,n:
(a) if k >2r —1 then (vz(z,)=T iff Sz,2r E k),
(b) if k > 2r then (vz(z,.) =1 iff St,%Tr E i)

Proof. By induction on k. The case k = 0 holds vacuously. We now assume that
k > 0 and that the Lemma holds for k£ — 1.
i. We prove the “=" direction of both “iff”s.

Let w be an admissible valuation. We use w to build a path 7 that starts at
x, (or T, if w(z,) = L), has total duration K’, and only visit literals true under
w (such a 7 exists because w is admissible). We claim 7 proves z, |= ¢y, (or 7, |=
©k). This only requires that all nodes visited by 7 satisfy Py = EX(Py A —pg_1)
but on Sz this translates into “w(z;) = L for ¢ < r implies z; = —¢r_1” and is
given by the induction hypothesis.
ii. We now prove the “«<” direction of both “iff”s.

Assume k > 2r — 1 and z, | ¢k (or k > 2r and T, = ¢g). Thus there is
a path 7 starting from z, (or Z,), with duration K’, and only visiting states
satisfying Py = EX(P, A =¢g—1). Since Time(w) = K’ the valuation w induced
by 7 satisfies all C' € Cl. We further claim that w(z;) = vz(z;) fori=1,...,r
and prove this by induction over i:
iia. If w(z;) = T then A, V,, w(®iim) =T, so that Fy(w(z1),...,w(xi-1), Z;)
is satisfiable. By ind. hyp. we get that F;(vz(z1),...,vz(x;-1), Z;) is satisfiable,
so that vz(x;) = T.
iib. If w(x;) = L then T; = EX(Py A =¢k—1), implying z; = —¢r—1. If i < r we
have k — 1 > 2i — 1 and, by ind. hyp., vz(x;) = L. If i = r then we are dealing
with the case k > 2r and Tg | ¢, so that k —1 > 2i — 1 and again vz (z;) = L
by ind. hyp. O

Proposition 4.8. Model checking TCTL over DKSs is Ab-hard.

Proof. By Lemma [I7 7 is a positive instance iff Sz,x, = @an—1. Observe
that Sz and ¢2,-1 can be built in logspace from Z. Thus SNSAT, a Ab-
complete [LMSQOT], reduces to TCTL model checking. O
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Theorem 4.9. Model checking TCTL over DKSs is Ab-complete.

Proof. Combine Props [£4] and EE8. O

Remark 4.10. Theorem [£9] can be strengthened in various ways. E.g. note that
St is a tight DKS. Further, we used the EX modality in ¢ but this is not nec-
essary (and could be replaced by EF< ). Moreover Sz contains transitions with
null duration but it is easy to adapt the construction and show that Theorem 9]
still holds over tight DKSs with strictly positive durations.

5 When Are Exact Durations Harder over DKSs?

[43 )

Comparing Theorems [£:2] and [£.9] shows that allowing subscripts “= ¢’ makes
model checking TCTL over DKSs significantly harder. There exist other situa-

tions where exact duration subscripts make problems harder. For example:

— In small-step DKSs, model checking TCTL and T'CTL< > are both PTIME-
completdd but satisfiability is harder for TCTL than for TCTL< > [EMSS92].

— Over Timed Automata, exact duration subscripts do not make model check-
ing harder for TCTL (PSPACE-complete for TCTL [ACD93]), but they do
for the linear time temporal logic MITL [AFH96].

In this section we consider how exact duration subscripts do or do not increase
the cost of model checking when the models are DKSs and the logic is a timed
variant of classic temporal logics like LTL or CTL".

We will write TLTL, TCTL* and TCTL" for the timed variants of the logics
LTL, CTL* and CTL" (definitions omitted, see [Eme90]) and will let TLTL< >,
etc., denote the fragments where exact duration is not allowed.

5.1 Model Checking TLTL over DKSs

TLTL formulae are path formulae and are interpreted over runs in a DKS. As
usual in this case, we consider ezistential model checking, that is the problem of
deciding for a DKS S, a state ¢ and a formula ¢, whether there exists a path
from g verifying .

Theorem 5.1.
1. Model checking TLTL over DKSs (and ssDKSs) is EXPSPACE-complete.
2. Model checking TLTL< > over DKSs (and ssDKSs) is PSPACE-complete.

Proof. 1. EXPSPACE-hardness: it is possible to describe with a TLTL formula
the accepting runs of a Turing Machine that runs in space 2". As usual, a run
of the TM is seen as a sequence of instantaneous descriptions (i.d.). Here each

3 More precisely, model checking full TCTL can be done in time O(|S|* - |¢|) while
model checking TCTL<, > can be done in time O(|S] - |¢|) [LSTO0].
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i.d. has length 2™. One easily writes that any two consecutive i.d.’s agree with
the TM rules by means of the F_y» modality, a modality of size O(n).
Membership in EXPSPACE: this can be seen as a special case of the
EXPSPACE upper bound for TPTL [AH94], a logic more expressive than TLTL
interpreted over “timed state graphs” (a model in which one can encode DKSs).
2. PSPACE-hardness: comes from PSPACE-hardness of LTL model checking.
Membership in PSPACE: [AFH96] shows that model checking MITL. » (a
logic equivalent to TLTL< >) over Timed Automata can be done in PSPACE.
Since Timed Automata easily encode DKSs, the upper bound follows. ]

5.2 Model Checking TCTL* over DKSs

Theorem 5.2.
1. Model checking TCTL* over DKSs (and ssDKSs) is EXPSPACE-complete.
2. Model checking TCTLZ > over DKSs (and ssDKSs) is PSPACE-complete.

Proof. A direct consequence of Theorem[5.1} the techniques from [EL87] produce
an algorithm for TCTL* under the form of a simple polynomial-time labeling
algorithm that calls an oracle for TLTL model checking. Hence model check-
ing belongs to PEXPSPACE "that is EXPSPACE. The same reasoning applies to
TCTLL - and yields a a PPSPACE ‘that is a PSPACE algorithm. O

5.3 Model Checking TCTL' over DKSs

CTL" is the extension of CTL in which boolean combinations of path for-
mulae are allowed to appear under a path quantifier [Eme90]. For example,
A(Fcsreq) = Fosreqy) isa TCTL' formula.

Theorem 5.3.
Model checking TCTL" and TCTL;Z over DKSs (and ssDKSs) is AL-complete.

Proof. Ab-hardness comes from Ab-hardness of (untimed) CTL" model check-
ing [LMS01]. Membership in A% is a consequence on Lemma[5.4], an extension
of Lemma HA. o

Lemma 5.4. Model checking formulae of the form E(A,P; U~e, P A
N; ~(Pj Une, P})) over DKSs is NP-complete.

Proof (Idea). Only membership in NP needs be proved. This is done by combin-
ing ideas from Lemmas and .6, where we show how it is possible to witness
the existence of a path through its Parikh image (and a few additional bits of
information), and ideas from CTL' model checking, where a witness simply indi-
cates in what order the different P;UP; modalities are eventually satisfied along
the path, with the choice of nodes that appear at these satisfaction points. O

Therefore, unlike the classical untimed case where model checking is harder
for CTL™ than for CTL, there is essentially no complexity cost for using TCTL"
instead of TCTL over DKSs.
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6 Conclusion

Figure Bl summarizes our results on the complexity of model checking quan-
titative temporal logics over DKSs. A general pattern is that exact durations
make model checking harder. Polynomial-time model checking is possible if one
considers TCTL and forbids exact durations or restricts to small-step DKSs.

We see two main directions for future work. First, it appears that DKSs can
be seen as Timed Automata where only one clock is used and this clock is reset
with every transition. It would be interesting to see if our results generalize to
Timed Automata with one clock but without the reset restriction.

ssDKSs (1£3) tight DKSs (), DKSs ()
<,> PTIME-complete (Th. 4.2)
TCTL PTIME-complete
<,>,= AbB-complete (Th. 4.9)
TLTL <, > PSPACE-complete (Th. 5.1.2)
<, >,= EXPSPACE-complete (Th. 5.1.1)
<, > PSPACE-complete (Th. 5.2.2)
TCTL*
<, >,= EXPSPACE-complete (Th. 5.2.1)
<2
TOTL e _ AP-complete (Th. 4.9)

Fig. 3. The complexity of model checking over DKSs

The second direction is to investigate alternate semantics for DKSs. Our

assumption that steps in a DKS are all ¢ 4, q for d € p has practical, not
philosophical, motivations: it makes technicalities and notations simpler. But
DKSs could be given alternate semantics.

For example, one could assume that an edge ¢ 4, q’' is a succinct description
of d edges between ¢ and ¢, visiting d — 1 intermediary states. Here time flows
more smoothly. The behavior is the same but the temporal logic can refer to
more observation points (so that its meaning is modified). Another possibility is
to consider that an interval p = [n,n’] in a transition (¢, p,q’) € R states that
the system must wait at least n time units and at most n’ before making the
choice to move from q to q'. This impacts the branching behavior of S.

These two variant semantics may or may not be preferable. The complexity of
model checking remains PTIME-complete for TCT'L< >, but becomes PSPACE-
complete for TCTL (proofs will appear in a full version of this paper).
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Abstract. We consider infinite graphs that are generated by ground
tree (or term) rewriting systems. The vertices of these graphs are trees.
Thus, with a finite tree automaton one can represent a regular set of
vertices. It is shown that for a regular set T of vertices the set of vertices
from where one can reach (respectively, infinitely often reach) the set
T is again regular. Furthermore it is shown that the problems, given
a tree t and a regular set T, whether all paths starting in ¢ eventually
(respectively, infinitely often) reach T', are undecidable. We then define a
logic which is in some sense a maximal fragment of temporal logic with a
decidable model-checking problem for the class of ground tree rewriting
graphs.

1 Introduction

Graphs play an important role in the behavioral description of programs or
processes. The use of theoretically unbounded data structures (such as stacks,
queues, etc.) in these programs requires the use of infinite (transition-)graphs. In
order to allow algorithmic applications like verification of infinite-state systems,
these systems have to be given effectively, i.e., by some finite object. In recent
years many classes of finitely representable infinite graphs have been studied. A
starting point for this research on infinite graphs was an analysis of the configu-
ration graphs of pushdown automata by Muller and Schupp in [13]. The vertices
of pushdown graphs are words (the control state followed by the stack content)
and the edges are defined via the transitions which are prefix rewriting rules on
these words. In [13] it is shown that pushdown graphs have a decidable monadic
second-order (MSO) theory. Later, more efficient algorithms have been devel-
oped for solving reachability problems, model-checking temporal logics [§], and
synthezising strategies for games [T0JT4] on pushdown graphs.

Using rewriting as the basic process for generation of infinite graphs, a variety
of possibilities arises to define classes of graphs different from pushdown graphs.
Let us briefly review some of the approaches. The result on the decidability of
the MSO theory generalizes from pushdown graphs to prefix recognizable graphs
[B], which are also generated by prefix rewriting on words; but the rewriting rules
refer to to regular languages instead of single words. Even more general classes
of graphs can be obtained when using finite word transducers to define the
edge relations of graphs. This leads to automatic graphs in case of synchronous

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 280-294] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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transducers (see e.g. [1]) and to rational graphs [12] in case of asynchronous
transducers. The formalisms to generate automatic and rational graphs are very
strong and even simple reachability problems on these graphs are undecidable.
In [11] model-checking problems for process rewriting graphs are studied (in
process rewriting parallel composition of words is allowed in addition to the
usual sequential composition).

In the present paper we use another generalization of word rewriting, namely
tree rewriting, as already considered in [2]. In tree (or term) rewriting the ba-
sic objects in the rewriting systems are trees. For ground tree rewrite systems
(GTRS) confluence [6], the first-order theory [7], and several reachability prob-
lems [B] have been shown to be decidable. As the example of the infinite grid (see
Section Bl below) shows, the MSO theory of a GTRS graph can be undecidable.
Our goal is to develop an expressive fragment of temporal logic with a decidable
model-checking problem on GTRS graphs. Since reachability analysis of systems
constitutes an important part of verification, we analyze different reachability
problems. As a means of specification we will use finite tree automata to repre-
sent sets of vertices. Given such a regular set T represented by a tree automaton
we address the following problems for GTRS graphs.

(1) Compute the set of all vertices from where one can reach 7'

(2) Compute the set of all vertices from where one can infinitely often visit T

(3) Given a single tree t, do all paths starting in ¢ eventually (respectively,
infinitely often) visit 77

We give algorithms to solve the Problems (1) and (2). The first problem was
already solved in the context of term rewriting (see e.g. [4]), so the solution of
the second problem is the main contribution of the present paper. The problems
in (3) are shown to be undecidable and hence mark a boundary in the design of
a fragment of temporal logic with decidable model-checking problem for GTRS
graphs.

The paper is organized as follows. In Section Blwe introduce GTRS and tree
automata. In Section B we give an algorithm to solve the reachability problem (1),
in Section M we solve the recurrence problem (2), and in Section Bl we show the
undecidability of the problems of universal reachability and universal recurrence
from (3). Finally, in Section [ we use the results of the former sections and
present a logic with a decidable model-checking problem for GTRS graphs.

I would like to thank Wolfgang Thomas and the anonymous referees for many
helpful comments.

2 Ground Tree Rewriting Systems and Tree Automata

A ranked alphabet A is a family of sets (A;);cx), where [k] = {0,...,k}. For
simplicity we identify A with the set Uf:o A;. A ranked tree t over A is a mapping
t: Dy — A with Dy C [k —1]* such that D; # () is prefix closed, for each ui € D
we have uj € Dy for all j < 4, and if u0,...,u(i — 1) € Dy, ui ¢ Dy, then
t(u) € A;. Dy is called the domain of t. We will mainly be interested in finite



282 Christof Loding

trees, except for Section [l where we also use infinite trees. The set of all finite
trees over A is called T4. By C we denote the prefix ordering on N*.

For u € N* we define uD; = {uv € N* |v € D;} and u™'D; = {v € N* |uv €
D.}. For u € D, the subtree t* of ¢ at u is the tree with domain Dy = u" 1D,
and t“(v) = t(uv). For trees t,t’ € T4 and u € D; we define t(u <« t’) to be
the tree s with domain Dy = uDy U (D \ uw(u=1D;)) and s(v) = t/(u~tv) for
v € uDy and s(v) = t(v) for v € Dy \ uw(u~1D;). This means we replace the
subtree ¢* in ¢ by t'.

To denote trees we will use the usual graphical notation (as e.g. in Figure [
and the term notation, where a(to, . ..,%;—1) denotes the tree with a at the root
and tg,...,t;_1 as subtrees.

A ground tree rewriting system (GTRS) is a tuple S = (A, X, P,t;), where
A = (Ay)iep is a ranked alphabet, X' is an alphabet, P is a finite set of rules
ty —7 to with tq,to € Ty, 0 € X, and t; € T4 is the initial tree. For two trees
t,t" € Ta we write t —§ t’ iff there exists a rule t; =7 ¢ in P and u € D, such
that t* = t; and ¢ = t(u « t3). We write t —g ¢’ iff there is a ¢ € X with
t =% t'. By —¢& we denote the transitive closure of —g and by —% we denote
the transitive and reflexive closure of —g.

The tree language generated by S is T'(S) = {t € T4 | t; —% t}. The edge
labeled graph Gg = (Vs, Eg, X)) generated by S is defined by Vg = T'(S), and
(t,o,t") € Egiff t =% t'.

Ezample 1. The GTRS S = (A, Y, P,tr) given by X' = {0,1}, A = (A;)icz
with Ag = {a,b}, A1 = {c}, and Ay = {d}, P = {b =0 ¢(b),a —! c(a)}, and
t; = d(a,b) generates the infinite grid as shown in Figure [ O

As usual a path 7 through a graph G = (V, F) is a (possibly infinite) se-
quence of vertices such that two successive vertices on this path form an edge.
If we consider a path 7 through a graph Gg for a GTRS S, then the edges are
generated by rewriting rules. We will sometimes refer to these rewritings as the

ISH
Q — 0~ Q ~
~ = o—a—ao~—

TR o—0—0

Fig.1. The infinite grid generated by a GTRS.
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rewritings on 7. Given a path 7 and ¢ € N we denote the ith element on 7 by
m(:) and the suffix of 7 starting at 7(7) by 7.

If T C Tx, then t —¢ T means that there is a path through Gg starting

int that infinitely often Vlslts the set T and if 7 is a path through Gg, then

—% T means that 7 is a path starting in ¢ that inﬁnitely often visits 7.
Furthermore we use similar notations as, e.g., t =% Th —% 15 if there is a path
that starts in ¢ and first visits 77 and then T5.

For a set T C Ty of trees let sub(T) = {t' € Ty | 3t € Tandu €
D, with t* = t'} be the set of all subtrees of trees in T'. For later use we define
the sets P, = {t € Ty | I’ € Taowitht - ¢ € P}, PR ={t € T4 | 3t €
T4 with t — t' € P}, and sub(P) = sub(Py,) U sub(Pg).

A nondeterministic tree automaton (NTA) is a tuple A = (Q, A, A, F), where
Q is a finite set of states, A = (4;);cx] is a ranked alphabet, F' C Q is a set

of final states and A C (Uf=0 Q' x A;) x Q is the transition relation. Given a
tree t € T4, a tree p € Ty is a run of A on t iff D, = Dy, and for each u € D;
with t(u) € A; we have (p(u0),...,p(u(i —1)),t(u ) p(u)) € A. We extend A to
trees in the natural way: (¢,q) € A iff p(¢) = ¢ for arun p of A on t. A tree t
is accepted by A iff (¢,q) € A for some g € F and the language T(A) accepted
by Ais T(A) = {t € Ta | (t,q) € A(t) for some ¢ € F'}. A language of trees is
called regular iff it can be recognized by an NTA.

For t € T4, arun p of an NTA on ¢, and a vertex u € Dy it is clear that the
subtree p* of p is a run of the NTA on t*.

The notion of a run can also be applied to infinite trees. This will be used in
Section ]

In the next section we also consider a more general type of automata, namely
nondeterministic tree automata with e-transitions (e-NTA). An e-NTA is a tuple
A=(Q,A A F), where Q, A, and F are as in NTA and A C ((Uf:o Q' x A;))U
Q) xQ is the transition relation. The transitions of A from the set @ xQ are called
e-transitions because in a run these e-transitions do not depend on the input tree.
For an e-NTA A = (Q, A, A, F) one can easily define an equivalent e-free NTA

- =(Q,A,A,F) by (q1,-..,4,a,q) € A™ if there are po,...,p; € Q with
pj =4, (¢1,---,qi,a,p0) € A, and (p;,pr41) € Afor alll € {0,...,5 — 1}. Then
we can define (t,q) € Aiff (t,q) € A™.

3 Reachability

In this section we give an algorithm to solve the following reachability problem:

(Reachability): Given a GTRS S = (A, X, P,t;) and a regular set of trees
T C T4, compute the set of all trees in T4 from which one can reach a tree
of T" in the graph Gg associated to S.

This problem was already solved in [B] and an algorithm similar to the one
presented here can be found in [4] for more general rewrite systems. Thus, we
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only provide the algorithm for the sake of completeness and without correctness
proof.

The main idea of the algorithm is to simulate the rewriting rules within
the tree automaton A = (Q, A, A, F) that accepts the regular set T' = T'(A).
If the automaton contains for each rewriting rule t; — t2 a unique state g,
that identifies t1, i.e., (t,q:) € A iff t = ¢, then such the rule t; — t3 can
be simulated by adding an e-transition (gt,,q) to A, where ¢ is a state with
(t2,q) € A. So the algorithm adds a new part to A such that subtrees from
P;, can be uniquely identified and then starts adding e-transitions as described
above.

First we define the new part that is added to A. Given a set P of rewriting
rules over a ranked alphabet A = (A;);eqy), let

— Q" ={q: |t €sub(Pp)}, and
- AP = {(qt17 e 7qtiaa7Qa(t1,...,tl) | a’(tla .. 7tz) S SU-b(PL)}'

If these new states and transitions are added to A, then the accepted language
does not change and for each ¢t € Pj, the state ¢; can only be reached via ¢.

Figure Blshows an algorithm solving the reachability problem. Note that the
algorithm always terminates since only finitely many transitions can be added
to the automaton Ag.

INPUT: GTRS S = (A, X, P,tr), e-NTA A= (Q,A, A F)

Qo =QUQRT, Ay = AUAT  Fo=F

Ao = (QQ,A, Ao,Fo)

1:=0

while Jt1 — t2 € P,q € Qo with (t2,q) € A; and (t1,q) ¢ A; do
=1+ 1
Ai=Ai1U{(q,,9)}
Ai = (Qo, A, A, Fo)

end

m:=1

OUTPUT: e-NTA A,,

Fig. 2. Algorithm to solve the reachability problem.

For a proof of the following theorem see e.g. [4] (or [§] for the special case of
pushdown systems).

Theorem 1. Given a GTRS S = (A, X, P,t;) and an e-NTA A, the algorithm
from Figure @ computes an e-NTA with |Q| + |sub(Py)| states accepting the set
{tETA|t—>§T}.

4 Recurrence

After having solved the reachability problem from the former section the next
step is to deal with repeated reachability or recurrence.
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(Recurrence): Given a GTRS S = (4, Y, P,t;) and a regular set of trees
T C T4, compute the set {t € Ty |t =% T}.

For this section we fix a GTRS S = (A4, X, P,t;) and an NTA A= (Q, A, A, F).
By A, we denote the automaton A, = (Q, A4, A, {q}).
There are two main steps in the construction of an NTA for the set {t € T4 |

t -2 T(A)}.

Step 1. We reduce the recurrence problem for T'(.A) to the reachability problem
for a set R(A) (defined below) by showing {t € T4 | t =% T(A)} = {t €
Ty |t —% R(A)}. The set R(A) is regular and can be constructed if we can
decide for all trees t € Pp, and all states ¢ € @ whether t —¢ T'(Ay).

Step 2. We give a procedure for deciding for t € P, and g € Q if t =% T'(Ay).

Step 1. Informally speaking, the set R(A) (for a fixed GTRS S) contains all
the trees t such that there is a state ¢ € @ and vertex u € D, with t* € Pr,
t* —% T(A,), and if we assume that there is a run of A on ¢ that labels u
with ¢, then there is an accepting run of A on t. The last condition ensures that
t(u « t') € T(A) for each t' € T(A,). Since the second requirement says that
from t* we can infinitely often reach a tree from T'(A,), it is clear that from ¢
we can infinitely often reach T'(A). On the other hand, if we are given a tree ¢
with ¢ —¢ T'(A), then we can also reach R(A) from ¢. Before we prove this in
Lemma [l we give a formal definition of R(A).

Given t € Ty, u € Dy, and q € @, we say that t(u <« ¢) is in T(A) if there
is a tree t; € T4 such that there is an accepting run p of A on t(u < t1) with
p(u) = q. For this definition we assume that all states of A are reachable, i.e.,
for each q € @ there is a t € Ty with (¢,q) € A. We define the set

th e Pp,t*" —$ T(A,),
R(A) = {teTA |3ue Dy qgeQ: andt(u&q)SeT((jt; }

Lemma 1. Lett € Ta. Thent —¢ T(A) iff t =& R(A).

Proof. “=": Assume that t =% T'(A) andlet 7 =ty —gt1 —gts —=gts —g -
be a path starting at ¢ = ¢, that infinitely often visits T'(A). For i € Nlet u; € Dy,
and t; € T4 such that t;11 = t;(u; < t}) (i.e. the rewriting rules are applied to
the ¢;'"). There is a j € N such that no w; is a proper prefix of u; for all ¢ > j, and
there is an infinite number of ¢ > j such that u; is a prefix of u;. In particular,
this means u; € Dy, for all ¢ > j. Let t; = t;"'. We know that ¢t;, € Pp. Since 7
infinitely often visits T'(.A), there must be ¢ € @ that is infinitely often at u; in
accepting runs on trees from T'(A) on 7. We get t, —% T'(A,) since u; is not a
proper prefix of u; for ¢ > j and because there are infinitely many substitutions
“below” u; (u; is a prefix of u, for infinitely many ¢ > j).

Let k£ > j be such that there is an accepting run of A on ¢ that labels u;
with ¢. Define t' = t(u; < tr) and u = u;. Then (t')" = tz. From the accepting
run on t; that labels u with ¢ we get t'(u «— ¢) € T(A). Thus, ¢’ € R(A).
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For all 7 > j we have that u; is not a proper prefix of u;. Therefore we get
t; —% t and as a consequence t —% t'.

“<": Let t' € R(A) such that ¢t —% t'. It is sufficient to show that ¢’ —¢ T'(A).
Let ¢ € Q and u € Dy be such that(t')* € Pr, and (t')* —¢ T(Aq). Let tg = (¢')*

and let tg —g t1 —g to —g t3 —g --- be a path starting at to that infinitely
often visits T'(Ay). Then t —g t(u «— t1) —g t(u — t2) =g t(u — t3) —g--- is
a path starting in ¢ that infinitely often visits T'(A). 0

Since the set Py, is finite, it is not difficult to verify that the defining properties
of trees in R(.A) can be checked by a finite tree automaton. But to construct such
an automaton we have to decide for each t € Pf, and ¢ € @ whether ¢t —¢ T'(A,).
This is the second step mentioned above and will be done in the remainder of
this section.

Step 2. There are two possibilities on how to visit the set T'(A) infinitely often
along a path 7.

(a) There is a single tree t € T'(A) that is visited infinitely often along =.
(b) There are infinitely many different trees from T'(A) on 7.

To distinguish the two cases we analyze how the trees evolve along a path 7
by defining the limit of 7. This is the tree consisting of all the vertices of trees
on 7 that are eventually not involved in the rewriting steps any more (i.e. the
vertices that are fixed from a certain point onwards). In case (a) this limit will
be a finite tree. If the limit of 7 is infinite, then we have to deal with case (b).
In both cases we can find a normal form for paths infinitely often visiting T'(A).
That is, if there is a path ' : ¢t =% T(A) for ¢ € P, then there is also a path =
in normal form with 7 : ¢t —§ T'(A). Then we describe a procedure to decide for
t € P, and g € Q if there exists a path 7 in normal form with 7 : ¢t —¢ T(A,).

The normal form for case (a) is based on the same ideas as in Step 1 from
above and is stated without proof in Lemma 2l The normal form for case (b)
(Lemma B) is more complicated and will be described in more detail after the
formal definition of the limit of a path.

A branch 3 of a tree ¢ is a maximal prefix closed subset of D; such that for
each u € 8 there is at most one ¢ € N with ui € § (in other words: a maximal
subset of D, that is linearly ordered by C). Given a branch g of a tree ¢ and a
vertex v € Dy we define 8(v) to be the maximal prefix v of v with u € .

Let 7 be an infinite path through Gg. We say that u € N* is stable on 7
if u € Dy for each i € N and none of the vertices used in the rewritings on
7 is a prefix of w. This simply means that w is never involved in any of the
substitutions on the path 7w (note that u is a prefix of itself). The limit lim(r)
of 7 is a (possibly infinite) tree with domain

Diipy(ry = {u € N* [ 3j € N : u stable on 7rj}.

If a vertex u is eventually stable on 7 then it eventually has a fixed label a. We
take this label to be the label of u in lim(r), i.e., lim(7)(u) = a.
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The path 7 is called stable iff for all u ¢ Dy there is a j € N such that
u ¢ Dy for all i > j.

If lim(7) is finite for a path 7 : ¢ — T'(A), then it is not difficult to see that
it is possible to visit T'(A) infinitely often in the following way. From ¢ one can
reach a tree ¢ which has a subtree ¢’ = (¢”)* € Pr. From t' we can reach a
tree r and from r one can reach ¢’ again such that t"’(u «— r) € T(A). This is
formalized in the next lemma. The proof is similar to the construction in the
proof of Lemma [l

Lemma 2. If there ezists a path 7 : t —¢ T(A) with lim(7) finite, then there
are t' € Py, t" € Ta, u € Dy, and q € Q such that t —% ¢, (") =1,
t =5 T(Ay) =5 t, and " (u — q) € T(A). O

The normal form for paths 7/ with lim(7’) infinite is obtained by removing
unnecessary rewritings. By unnecessary we mean that these rewritings are not
essential for visiting T'(A) infinitely often. This results in a new path 7 that is
stable such that lim(7) only has one infinite branch. Furthermore we can ensure
that there are infinitely many trees on m that are accepted by A such that the
accepting runs agree on growing initial segments of the infinite branch of lim (7).

Lemma 3. If there exists a path 7' : t —¢ T'(A) with lim(7’) infinite, then there
is a path 7 : t —¢ T(A) with

(i) m is stable,
(i) lim(7) has exactly one infinite branch 3, and
(iii) there is a run pum of A on lim(w) with the following property. For each
u € f3 there are infinitely many i € N such that there is an accepting run
pi of A on (i) that agrees with prm on {v | B(v) C u}.

Proof. For simplicity we will only speak of runs instead of runs of A.

Let 3 be an infinite branch of lim (7). We first define a mapping pg on § that
will be extended to the run pjin,. In the definition of pg we make use of Konig’s
Lemma to be able to satisfy property (iii).

For u € B let B, = {v € B | v C u} be the initial segment of 5 up to u and
Vi={p: 0y — Q|3 : 7'(i) is accepted by a run that agrees with p on G,}
(3¥ means “there are infinitely many”). Define a graph G = (V, E) with V =
(Uuep V) U {0}. The edge relation E is defined as follows.

— (p,p) € E if there are u,u’ € [ with «' = wi for some i € N such that
p:Bu—Q,p By — Q,and p,p’ agree on (3.
- (B,p) e Eifp: 3. — Q.

Then G is an infinite tree (in the graph theoretic sense) of finite degree. There-
fore, by Ko6nig’s Lemma, there is an infinite path in G. On this path growing
initial segments of 3 are labelled consistently. This gives us our mapping pg.
Now we will modify the path 7’ to obtain the path 7. For each v €  let
iy, € N be minimal such that the successor s(u) of u on f3 is stable on (') and
7'(4,) is accepted by a run p, that agrees with pg on (). To obtain m remove
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for each u € 3 all substitutions on (7/)% at a vertex v with 3(v) = u. Then
7 is still an infinite path and 7 is stable. Furthermore lim(7) only contains the
infinite branch 3. It remains to define pjy, and verify (iii). For each u € Dijy(r)
let piim(u) = pgu)(u). Then one can verify that pyy is indeed a run of A on
lim(7). Since 7 is obtained from 7’ by removing rewritings we get a natural
mapping ¢ : N — N associating 7’(i) with 7(¢(7)). This mapping is inductively
defined as ¢(0) = 0 and

o(7) if the rewriting generating the edge from /() to
pli+1)= 7'(i + 1) was removed from 7',
(i) 4+ 1 otherwise.

By the definition of 7 the tree m(p(i,)) is accepted for each u € § by a run that
agrees with pjim on {v | B(v) C u}. O

Lemmas [2l and [B provide us with normal forms for paths infinitely often visiting
T(A) (or any other regular set of trees). To decide for t € Py, and ¢ € Q whether
t —¢ T(A,;) we construct a finite graph G with vertex set sub(P) x Q x @
and edges labelled with 0 or 1 such that there is a path m in normal form
with 7 : ¢ =% T(A,) iff there is a path through G with infinitely many edges
labelled 1. We will motivate the construction of G by the normal form obtained
in Lemma [3] but it is not difficult to see that we can also use G to find paths
with finite limit.

In the first component of the vertices of G the rewriting steps at vertices on
the infinite branch 8 (according to Lemma B) will be simulated (usually more
than one at a time). The second component will keep track of the state labelling
pim of 8. As we have seen in Lemma [3] there are accepting runs for trees on
the infinite path 7 that agree with py, on growing initial segments of lim(7).
But it is not guaranteed that these runs completely agree with pjy. So, in the
third component of the vertices we will simulate the actual accepting runs on
trees that are on m. The property that we will find runs that agree with py, on
growing initial segments allow us to reset the third component to the second one
whenever we find an accepting run.

Traversing one edge in G corresponds to going one vertex along the branch
0. If we are at vertex u on (8 and wui is the successor of u on (3, then going from
(t,q,p) to (t',q',p") in G means that t is the tree at u before the first substitution
takes place at u and t’ is the tree at ui after the last substitution at u. Thus,
one edge of G corresponds to the sequence of substitutions starting at the first
substitution at a certain vertex on 8 and ending after the last substitution at this
vertex. The edge of G is labelled with 1 if during this sequence of substitutions a
tree from T'(A,) occurs. This is checked using the states in the second and third
component of the vertices of G.

Formally we define G = (V, E), where V = sub(P) x Q x Q and E contains
the following edges.

(1) (t,q,p) o, (t',q',p") € E if there exist t1,...,6 € TA, @15+, Q1,15+, D1 €
Q, i€ {l,...,1} such that
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a(ty,...,t;) € sub(P) and t —% a(ty,..., 1),
- t/:tiaq/:qiap/:pia
— (q1,---,@,0,9), (p1,---,p1,a,p) € A, and
— tj =5 T(Ay,) —%5 T(A,,) for all j € {1,...,1} with j #i.
(2) (t,q,p) LR (t',q¢',p') € E if there exist t1,...,t; € Ta, q1,---,q;D1,---,D1 €
Q, i€ {l,...,1} such that
— a(t1,...,t;) € sub(P) and t —§ T(Ap) —§ a(ty, ..., 1),
—t'=ti, ¢ =q, ' =p;,
— (g1, q,0,9), (p1,---,p1,a,q) € A, and
—t; =5 T(Ap,) =5 T(Ay,) forall j € {1,...,1} with j # 1.

The only differences between (1) and (2) are that in (2) we require a(t1,...,%)
to be reachable from ¢ via a tree from T'(A,) and that we reset the simulation
of a run in the third component.

Lemma 4. Lett € Pr, and q € Q.

(i) There is a path ™ in Gg with m : t —¢ T(A,) and lim(n) infinite iff there
is an infinite path in G with infinitely many edges labelled 1 starting from
(t.q,q).

(i1) There is a path m in Gg with w:t —% T(A,) and lim(w) finite iff there is
a path in G from (t,q,q) to (t',q',q') such that t' —% T(Ay) =& t.

Proof. The proof for (ii) is rather simple with the use of Lemma 21 The idea for
the proof of (i) is as follows.

“<”: By induction on n one can show that if there is a path from (¢,q,p)
to (t',¢,p’) in G starting with n 0-edges and ending with one 1-edge, then
there is a tree t” and uw € Dy such that ¢t —% T(A,) —% ¢, (t")* = t/, and
t"(u —¢') € T(A,). So, from an infinite path in G starting in (¢, ¢, ¢) and having
infinitely many 1-edges one can construct a path in Gg that infinitely often visits
T(Ay).

“=": For this direction the normal form of Lemma Blis used. The first component
in the vertices of GG is used to simulate the rewritings on the branch § at the
point where the vertices on 3 become stable. The second component guesses the
labelling of 3 by piim and the third component is used to simulate the labelling of
B3 by accepting runs on trees that are on 7. Property (iii) from Lemma [3] ensures
that there are accepting runs that agree with pj,, on growing initial segments
of lim(7). O

The graph G can be constructed effectively since the only nontrivial condi-
tions in the construction of the edges are instances of the reachability problem.
Furthermore condition (i) of the previous lemma is decidable by standard algo-
rithms on finite graphs. Condition (ii) of the previous lemma is decidable because

the condition t' —% T(A,) —4& ¢’ can also be formulated as an instance of the
reachability problem. Therefore we get the following lemma.

Lemma 5. Fort € P, and q € Q it is decidable whether t —% T(Ay).



290 Christof Loding

Summarizing the results from this section we get the following theorem.

Theorem 2. Given a GTRS S = (A, X, P,t;) and an NTA A= (Q,A, A F),
one can construct an e-NTA with O(|Q| + |sub(PyL)|) states accepting the set
{teTa|t—4T(A}.

Proof. An automaton for R(A) on an input ¢ € T4 has to guess a subtree t* € Pp,
and ¢ € Q with t* —¢ T(A,) and then verify that ¢t(u < ¢) is in T(A). This
can be done by an automaton with O(|Q| + |sub(Py)|) states (and by Lemma
we can also construct this automaton). Then we apply Theorem [ and obtain
an automaton for {t € Ty |t —=¢ T(A)} with O(|Q]| + |sub(Pr)|) states. O

5 Universal Reachability and Universal Recurrence

In the previous sections we asked for the existence of a path with a certain
property. In this section we address the dual problems.

(Universal Reachability): Given a GTRS S = (A, X, P,t;) and a regular set
of trees T' C T4, does every maximal path in Gg starting in ¢y visit 77
(Universal Recurrence): Given a GTRS S = (A, X, P, t7) and a regular set
of trees T' C T4, does every infinite path in Gg starting in ¢; visit 7" infinitely

often?

We will show the undecidability of these two problems using the same ideas as
in [9] where the undecidability of a similar property for Basic Parallel Processes
is shown. The general idea is to use reductions from undecidable problems for
Turing machines (TM) by defining for a given TM M a GTRS Sj; that can
simulate computations of M. A TM configuration ai - - - axgb; - - - by, where the
word aq ---arb; - -- by is on the tape and the TM is in state ¢ with the reading
head on b;, will be represented by a tree with two branches with X, aq,...,ax
on the left branch and X, bq,...,b;,q on the right branch. The X symbols are
used to model the infinite blank parts of the tape to the left and to the right.
For example the first tree in Figure [3 represents the configuration ga. For a
configuration k of M we will denote the corresponding tree as (k).

With this coding of configurations it is not possible to exactly simulate the
transitions of M by Sj;. The GTRS S}, can simulate the correct behavior of M
as well as incorrect behavior (i.e., in Sj; one can reach ¢(x') from ¢(x) although
M cannot reach k' when started in ). But Sjs will be constructed in such a way
that for every path m through Gg,, that leads from ¢(x) to ¢(x’) there is a tree
from a regular set T, on 7 iff M cannot reach s’ when started «. This property
is obtained by adding auxiliary symbols to the tree alphabet and simulating a
transition of M in more than one rewriting step with intermediate trees that do
not code configurations.

Let M = (Q,B, I qo,qs,0) be a deterministic TM with state set @, input
alphabet B, tape alphabet I', starting state qg, stop state ¢s, and transition
function 6 : Q@ x I' — Q x I' x {L, R}. Furthermore let @ N I" = (), and U be the
blank symbol. If x and «’ are configurations of M, then we write as usual k s &’
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if &’ is the successor configuration of k, and k 4, & if & is a configuration that
is reachable from k. The initial configuration of M on the empty tape is denoted
by ke.

The GTRS Sy = (A, X, P,ty) is defined as follows. The tree alphabet is
A = Ay U A U Ay with Ay = {0}7 Ay = QUFU{X}, and Ag = A1 U
{addy, adds, adds, remy, rems, err}. We do not need the transition labels ', thus
we assume that X' contains one symbol and omit this symbol in the rest of the
proof.

The initial tree is t; = t(k.) = /4 >|(

90
The set P contains the following rewriting rules.

X
b |
| b
a P X |
1. For §(¢,a) = (p,b,L),ce ' | — | andifa=1U, then| — 1|9
q T q !
add; |
add1
X
p \
a | . X D
2. For §(q,a) = (p,b,R): | — b andifa=LJ, then | — l\)
! remq ! |
remi
a X
| b |
3. Forallae 'U{X} beTl: a— lr,bﬂ I, X — ITI
rem
addq ! remi

4. addy — adds, addy — adds, remq — rems.

q a
b a
5. Forallae 'U{X}, bel,qe@: I:) — 1, 1‘) —>l|],
q

addg ad‘d3
| |
6. Forallae TU{X}, beTl, qeQ: l|7 —a l|7

rems rems

7. Foralae 'U{X}, be ', p,g e Q: q— 1‘1, (\1 —q.

err

Figure Blshows the correct simulation of the transition §(q,a) = (p, b, L) (the
TM is in the configuration ga). The symbols a and ¢ are replaced by b and p. Since
the TM moves the head to the left, it has to guess which symbol is on the left
hand side of the head. Here it is the blank symbol. The symbol add; indicates
that the blank symbol should be added to the right branch of the tree. Now
the left branch has to confirm with rem;. Then the two branches alternatingly
increase their add and rem symbols until they reach adds and rems. Now the
blank symbol can be removed from the left branch and then it is added to the
right branch.
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L] L] L] L] L] L] L] L]
/o /o /N /N /N /N /N /N
X X X X X X X X X X X X X X X X

| | I (. [ I | |
a b ] U b (] ] b b
| - [ =0 =1 1 =1 1=1"1~= [ — \
q P rTemy p rTemy p remsaz p remsaz p 4 ]
| \ | | \ | \
[N} u U [N} u U P
| \ | | \ |
add1 add1 addz addg add3 add3

Fig. 3. Example for the simulation of a TM-transition by a GTRS.

The set T,,, contains all trees that result from a violation of the protocol and
all the trees that encode a stop configuration of the TM. From the description
below it is easy to see that Ty, can be defined by an NTA. A tree t is in T4, iff

1. t contains the err symbol,

t contains more than one add or more than one rem symbol,
t contains a rem; symbol and no add; or add;;;1 symbol,

t contains an adds symbol and no rem symbol, or

Al

a
t contains subtrees of the form | and | with a #0.
rem; add,;

By a tedious distinction of cases one can check the following lemma.

Lemma 6. (i) For each configuration k of M: t(k.) =% t(k).
(i) For all configurations k, k' of M there is a path from t(k) to t(x') in Gg,,
not visiting Teyy iff & 3y K.

Theorem 3. The problem (Universal Reachability) is undecidable.

Proof. Let Tyop be the set of all trees encoding a stop or deadlocking configura-
tion. Then, by Lemma [0 (ii), it is clear that a TM M does not stop on the empty
tape iff there is a path through Gg,, starting in ¢; that never visits T U Tstop-

O

Theorem 4. The problem (Universal Recurrence) is undecidable.

Proof. We use a reduction from a problem similar to the halting problem which
can easily be shown to be undecidable:

Given a Turing machine M, does there exist a configuration x of M such
that M does not stop when started in k7

Suppose that such a configuration of M exists. then t(k.) —% t(k) by
Lemma [ (i), and by Lemma [0 (ii) there is an infinite path starting in ¢(x)
not visiting Tey.

If there is an infinite path 7 that visits T4, only finitely often, then one can
pick a tree of the form #(x) on 7 such that there is no tree from T¢,, on the suffix
of 7 starting in t(x) (it is not difficult to see that such a tree exists). Then the
suffix of 7 starting in ¢(k) corresponds to an infinite computation of M starting
in k, again by Lemma [ (ii). 0
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6 A Logic for Model-Checking over GTRS Graphs

For a fixed ranked alphabet A and an alphabet X formulas of our logic are
defined by the grammar (in CTL-like syntax)

¢:=T|L|T|~¢|oVe|(0o)¢|EF|EGF¢

where 0 € X and T C Ty regular. Given a GTRS S = (A4, X, P,t;) define the
semantics ||¢||s (or simply ||¢||) of a formula ¢ as follows.

— Tl =Ta, |1 =0, T[] =T, [|=¢[l = Ta \ ¢l [l61 V d2ll = lI¢1]l U [I2]],
= o) dll ={t € Ta [t =5 [|9]l},
|EFQ|| = {t € Ta [t =% [[4[|}, and

— |EGFo| ={t € Ta|t =% o]}

Then S is a model of ¢, denoted by S |= ¢, iff t; € ||¢||. With the results from
the previous sections we get the following theorem.

Theorem 5. For a GTRS S = (A, X, P,t;) and a formula ¢ one can decide
whether S |= ¢.

Proof. We can construct automata for || T, [|L|l, T, [[=¢ll, [|[¢1V ¢|| with stan-
dard tree automaton constructions. Given an automaton for ||¢||, the automata
for |EF¢| and ||[EGF¢| can be constructed according to Theorems [[] and B
An automaton for || (o) ¢|| has to guess a subtree and a rewriting rule such that
rewriting this subtree with this rule yields a tree from ||¢||. We do not give the
details of this straightforward construction here. Thus, to decide if S = ¢ we
construct the automaton for ||¢| and then check if t; € ||¢||. O

The fragment of temporal logic presented here is maximal in the sense that
including the operators EG or EFG leads to an undecidable model-checking
problem as shown by the results from the previous section. Furthermore, until-
operators (as known from temporal logic) also lead to undecidability, because
in the GTRS constructed in the proof of Theorem Blthe fact that the TM stops
on the empty tape can easily expressed by the until formula E(—Tey)UTgtop
because the existence of a path starting in the initial tree and remaining in the
complement of T¢,, until it eventually reaches Ty, is equivalent to the existence
of a halting computation of the TM on the empty tape.

Conclusion

In the present paper we have analyzed various decision problems for infinite
graphs generated by ground tree rewriting. The problems of reachability and
recurrence as stated in Sections Bl and H were solved whereas the problems of
universal reachability and universal recurrence from Section B were shown to be
undecidable. These considerations lead to a rather expressive and in some sense
maximal fragment of temporal logic with a decidable model-checking problem
for GTRS graphs.
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A drawback of the decision algorithm is that the size of the constructed
automaton is non-elementary in the number of nested negations in the formula
since complementing NTA gives an exponential blow-up. Note that we cannot
simply push the negations inwards to the atomic formulas because this would
lead to universal path quantifiers (A instead of E) which are difficult to handle
with nondeterministic tree automata. The use of alternating tree automata may
help to obtain a better complexity.
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Abstract. Message sequence charts (MSCs) and high-level message se-
quence charts (HMSCs) are popular formalisms for the specification of
communication protocols between asynchronous processes. An impor-
tant concept in this context is the size of the communication buffers
used between processes. Since real systems impose limitations on the ca-
pacity (or speed) of communication links, we ask whether a given HMSC
can be implemented with respect to a given buffer size imposed by the
environment. We introduce four different measures for buffer sizes and
investigate for each of these measures the complexity of deciding whether
a given MSC (or HMSC, or hierarchical MSC) satisfies a given bound
on the buffer size. The complexity of these problems varies between the
classes P, NP, and coNP.

1 Introduction

Message sequence charts (MSC) and high-level message sequence charts (HMSC)
are popular visual formalisms for the specification of communication of asyn-
chronous processes, where most of the details (variables, timing constraints, etc)
are abstracted away. An important aspect for implementing such specifications
is the size of the channel buffers used by the communicating processes. Since real
systems impose limitations on the capacity (or speed) of communication links, it
is natural to ask whether an HMSC can be implemented with respect to a given
buffer size imposed by the environment.

In this paper we introduce four different measures for buffer sizes of (H)MSCs.
These measures result from two orthogonal dimensions: In the first dimension
we distinguish whether all linearizations of an MSC M satisfy a certain buffer
bound (V-boundedness), respectively whether at least one linearization of M
respects the bound (3-boundedness). Universal boundedness is a kind of safety
requirement, expressing that any interleaving of the MSC execution is possible
within the constraints imposed by the environment. Existential boundedness is
important for instance when we want to simulate a given specification, e.g. for
determining the reachable nodes of an HMSC. In this case it suffices to consider
one interleaving for each MSC execution.
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In the second dimension we distinguish between measuring the channel size
as the number of undelivered messages over all channels (global boundedness),
respectively as the maximum of the number of undelivered messages in a given
communication channel, where the maximum is taken over all channels (local
boundedness). The local notion of boundedness is important for implementing
an MSC specification in a distributed process environment. Global bounded-
ness arises naturally when one simulates MSC executions on a single-processor
environment, for instance for test purposes.

By combining both dimensions we say for instance that an MSC M is Elglob—
bounded (existentially, globally) for some b € N, if there exists a linearization
of M such that for each prefix of this linearization the total number of unde-
livered messages is at most b. The notions of Vglob—boundedness (universally,
globally), 3% -boundedness (existentially, locally), and V¢ _-boundedness (uni-
versally, locally) for MSCs are defined similarly. All these notions can be ex-
tended to HMSCs, by referring to all executions of an HMSC. We also consider
the channel boundedness problem for MSCs using references, i.e., already defined
MSCs (nested MSCs, [1]).

We note that the notion of universal-local-boundedness corresponds to the
notion of channel-boundedness used in [2/3J5]6] in the context of regular MSC-
languages. For each of our four measures we investigate the complexity of decid-
ing whether a given (H)MSC or nMSC satisfies a given bound on the buffer size.
The complexity of these problems varies between the classes P, NP, and coNP,
see Table [l in Section [ for a summary of our results.

2 Preliminaries

For complexity results we will use standard classes like non-deterministic log-
arithmic space (NL), polynomial time (P), non-deterministic polynomial time
(NP) and co-NP (complements of NP-problems), see []] for definitions.

A linearization of a partially ordered set (A, <) is a total order on A that
extends the partial order <. The transitive closure of a binary relation E is the
least transitive relation ET containing E. The transitive reduction of E is a
minimal relation ' C E such that E* = FT. For any alphabets A C B and any
word w € B* we define |w|4 as the number of symbols from A in w.

2.1 Message Sequence Charts

Following the ITU norm Z.120 a message sequence chart (MSC) M is a tuple
(€, P, A\, t,m, <), where:

— €& is a finite set of events.

— P is a finite set of processes.

— X : & — P associates with each event e a process A(e) on which e is located.
t: & — {S, R} associates with each event a type. Events in ¢t~1(S) (resp.
t=1(R)) are called send (resp. receive) events.



Bounded MSC Communication 297

—m : t71(S) — t7}(R) is a bijection. A pair (s,m(s)) with s a send event
is also called a message from process p = A(s) to process ¢ = A(m(s)).
The channel type of s (resp. m(s)) is defined as S(p, q) (resp. R(p,q)). The
channel type of e € £ is denoted ch(e).

— < is a partial order on &, also called the visual order of M. We require that
the set of events A™!(p) is totally ordered by =<, for every p € P, and that
< equals the transitive closure of the acyclic relation

U <1 U {(smls) | t(s) = 53

peEP

The size of the MSC M is the number of events in M. Often MSCs are further
restricted to satisfy the FIFO-condition, which means that whenever there are
two send events s; and sp with ch(s;) = ch(sz) and s1 < s then also m(s;) <
m(sz), i.e, message overtaking on any channel is disallowed. A channel is a
pair (p,q) of distinct processes. The MSC definition may also include message
contents or local actions, however this is not important in the present setting.
The complexity results in this paper mostly hold independently of the FIFO-
restriction (respectively whether message names are allowed or not). This is due
to the fact that all lower bound proofs in this paper hold under the FIFO-
restriction, whereas all upper bound proofs (excepting those for nMSCs) hold
without the FIFO-restriction.

Let M = (€, P, \,t,m, <) be an MSC. A linearization of M is a linearization
of the visual order (£,<). Let L be a linearization of M and let b € N. We
say that L is globally-bounded by b if |K|,-1(g) — |[K|;~1(r) < b for every prefix
K of L. We say that L is locally-bounded by b if for all channels (p,q) and
every preﬁx K of L it holds |K‘ch*1(S(p,q)) — |K|Ch*1(R(p7q)) S b. We say that
M is Elglob-bounded (resp. 3% -bounded) if there exists a linearization of M
which is globally-bounded (resp. locally-bounded) by b. We say that M is Vglob—
bounded (resp. Vf’oc—bounded) if every linearization of M is globally-bounded
(resp. locally-bounded) by b. Of course for Q € {3,V}, if M is leob—bounded7
then M is also Qb _-bounded. Vice versa, if M is @}, _-bounded, then M is Qglob
bounded, where ¢ = |P|? - b.

For Q € {3,V} and Y € {loc, glob}, we define Qy-MSC-BOUNDED as the
following decision problem.

INPUT: MSC M and positive integer b.

QUESTION: Is M @Q%-bounded?

Instead of speaking about prefixes of linearizations of MSCs, it is sometimes
more convenient to consider configurations of MSCs. A configuration C of M
is a downward-closed subset C' C &, ie., if e < f € C then also e € C. A
prefix of a linearization of M defines in the obvious way a unique configuration
of M. Vice versa, for every configuration C' of M there exists at least one prefix
K of a linearization of M such that K defines C. Let C' be a configuration of
M. The number of messages (s,r) in M with s € C and r ¢ C is denote by
gs(C, M) (globally unmatched sends). The maximum over all channels (p, q) of
the number of messages (s,7) in M with ch(s) = S(p, q), ch(r) = R(p,q), s € C,
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and r € C is denote by Is(C, M) (locally unmatched sends). Note that M is
V5)op-bounded (resp. V¥, -bounded) if and only if for every configuration C of M
it holds gs(C, M) < b (resp. 1s(C, M) < b).

Let M; = (&, P, i, tiym;,<;), i = 1,2, be two MSCs over the same set P
of processes, where furthermore & N &, = (). Then the concatenation of M7 and
My is the MSC MM, = (51 U&s, P, Ay U Mg, t1 Uty, mqy Uma, -<), where

< = (-<1 U <2 U{(el,eg) | e1 € E1,e9 €&y /\1(61) = )\2(62)})+.

The standard ITU definition Z.120 defines also a high-level message sequence
chart (HMSC) as a finite transition system with nodes labeled by finite MSCs.
Formally, let an HMSC H be given as H = (V,—, P, i, v), where (V,—) is a
finite transition system with initial node v, P is the set of processes and p maps
every node u € V to a finite MSC p(u) over the set of processes P. The MSC-
language L(H) defined by H is the set of all MSCs p(uq)p(uz) - - -, where uy = v
and u; — ug — --- is a (finite or infinite) maximal path in (V,—). (Formally,
for infinite paths we have to define the limit of (p(uq - - - ug)k>1). We impose the
restriction that every node u is accessible from the initial node v. Let @ € {3,V}
and Y € {loc, glob}. We say that an HMSC H is @Q%-bounded, where b € N,
if all M € L(H) are Q%-bounded. Finally, we define Qy-HMSC-BOUNDED as
the following decision problem.

INPUT: HMSC H and positive integer b.

QUESTION: Is H Q% —bounded?

2.2 Pebble Games

As we will see in Section [J] there is a tight connection between the existential-
global boundedness problem and pebble games on directed graphs. In this section
we recall the definition of pebble games and related results.

Let G = (V,E) be a finite directed acyclic graph (dag) with node set V
and edges E C V x V. A game-configuration is a subset of V. For two game-
configurations C1,Cy C V and a node v € V we write Cy = C1U{v} whenever
Cy =C1U{v} and v ¢ C1, i.e., Cy is the disjoint union of C; and v. A move in
G is a pair (C1,Cs) of game-configurations such that one of the following three
cases holds:

(1) There exists a node w € Cy with Cy = Cy\{w}.

(2) There exists a node v € Cy such that Cy = C1U{v} and for all v € V with
(u,v) € E it holds u € C1.

(3) There exist nodes w € Cy, v € Cs such that (w,v) € E, Cy = (C1\{w})U{v},
and for all u € V with (u,v) € F it holds u € C}.

More precisely we say that (Cq,C2) is an i-move, i € {1,2,3}, if case (i) in the
enumeration above holds. Let b € N. We say that the graph G can be b-pebbled
if there exists a sequence C1,Cy,...,C, C V of game-configurations such that
the following holds:

(a) C1 =C, =0,|C;| <bfor1<i<n,
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(b) For every node v € V there exists exactly one ¢ € {1,...,n — 1} such that
v C;and v € Cyiq1.
(¢) (Cy,Cix1) is amove for 1 <i < n.

If instead of (c) we require that (C;, Ci41) is a 1-move or a 2-move for 1 < i < n,
then we say that the graph G can be b-pebbled without the move rule.

Theorem 1 ([9]). The following problem is NP-complete:
INPUT: Finite dag G with only one node of outdegree 0, positive integer b.
QUESTION: Can G be b-pebbled?

It is not hard to see that a dag with exactly one node of outdegree 0 can be
b-pebbled if and only if it can be (b + 1)-pebbled without the move rule. Hence
we obtain

Corollary 1. The following problem is NP-complete:
INPUT: Finite dag G, positive integer b.
QUESTION: Can G be b-pebbled without the move rule?

For a finite dag (V, E) let V = {v | v € V} be a disjoint copy of the node set V
and let £ = {(u,v), (v,7) | (v,v) € E}U{(u,u) | u € V}. Note that the graph
(VUV,E) is again a finite dag. The following lemma is easy to prove.

Lemma 1. A finite dag (V, E) can be b-pebbled without the move rule if and
only if there exists a linearization £ of the partial order (V UV ET) such that
for every prefix k of  we have |k|y — |k|g < b.

3 Bounded Communication in Finite MSCs

For the local boundedness problems we can argue by considering some additional
ordering on events. Let us fix a bound b and an MSC M = (€, P, A\, t,m, <). We
define a binary relation ~» on £ as follows. We let r ~» s whenever for some
channel (p,q) and some i > 1 we have that s is the (i + b)-th send of channel
type S(p, q), whereas r is the i-th receive of channel type R(p, ¢q). The following
lemma is easy to prove.

Lemma 2. An MSC is 3% _-bounded if and only if the relation < U ~> is acyclic,

loc
where < is the visual order of M and ~ is the relation associated with M, b.

Since it can be checked in linear time whether a directed graph is acyclic, the
previous lemma immediately yields the following result:

Proposition 1. 3,,.-MSC-BOUNDED can be solved in linear time.

Surprisingly, if we consider the global boundedness instead of the local one,
the existential variant of the problem becomes more difficult, more exactly it is
NP-complete:

Theorem 2. 3,,,-MSC-BOUNDED is NP-complete.
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Proof. Membership in NP is obvious. In order to prove NP-hardness, we will
construct for a finite dag G = (V, E) a finite MSC M(G) = (€, P, A\, t,m, <)
such that G can be b-pebbled without the move rule if and only if M(G) is
El(l]):bl)—bounded. With each node v € V' we associate the set of processes P, =
{Pin(v), p(v), Pout (V) } U {p(v,w) | (v,w) € E}, the set of all processes is then
P = ey Po- The set € of events consists of VUV plus some additional events
(see Figure[dl). We have A(v) = pin(v) and A(T) = pout(v). For each node v there
is a message (v, ) from process p;,(v) to process pyy:(v). This messages crosses
the chain of the two messages from p;,(v) to p(v) and from p(v) to pewt(v).
Furthermore for each edge (u,v) € E we have exactly one message from process
p(u,v) to pin(v) and back from p;, (v) to p(u,v). Finally if (v, wy), ..., (v,w,) are
all outgoing edges of node v (listed in an arbitrary order) then there is exactly
one message from process poyt(v) to p(v, wy) and back and exactly one message
from process p(v,w;) to p(v,w;+1) and back (1 <4 < n —1). The order of the
events on the processes in P, is shown in Figure [[l where we show an example
where (u1,v), (ua,v), (v,w1), (v,ws), and (v, ws) are the adjacent edges of v. The
process names labeling message arrows specify the source, resp. target process
of the message. Note that < is indeed acyclic, for instance the sends of the
messages from process p(u,v) to p;,(v) must precede the sends of the messages
from process p(v,w) to pi,(w), with (u,v), (v, w) edges of the dag. Moreover, it
is easy to check that M (G) respects the FIFO-restriction, in fact this was the
only reason for introducing process p(v). The crucial point of our construction is
that the restriction <|,, 3 of the visual order < of M(G) to the set VUV C &
is precisely the transitive closure of the relation E from Lemma [Il

Claim 1: If G can be b-pebbled without the move rule then M(G) is Elgf:bl)—
bounded.

Assume that G can be b-pebbled without the move rule by a sequence of
moves. We translate each move into a sequence of events, such that the resulting
sequence of events is a linearization of M which is globally-bounded by b + 1.
Consider a move (C1,Cs). If Co = C;U{v}, i.e., node v is pebbled in the move,
then we execute the following sequence of events:

(1) Send and immediately receive the message from process p(u;,v) to p;,(v) for
1 < <k, where (u1,v),..., (ug,v) are all incoming edges of node v.

(2) Execute send event v on process p;y, (v).

(3) Send and immediately receive the message from process p;, (v) to p(u;,v) for
1<i<k.

(4) Send and immediately receive the message from process p;,(v) to p(v), fol-
lowed by the message from p(v) t0 pPout(v).

(5) Send and immediately receive the message from process poy:(v) to p(v,wy)
followed by the messages from p(v,w;) to p(v,w;y1) for 1 < ¢ < n, where
(v,wy),. .., (v,w,) are all outgoing edges of node v.

Of course if v has indegree 0 (resp. outdegree 0) then (1) and (3) (resp. (5))
disappear. On the other hand if Co = C1\{v}, i.e., a pebble is taken from node v
in the move, then we execute the following sequence of events:
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pin(v)  p(v)  pouwr(v) p(v,wr) p(v, w2) p(v, ws)
p(ul,v) ,

p(UQ, ’U) ,

E(U1 s 1))
pluz, v)

\s

Fig. 1. Communication between the processes in P, in the MSC M (G)

S]]

(1) Send and immediately receive the message from process p(v, w;t+1) to p(v, w;)

for n > ¢ > 1, where (v,w1),..., (v, w,) are all outgoing edges of node v.
(2) Send and immediately receive the message from process p(v,w1) t0 Pout (V).
(3) Execute the receive event T on process poyt(v).

Claim 2: 1f M(G) is Elgl’:bl)—bounded then G can be b-pebbled without the move
rule.

Let L be a linearization of M (G), which is globally-bounded by b+1, such that
furthermore the number of prefixes K of L that satisfy |K|,-1(g) — |K|¢-1(r) =
b+ 1 is minimal among all linearizations of M (G) that are globally-bounded by
b+ 1. Clearly such an L exists. Let w(L) be the projection of the word L onto
V UV C &. Since of course 7(L) is a linearization of < |, i, by Lemma [I] it
suffices to prove the following claim:

Claim 3: For every prefix k of 7(L) it holds |k|y — |k|y> < b.



302 Markus Lohrey and Anca Muscholl

Clearly we have |k|y —|k|3> < b+1 for every prefix k of w(L). In order to prove
the claim let us assume that |7 (Lyv)|v —|7(L1v)|;7 = b+1, where v € V and L =
LyvLs. Let Ly = eL3, where e € £ (note that we must have Ly # ¢€). If e would be
asend event then |Lyve|s—1(sy—|Livels-1(r) > b+2, a contradiction. Thus e must
be a receive event. If e ¢ V then we would have |Lyv|;-1(s) — [L1v|-1(g) > b+2
(note that already |7(L1v)|;-1(s) — |7(L1v)|s-1(g) = b+ 1). Thus e = u for some
u € V. We cannot have v < @, since if by the construction of M(G) this implies
that several events occur between v and @. It follows that L' = LiuvLs is also a
linearization of M (G) that is globally-bounded by b+ 1. Since furthermore the
number of prefixes K of L' such that [K|;-1(g) — [K|;-1(r) = b+ 1 is smaller
then for L, we have a contradiction. This proves claim 3 and the theorem. O

If we consider universal-boundedness instead of the existential one, then by the
following simple lemma we will obtain again a polynomial algorithm in the local
setting of the problem.

Lemma 3. An MSC is V?

be-bounded if and only if ~ is contained in <.

Proposition 2. V,.-MSC-BOUNDED can be solved in time O(|M|?).

For universal-global-boundedness we can also obtain a polynomial time solution
using flow theory:

Theorem 3. Vg,,-MSC-BOUNDED can be solved in time O(|M |*log(|M])).

Proof. In order to check universal-global-boundedness we consider the comple-
mentary problem, namely whether given a finite MSC M and b € N there exists a
configuration C of M such that gs(C, M) > b. This question can be answered in
polynomial time using the min-flow max-cut theorem, see e.g. [4]. More precisely
we construct from M a dag as follows: View M as a dag, where the nodes are the
events of M, and the edges are the messages of M plus pairs of events (e, f) such
that e immediately precedes f on some process. To this dag we add two nodes
o and 7. We add an edge from o to each minimal event of M, and similarly
we add an edge from each maximal event of M to 7. Let us call the resulting
dag G(M). To each edge (v, w) of G(M) we assign an upper capacity c, ., and
a lower capacity ¢, ,, as follows: All edges receive the upper capacity oco. For all
messages (s,m(s)) of M we let £, ,(s) = 1, whereas for all other edges (v, w) of
G(M) we let £, ., = 0. By the min-flow max-cut theorem the minimum value of a
(0, 7)-flow of G(M) is equal to the maximum of 3, ¢ \er Co,w =D peswer Cow,vs
where the maximum is taken over all partitions {S,T} of the nodes of G(M)
with ¢ € S and 7 € T. By the choice of the capacities this is precisely the
maximum over all configurations C' of M of gs(C, M). We note also that before
computing the minimal flow we may reduce the graph G(M) as follows: If two
nodes v and w are such that v immediately precedes w on some process and
either v has outdegree one, or w has indegree one (initially this holds for all
immediate successors on some process), then the edge (v,w) can be contracted
to a single node. This reduction step can be iterated as long as possible. Call
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the resulting graph G(M );eq. Note that G(M);cq may be considerably smaller
than G(M). Finally, since all upper capacities are oo, we can use [10] in order
to compute max(_,c5 et low = Dyeswer Cww) i time O(nlog(n)r), where
n is the number of nodes of G(M);eq and r € O(n) is the number of edges in a
transitive reduction of G(M) eqd. O

4 Bounded Communication in HMSCs

The following result follows easily from Theorem [l
Theorem 4. J;,,-HMSC-BOUNDED is NP-complete.

Proof. The lower bound follows directly from Theorem 2. For the upper bound
note that an HMSC H = (V, —, P, u,v) is Eiglob—bounded if for every node u € V

the MSC p(u) is Elglob—bounded. O

Analogously to Theorem @it follows that 3,,.-HMSC-BOUNDED can be solved
in linear time.

For the universal-boundedness question for HMSCs we need the concept of
the communication graph G(M) of a finite MSC M = (£, P, \,t,m,<). It is
defined as G(M) = (P,—), where p; — ps if and only if there exists a message
(s,m(s)) in M with A(s) = p; and A(m(s)) = pa. We say that G(M) is locally
strongly connected if every connected component of G(M) is strongly connected.
We say that M is locally strongly connected if G(M) is locally strongly connected.
Finally an HMSC H = (V, —, P, u,v) is locally strongly connected if for every
cycle vy — vg — -+ — v, — vy of (V, —) the MSC p(v1)p(ve) - - - u(vy,) is locally
strongly connected. It is easy to see that H is locally strongly connected if and
only if for all simple cycles v1 — vy — -+ — v, — v1 (i.e, v; # v; for i # j) the
MSC p(v1)p(ve) - - - p(vy) is locally strongly connected. For this just note that
if we have some cycle vy — -+ D v; =Wy — -+ = Wy, D V; — - — Uy — V1
then G = G(u(vy) - - - p(vi) p(ws) - - - p(wpm ) p(v;) - - - p1(vy)) is the union of the two
communication graphs G(u(vy) - - u(vy,)) and G(u(wy) - - - p(wyy,)). Thus if both
of them are locally strongly connected then the same holds for G. Recently it
was shown in [5] that an HMSC H is V¢, -bounded for some b if and only if H
is locally strongly connected. The fact that H is locally strongly connected if H
is Vf’oc—bounded by some b is quite easy to see. Lemma M below will allow us to
present a simpler proof of the other direction of the result of [5], together with
a sharper bound on the buffer size, which we need later.

Lemma 4. Let the HMSC H = (V,—, P, i, v) be locally strongly connected. Let
U — Uy — -+ — Uy be a path in (V,—) with m > |P|-|V| and let C be a
configuration of the MSC M = p(uq) - - u(uy,). Then there exists a path vy —
vy — - = vy, in (V,—) and a configuration D of the MSC N = u(vy) -+ - p(vy,)
such that n < m, gs(C, M) = gs(D, N), and Is(C, M) =1s(D, N).

Proof (sketch). The basic idea is the following: Mark on each process line the
cut-point, where C' cuts this line. Since m > |P| - |V| we can find a loop u; —
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Uip1 — -+ — Uj; = u; inside our path u; — -+ — u,, such that none of the
resulting | P| cut-points is located in the factor M’ = p(u;) - - - p(u;) of M. Since
H is locally strongly connected, none of the messages of M’ can go from C' to
its complement, and we may omit the loop u; — --- — u; from the original
path. O

For a finite MSC M = (&, P, \,t,m,<) let S(M) = [t~1(9)|. For an HMSC
H = (V,—, P, pn,v) let S(H) = max{S(u(u)) [u eV}

Lemma 5. Let the HMSC H = (V,—, P, u,v) be locally strongly connected.
Then H is Vglob—bounded (and hence also V2. _-bounded) for some b < |P|-|V| -

loc

S(H). Furthermore if b € N is minimal such that H is Vglob-bounded (resp. V3, -
bounded) then there exists a path vi — vy — -+ - — vy, in (V,—) and a configura-
tion C of the MSC M = p(v1) - - - u(vy) such that n < |P|-|V| and gs(C, M) =b

(resp. 1s(C, M) =b).

We should remark that Theorem 2.8 of [5], which corresponds to the first state-
ment of Lemmald, is formulated in terms of regular MSC-expressions instead of
HMSCs. Using the notation of [5], we can prove the following statement in the
same fashion as Lemma Bl

Lemma 6. Let L be a set of finite MSC's over some fized set of processes P. As-
sume that each M € L is locally strongly connected and V° L, -bounded (resp. o

glo loc™

bounded). Then every MSC in L* is V‘gi)lgb—bounded (resp. V‘Pl'b-bounded).

loc

Theorem 5. V41,,-HMSC-BOUNDED is coNP-complete.

Proof. We show that the complementary problem is NP-complete:
INPUT: HMSC H and positive integer b.

QUESTION: Is there an MSC M € L(H) which is not Vglob—bounded?
An NP-algorithm that solves this problem proceeds as follows: Fix an HMSC
H = (V,—, P, u,v). First we guess in (V,—) a simple cycle u; — ug — -+ —

U — uy and a path v1 — vy — -+ — v, with n < |P|-|V] together with a con-
figuration C' in the MSC M = p(vy) - - - p(vy, ). Then the algorithm outputs “yes”
if and only if either the communication graph of the MSC p(uy)p(ug) - - - p(ti,)
is not locally strongly connected or gs(C, M) > b+ 1. We claim that this NP-
algorithm is correct. Clearly if the algorithm outputs “yes” then there exists

an MSC in L(H) which is not Vglob—bounded. On the other hand assume that

there exists an MSC in L(H) which is not Vglob—bounded. Either H is not locally
strongly connected, which can be detected by the algorithm, or there exists
some b’ such that H is Vgiob—bounded. Let b be minimal with this property.
Then b < ¥ and by Lemma Bl there exists a path v; — vy — -+ — v, with
n < |P|-|V] together with a configuration C' in the MSC M = pu(vy) - - u(vy)
such that gs(C, M) = b > b+ 1. Again both this path and the configuration can
be detected by the algorithm.

In order to prove NP-hardness, we reduce SAT to our problem. A construction

similar to the following one was also used in [7]. Let {x1,...,2,} be a set of
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propositional variables, and let C' = {C1,...,Cy,} be a set of clauses, where each
clause C; consists of variables and negated variables. We construct an HMSC
H = (V,—, P,u,v) such that C is satisfiable if and only if there exists M €
L(H) which is not Vgﬁ)l—bounded. Let V = {v,v1,T1,...,0,0,} and — =
{(v,01), (v,01)} U{(vi, vig1), (vi, Vig1), (Vi vig1), (Ui, Vig1) | 1 < i <n}. The set
of processes is P = {¢;,¢} | 1 < i < m}. It remains to define the MSCs pu(u)
for u € V. The MSC pu(v) is empty. The MSC u(v;) contains a message from
process ¢; to process c¢; and back from ¢} to ¢; if z; € Cj. Similarly the MSC
p(v;) contains a message from process c¢; to process ¢ and back from ¢} to ¢; if
T; € C;. No other messages are present. It follows that C' is satisfiable if and only
if there exists an MSC M € L(H) such that for every 1 < j < m the projection
of M onto the processes c; and c;- is a non-empty iteration of the MSC that
sends a message from c; to ¢} and back. This holds if and only if there exists an

MSC M € L(H) that is not Vg‘;j-bounded. O

It should be noted that Theorem [l holds no matter whether the buffer bound
b € N is represented unary or binary. Our lower bound proof holds also for
the unary representation, whereas the upper bound proof holds for the binary
representation. Furthermore note that the HMSC H used for the lower-bound
proof is based on an acyclic graph (V,—), thus H defines a finite set of MSCs.

Theorem 6. V,,.-HMSC-BOUNDED is coNP-complete. Furthermore this prob-
lem is coNP-complete even if the input parameter b is fized to b = 2.

Proof. Membership in coNP follows in exactly the same way as in Theorem [l
In order to show coNP-hardness we will reduce NAE-SAT (not-all-equal-SAT)
to the complement of our problem. We consider a collection of m clauses C' =
{C4,...,C} each of length three, over variables {z1,...,2,} and we want to
find out whether there is a variable assignment such that for each clause C;, the
literals of C; do not have the same value. We will construct an HMSC H such
that for a given channel (A, B) of H there is an execution with more than 2
sends in the corresponding buffer if and only if there is an assignment as above
for C. For every channel different from (A, B) each execution of H will contain
at most one message for that buffer, so channels different from (A, B) will be
universally bounded by 1.

The graph underlying H is similar to the one from Theorem The node
set is V = {w,v1,01,...,0pn,0p, 0"}, and — = {(v,v1), (v,01), (Up, V"), (Tp,v")} U
{(Uz‘,rUH_l), (Ui,@i+1), (fi,UH_l), (5i76i+1) | 1 <1< TL} Again, vertex v; stands
for x; true, whereas v; stands for x; false. The HMSC H uses processes A, B
and processes P} 1, Pj 2, Pj3, Pja, Nj1,Nj2,Nj3,Njaforje{l,...,m}ranging
over the clauses. We denote as Pj-group the processes in Pj 1, P2, Pj 3, Pj 4, and
as Nj-group the processes in N; 1, Nj2,N;3,N;a. The initial node v contains
two messages from A to B, followed by one message from B to each of P;; and
N 1. Each node v; contains a message in the Pj-group for every clause C; where
x; occurs positively, and a message in the N;j-group for every clause C; where
x; occurs negatively. Precisely, v; contains a message from P to Pj 41, if x;
is the k-th literal of C, k € {1,2,3}. Here, the ordering of the literals in each
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clause has to respect the order x1, ..., x, of the variables. We define analogously
the messages from N, to N; 41 in v;, for each C; containing ;. Finally for the
messages in U; we switch the roles of P; and N;. The final node v’ is labeled by
messages from each of P; 4, N; 4 to A, followed by a message from A to B.
Note that paths from v to v’ correspond precisely to variable assignments.
Moreover, for a given path, the second receive of type R(A, B) precedes in the
visual order the third send of type S(A, B) if and only if there is some j and a
=<-path either from P;; to Pj4, or from N;; to N;4. But this holds if and only
if there is a clause C; in which all literals have the same value under the variable
assignment corresponding to the chosen path from v to v’. But this is exactly
the case where C' is not satisfied as an NAE-SAT instance. a

Let us remark that a simple extension of the construction from the previous proof
also shows that it is coNP-complete, whether a given HMSC is V{’oc—bounded for
some b, i.e., whether it is locally strongly connected. For this we have to add
an edge from the final node v’ back to the initial node v. Furthermore we have
to add confirm messages that ensure that only the buffer (A, B) may contain
an arbitrary number of undelivered messages. For this we simply confirm each
message from a process p to ¢ where (p, q) # (A, B) directly by a message from

q back to p.

5 Local Boundedness and Nested MSCs

A nested MSC (nMSC) is a sequence M = (Mjy)1<k<m of modules M. Each
module M, is defined as an MSC to which we add references to modules M;
with k& < i < m, by specifying the start and end of each reference to M; on the
process lines belonging to M;. We use the definition of [T], where messages are
restricted to be matched on the same hierarchy level (in particular, we don’t
consider ports), but they can cross submodules, see the following figure.

s N
M __ - -

N

The definition above is analogous to the notion of straight-line expressions, where
any expression may use in its definition sub-expressions that were previously
defined. Each module M} of M can be expanded to a finite MSC flat(M},) by
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replacing inductively in Mj, each reference to a module M; (j > k) by the
MSC flat(M;). Finally we define flat(M) = flat(M;). Let P(My) be the set
of processes of flat(My). Note that if an occurrence of flat(M;) appears within
flat(My) then P(M;) C P(My). Thus, if My contains a message (s,r) from p
to ¢ that crosses a reference M;, i > k, (i.e., p,q are processes of M; and s
precedes the beginning of M; on p, whereas r succeeds the end of M; on q),
then M; cannot contain any message from p to ¢, unless the FIFO-restriction is
violated. We show in this section that both versions (existential and universal)
of the local-boundedness problem for nMSCs can be solved in polynomial time,
provided that the nMSC M satisfies the FIFO-restriction, i.e., flat(M) satisfies
the FIFO-restriction. Of course, the algorithms must exploit the hierarchy, since
nMSCs can be exponentially more succinct than the MSCs they define (i.e., a
module M}, of M may have exponentially many copies in the MSC flat(M)).

For the further consideration let us fix an nMSC M = (My)1<k<m. For
1 <k < mlet ~j (resp. <i) be the ~~-relation (resp. visual order) associated
with flat(M},) (recall the definition of ~» in Section Bl). Furthermore let <= <,
~»=~>1, and P = P(M;).

Lemma 7. Let M satisfy the FIFO-restriction. Let £ be the set of events of
some occurrence of flat(My) in flat(M), 1 <k <m. Then ~> N (E X E) = ~p.

Note that Lemma [7] does not hold for the case where the nMSC violates the
FIFO-restriction. In this case different occurrences of the MSC flat(M}) in
flat(M) may have different local ~--relations depending on their context.

Lemma 8. Suppose that the relation ~ U < contains a cycle. Then for some
k < |P| there exists a cycle of the formq ~> 81 < Ty~ Sg < -+ < T ~> S < T1.

In the following we call an event e of the MSC flat(M) a top level event if it
belongs to the events of the module M; (but not to the events of some module
M, with k > 1).

Theorem 7. Let Q € {V,3}. The following problem can be solved in polynomial
time:
INPUT: nMSC M satisfying the FIFO-restriction and positive integer b.
QUESTION: Is flat(M) Qb .-bounded?

Proof. We will only consider existential-local boundedness. For universal-local
boundedness we can argue similarly. By Lemma [J it suffices to verify that the
transitive closure of the relation < U ~~ associated with the MSC flat(M) is
acyclic. Of course, we cannot explicitly generate the ~~-edges, since there can
be exponentially many ~--edges leading out of a copy of M; within M}, or vice
versa. By Lemma [ it suffices to look for a cycle containing at most |P| new
~-edges.

Let us first describe how we can compute the set Succ<(e) = {f | e < f}
of <-successors of e for any given event e of flat(M), described by the position
on its process. Since this set may be of exponential size, we describe it by a
tuple (kp)pep of positions, one for each process p. The position k, corresponds
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to the first event f € A=!(p) with e < f. Note that if e < f then there exists a
chaine=e; < f1 <ex < fo <+ < fr < er1 X frar = [ with A(e;) = A(fy),
m(fi) = e;y1, and t < | P|. Here < denotes the reflexive closure of the visual order
<. The computation of Succ(e) can be performed by induction on ¢t. We start
by setting k(. to the direct successor of e on process A(e) and ky(m(e)) = m(e) if
e is a send, all k,, that are not defined in this way are set to oo For the inductive
step we determine for all k£, < oo and all processes ¢ # p the first send s of type
S(p, q) with s > k,, and we compute the minimum between its matching receive
and k,. This step can be performed in time O(|P|*|M]).

A similar argument applies when we want to determine whether there is a
cycle in ~» U <. Of course we cannot check for every event e of flat(M) whether
e € Succ(4u)+(e), since there might be exponentially many such events. But in
fact it suffices to show that it can be checked in polynomial time whether ~~ U <
contains a cycle that visits some top level event of flat(M), because then we
may apply this polynomial time algorithm to each of the nMSCs (My);<r<n for
1 <4 < n. For the correctness of the resulting algorithm we have to use Lemma [7]
which ensures that < U ~- contains a cycle which is completely contained in some
occurrence of flat(My) within flat(M) if and only if < U ~~; contains a cycle.

Thus, let e be some top level event of flat(M ). We will compute Succ(<y..y+ (€)
and test whether e € Succ(4y..)+(e). We start with Succ(<y..y+(e) = Succ(e),
represented by the tuple of positions (kp)p,cp. For the inductive step we deter-
mine for all k;, < oo and all processes p # ¢ the first receive r of type R(p, q)
with r > k,, and we compute the send s of type S(p,¢) with r ~» s. Then we
compute for each such s the set Succ<(s) and we build the minima with (k,)pep
on every process. The overall running time is of order O(|P|*|M|?). O

6 Fixed Number of Processes

In practice, the set of processes of an MSC can be much smaller than the number
of messages. Hence we are interested in the complexity of our problem when the
number of processes is fixed. The main result of this section states that for a
fixed number of processes all the variants of the channel boundedness problem
can be solved in polynomial time (more precisely in nondeterministic logspace).

Theorem 8. Let Q € {V,3} and Y € {glob,loc}. Let P be a fixed set of pro-
cesses. The following problem is solvable in polynomial time (precisely, it is NL-
complete):
INPUT: HMSC M owver the set of processes P and positive integer b.
QUESTION: Is M Qg’/-bounded?

7 Summary and Open Problems

Table [ summarizes our results for boundedness problems for finite MSCs and
HMSCs, for which we precisely determined the tractable boundedness prob-
lems. Concerning nMSCs we have shown that the two local-boundedness prob-
lems can be decided in polynomial time. The precise complexity of the two
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global-boundedness problems remains open for nMSCs. An NP-lower bound
for existential-global-boundedness follows trivially from the NP-lower bound for
finite MSCs. Concerning the upper bound we can only prove membership in
PSPACE. For universal-global-boundedness we can prove membership in coNP
for nMSCs, but the existence of a polynomial time algorithm remains open. An-
other interesting problem might be to investigate the complexity of boundedness
problems for a fixed buffer-bound b, which means that b does not contribute to
the input size. One might expect that the complexity of boundedness problems
decreases under this restriction.

Table 1. Complexity results for finite MSCs and HMSCs

emerscd] 3 | v ]

oo | 3 | v ]
NP-
global complete P global NP- coNP-
complete | complete
local P P
local p coNP-
local P P oca complete
(nMSC)
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Abstract. We extend the informatic derivative to compact elements
in domains. This allows one to quantitatively analyze processes which
manipulate both continuous and discrete data in a uniform manner.

1 Introduction

One of the important aspects of the measurement formalism in domain theory
is its informatic derivative: Given a map f : D — D on a domain with a
measurement (D, u1), its informatic derivative is given by

af(p) = lim pl (@) — pfp)

T=p T — pp
where the limit is taken in the p topology at a point p which is not isolated in
the p topology on D.

As one might expect, this idea was applied to establish the first relationship
between domain theory and the differential calculus [2], where it was shown that
it could be used to give a purely domain theoretic account of C'* mappings on the
real line. But it has other applications which appear to be more promising. One
of these is that it allows us to make sense of the idea “rate of change” with respect
to a measurement. For instance, one can discuss the rate at which a mapping
on a domain converges to its fixed point. This has natural applications in the
study of what one might term continuous phenomena, like in numerical analysis,
where it provides a uniform approach to calculating rates of convergence — while
some rates of convergence may be determined using the classical derivative (an
example of an informatic derivative), some of the most well-known methods for
zero finding in all of numerical analysis have rates of convergence that arise as
informatic derivatives which are not classical (in the sense of calculus).

But if one looks closely at the definition of the informatic derivative above, it
has a computationally restrictive aspect: The requirement that p not be isolated
in the p topology. This is equivalent to saying that p must not be a compact
element of D. From the mathematical viewpoint, one does not object to this:
Mathematics offers us no way of obtaining unique ‘limits’ at isolated points
of topological spaces. Nevertheless, computationally, it is easy to write down
simple examples of mappings on domains, which should have derivatives, but
are excluded simply because they work only with compact elements.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 310-325] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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For instance, on the domain of lists [S], the map rest: [S] — [S] which removes
the first element from a nonempty list, and sends the empty list to itself, satisfies

prest(z) = p(z) — 1

for x # [], where pu is the length measurement. Thus, we ought to be able to say
that d(rest),(z) =1 for « # [].

In this paper, we offer an extension of the definition of informatic derivative
which applies at compact elements (as long as they are not minimal). One of
the benefits of this work is that we are finally able to understand the sense in
which the asymptotic notions of complexity used in numerical analysis (rates of
convergence) are the same as those used in the analysis of ‘discrete’ algorithms
(for example, list processing). Another is that we have identified ideas which
allow us to systematically calculate both of these complexity notions in a uniform
manner. But what appears more pertinent than either of these is that we are
(slowly but surely) developing a very real understanding of informatic rates of
change.

2 Background

2.1 Domain Theory

Let (P,C) be a partially ordered set or poset [1]. A nonempty subset S C P is
directed if (Vz,y € S)(3z € S) z,y C z. The supremum | | S of S C P is the least
of its upper bounds when it exists. A dcpo is a poset in which every directed set
has a supremum.

For elements x,y of a dcpo D, we write x < y iff for every directed subset
S with y £ | | S, we have x C s, for some s € S. In the special case that this
occurs for z = y, we call  compact. The set of compact elements in D is K (D).

Definition 1. Let (D,C) be a dcpo. We set

e lz:={yeD:y<a}and fz:={yeD:z <y}
o lr:={yeD:yCz}and lz:={yeD:zCy}

and say D is continuous if |x is directed with supremum x for each z € D. A
domain is a continuous dcpo.

The Scott topology on a domain D has as a basis all sets of the form fz for
x € D. A function f: D — E between domains is Scott continuous if it reflects
Scott open sets. This is equivalent to saying that f is monotone,

(Vo,y e D)z Cy = f(x) E f(y),
and that it preserves directed suprema:

LS =L res),

for all directed S C D.
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Definition 2. A subset B of a dcpo D is a basis for D if BN |z contains a
directed subset with supremum x, for each x € D. A dcpo is algebraic if its
compact elements form a basis. A dcpo is w-continuous if it has a countable
basis.

The next definition is fundamental in this paper: Splittings model the recur-
sive part of an algorithm [4].

Definition 3. A splitting on a poset D is a function s : D — D with z C s(x)
for all x € D.

2.2 Examples of Domains
In this section, we give examples of domains that we will use in this paper.
FEzxample 1. Orders on the naturals.
(1) The naturals N©° = N U {oo} in their usual order with a top element oo:
(Vz,ye N2z Cye (z<y & z,y€eN)ory=oc.
(ii) The naturals N* = N in their dual order: x C y < y < z.
(iii) The naturals N° = N ordered flatly: z C y < = = y.

FEzxzample 2. The interval domain is the collection of compact intervals of the real
line

IR = {[a,b] : a,b € R & a < b}

ordered under reverse inclusion
[a,b] C [e,d] & [e,d] C [a, ]

is an w-continuous decpo. The supremum of a directed set S C IR is [ S, while
the approximation relation is characterized by I < J < J C int(I). A countable
basis for IR is given by {[p,q] : p,q € Q & p < ¢}.

Our final example is the domain [S] of finite lists over a poset (.5, <).

Definition 4. A list over S is a function z : {1,...,n} — S, for n > 0. The
length of a list x is |dom z|. The set of all (finite) lists over S is [S]. A list x is
sorted if = is monotone as a map between posets.

A list & can be written as [z(1), ..., z(n)], where the empty list (the list of length
0) is written []. We also write lists as a :: x, where a € S is the first element
of the list a :: z, and x € [S] is the rest of the list a :: . For example, the list
[1,2,3] is written 1 :: [2,3].

Definition 5. A set K CNis converifa,be K & a <z <b=z € K. Given
a finite convex set K C N, the map scale(K) : {1,...,|K|} — K given by

scale(K)(7) = min K +i—1

relabels the elements of K so that they begin with one.
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Definition 6. For =,y € [S], x is a sublist of y iff there is a convex subset
K C{1,...,length y} such that y o scale K = z.

Brample 5. 10 L = [1,2,3,4,5,6], then [1,2,3],[4,5,6], 34,5, 2,3,4], [3,4],[5
and [] are all sublists of L. However, [1,4,5,6],[1,3] and [2, 4] are not sublists of
L.

Lemma 1 (Martin [2]). The finite lists [S] over a set S, ordered under reverse
conver containment,
z Cy<yis a sublist of x,

form an algebraic depo with [S] = K([S]). Thus, [S] is w-continuous iff S is
countable.

The order on [S] is based on computational progress: Intuitively, it is easier
to solve a problem on input [] than for any other input z, hence = C [].

2.3 Content and the pu Topology

It is during the study of measurement [2] that one encounters for the first time
the u topology on a domain. Let [0, 00)* denote the domain of nonnegative reals
in the order opposite to their natural one.

Definition 7. A Scott continuous map p: D — [0,00)* on a domain measures
the elements in a set X C D when for all € X, if (x,) is a sequence with
T, < x then
nlLH;o WLy = px = |_| Ty, =T,
neN

and this supremum is directed. We write this as p — ox.

The terminology used in [2] and [B] is different, but the ideas are identical. The
next result is fundamental and we use it often (implicitly).

Proposition 1 (Martin [2]). Let u : D — [0,00)* be a map that measures
X CD. Then for allx € D and y € X, we have x T y and pur = py = x = y.

For the sake of formality, we mention the following.

Definition 8. A measurement is a map pu : D — [0,00)* which measures the
set ker p:={z € D : px = 0}.

If 2 is an approximation of r, that is, z < r, then |uz — pr| is a measure of
how closely x approximates r, while ux is a measure of the uncertainty in x. If
we obtain an improved approximation y of r, x C y < 7, then y should be more
certain than z. Hence ux > py.

Definition 9. The pu topology on a continuous dcpo D has as a basis all sets of
the form x N |y where z,y € D. It is denoted up.
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To clarify the relation between the two ideas, given a measurement yu — op,
consider the elements e-close to x € D, for € > 0, given by

pe(x) ={y € D:yCx & |uz — py| <e}.

Regardless of the measurement we use, these sets are always a basis for the p
topology.

Theorem 1 (Martin [2]). For a Scott continuous mapping p : D — [0,00)*,
w—op iff {ue(x) : x € D & £ > 0} is a basis for the u topology on D.

This also turns out to be the topology one needs to define rates of change on
a domain. This comes as something of a surprise since the u topology is always
zero-dimensional and Hausdorff. In the next definition, the limit is taken with
respect to the p topology.

Definition 10. Let D be a domain with a map p: D — [0,00)* that measures
XCD.If f:D— Risamapand p € X is not a compact element of D, then

o J@) = f(p)
df.(p) = ;E’W

is called the informatic derivative of f at p with respect to p, provided that it
exists.

If the limit above exists, then it is unique, since the p topology is Hausdorff,
and we are taking a limit at a point that is not isolated: It is not difficult to
show that {p} is p open iff p is compact. Notice too the importance of strict
monotonicity of y in Prop. [ Without it, we could not define the derivative.

Definition 11. Let f: D — D be a function on a domain (D, u) with a map p
that measures D at p € D\ K(D). If

dfu(p) = d(:uf)u(p)

exists, then we call this number the informatic derivative of f at p with respect
to .

Our first example of this comes from calculus, and in fact provided the first
relationship between domain theory and the differential calculus [2].

Theorem 2 (Martin [2]). Let f : R — R be a continuous map on the real line
with p € R. If f'(p) exists, then

dfulp] = 1 ()l
where f(z) = f(x) is the canonical extension of f to IR and ula,b] = b — a.

In particular, any iterative process with a classical derivative has an informatic
derivative, and from the complexity viewpoint, they are equal. Here is an example
of a process with an informatic derivative that is not classical.
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Ezample 4. The Bisection Method. To a continuous map f : [a,b] — R, we may
assign the splitting
splity : IR — IR

. | left(x) if left(x) € C(f);
split;(z) = {right(m) otherwise;

where C(f) = {[a,b] € IR : f(a) - f(b) < 0}, left[z,y] = [z, (z + y)/2] and
right[z,y] = [(x + y)/2,y]. At any [r] € fix(split;), its rate of convergence is
given by

d(splity)[r] = 1/2.

Notice that this informatic derivative is not a classical derivative.

Other examples appear in [2], [6] and [5]. To be brief, let us say this: The smaller
the derivative of a map on a domain at a fixed point, the quicker the convergence.

3 The Derivative at an Isolated Point

The reason that the informatic derivative requires points which are not isolated
is that there must be enough nontrivial p open sets around p so that we can
take a limit in the formal sense of topology — without enough nontrivial open
sets, a limit may not be unique.

However, any point p € min(D) := {z € D : |z = {z}} can be approximated
from below using the nontrivial p open subsets of D which are contained in |p
and which themselves contain p and at least one other element:

approx,(p) ={V € up :peV Clpand V # {p}}.

Thus, the existence of approximations is not the problem — the problem is that
we need a concept more applicable than ‘limit’.

Definition 12. Let f: D — R be a function and p € D. We set

d* fu(p) := sup{c: 3V € approx, (p))(Vz € V) f(z) — f(p) > ¢+ (ux — pp)}

and

d” fu(p) ==1inf{c: (IV € approxu(p))(Vx eV) flx)— f(p) <c- (ux— up)},

provided p is not a minimal element of D, i.e., p & min(D).

Trying to conceptualize these quantities isn’t such a good idea, so we resort to
theorem proving.

Theorem 3. Let f : D — R be a function with p € D\ K(D). Then df,(p)
exists iff d¥ f,(p) exists, d~ f,(p) exists and d~ f,(p) < d* f.(p). In either case,
we have dfu(p) = d+fu(p) = d_fu(p)-
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Proof. First suppose that df,(p) exists. Then by definition, for each £ > 0 there
is a 0 > 0 such that

f(x) - f(p)

Vz)z Cp & 0 < |ux — up| <6 =
Hx — pp

—df.(p)| <e.

Because p measures D at p and p is not compact,

s(p) :={z 2 Cp & |ux — up| < 0} € approx,,(p).

Thus, the sets used in the definition of d* f,,(p) and d~ f,(p) are nonempty since
for the set V' = ps5(p), we can write

(Vz e V) f(z)— f(p) > c" - (pa—pp) & f(x) — f(p) < ¢ - (ux — pp),

where ¢t = df,,(p) —e and ¢~ = df,(p) +&. But now if we can show that d* f,,(p)
and d~ f,(p) exist, the argument just given applies to give

d” fu(p) < dfu(p) +¢ and dfu(p) —¢ < d+fu(p)’

for each £ > 0, and hence that d~ f,(p) < df.(p) < d* f.(p).
With this last remark in mind, suppose we have numbers c¢t, ¢~ and u open
sets VT, V~ ¢ approx,, (p) such that

(Vo e V) f(z) = f(p) > ¢ - (nx — pp)
and

(Vz e V™) f(z)— f(p) < c - (nx — pp).
Because p is not compact, we have V=Vt NV~ € approx,,(p) and

f(x) — f(p)
i — pp

c+§ <c

for all z € V' \ {p}. Letting x — p in the u topology, we have ¢* < df,,(p) <c¢~.
Then d~ f,(p) and d* f,(p) both exist and satisfy d* f,(p) < df.(p) < d~ fu(p).
Now our earlier remark applies, leaving d* f,,(p) = df,.(p) = d™ f.(p).

For the other direction, suppose d~ f,,(p) and d™ f,(p) both exist and satisfy
d~ fu(p) < d* fu.(p). First we show that d~ f,(p) = d¥ f.(p). Let € > 0. Then
there are numbers ¢, ¢~ and p open sets V¥, V~ ¢ approxu(p) such that

d* fulp) —e/2 < " < d* fu(p) and (Vo € VT) f(z) — f(p) > ¢t - (ux — pp)

and

A" fulp) <c¢” <d fulp)+e/2and (Ve € V™) f(z) — f(p) < ¢ - (px — pp).

Let V=VtNV~ ¢ approx,,(p). Then the inequality

dt fulp) —e/2 < ct < m < <d fulp) +e/2
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holds for all z in the nonempty set V'\ {p}. Using this inequality once, we obtain
dt f.(p) < d” fu(p)+e for each € > 0 and hence d* f,,(p) < d~ f,(p), which gives
d~ fu(p) = d* f.(p). But going back to the inequality a second time reveals that
the number d := d* f,(p) = d~ f.(p) has the following property: For all £ > 0
there is a 1 open set V' € approx,,(p) such that

VeeV)z#p = d—a<M<d+5.
px — pp
This is precisely the statement that df,(p) exists and is equal to d. O

The previous theorem justifies the following definition.

Definition 13. Let f : D — R be a function on a domain D with a measure-
ment p which measures D at p € D\ min(D). If d~ f,,(p) exists, d* f,(p) exists
and d~ f,(p) < d* f.(p), then we define

dfu(p) = d+fu(p)
and call this number the informatic derivative of f at p.

By Theorem Bl the new definition and the old definition agree in the continuous
case (p € K(D)). We now turn our attention to the discrete case (p € K(D)).

Theorem 4. Let f : D — R be a function on an algebraic domain D with a
measurement p that measures D at p € K (D) \ min(D). Then the following are
equivalent:

(i) The derivative df,,(p) exists.
(ii) The supremum

ap { 102500

rx € K(D)N |p,x #p}
px — pp

exists and the infimum

@S0 .
mf{ - € K(D)N |p, %p}

exists.

In either case, the value of d* f,(p) is the supremum in (i), while the value of
d~ fu(p) is the infimum in (ii).

Proof. (i) = (ii): By assumption, d* f,(p) and d~ f,(p) both exist. We first show
that the supremum exists. Let x € K (D) with « C p and = # p. Then

f@) = f(p) = c- (ut — pp)
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for all t € V = {x,p} € approx,(p), where ¢ = (f(z) — f(p))/(ux — pp). Since
d* f.(p) exists, we have ¢ < d* f,(p). But then the set of all such ¢ is bounded
from above by d* f,,(p). Thus, its supremum satisfies

ap { 102100

iy L€ K(D)n lp,x #p} < d* fu(p).

Similarly, since d~ f,(p) exists, the same argument gives d™ f,(p) < ¢, which
implies that the set of all such ¢ has an infimum which satisifes

@ 1) < inf { L)

(ii) = (i): To show that df,,(p) exists, we must show that d* f,,(p) exists, d~ f,.(p)
exists and that d~ f,(p) < d* f.(p). We establish this by proving that d* f,(p)
is the supremum in (ii), while d~ f,(p) is the infimum in (ii).

First the case of d* f,(p). To start, recall the definition of d* f,(p),

d* fu(p) = sup{c: (3V € approx, (p))(Vz € V) f(z) — f(p) > c- (nx — pp)}

Because D is algebraic and p is a compact element that is not minimal, the set
of all such ¢ is nonempty. To see why, let y C p be an element with y # p, which
exists since p is not minimal. By algebraicity of D, y can be approximated by
some compact element z < y C p. Then as in the proof of (i) = (ii), we have a
p open set V' = {x,p} € approx,,(p) such that

(Vte V) ft)— f(p) > c- (ut — up),

where ¢ = (f(z) — f(p))/(uz — pp).
Now that we know this set is nonempty, let V' € approx,, (p) and ¢ be any

constant such that f(z) — f(p) > ¢- (uz — up) for all z € V. Let y € V be
some element with y # p, which exists since V' # {p}. By the algebraicity of D,
y is the supremum of compact elements, and since V' is p open, there is some
compact element x < y with € V. Then = C p since V C|p, and x # p, since

y # p. But this means
f@) — ()

BT — pp
and since we know that the set of all such elements has a supremum,
f(z) = f(p)
HT — pp

:xEK(D)ﬂlp,a:;ép}.

>c

3

cgsup{ :xeK(D)ﬂlp,xsép},
which means that the set of all such ¢ is bounded from above, and thus that
d* f.(p) exists and satisifes

J@) = fw)

dr <su {
fu(p)_ p 0T —

xeKunnmw¢p}

The other inequality was established in the proof of (i) = (ii), assuming only
the existence of d* f,(p). The dual argument handles the case of d~ f,(p). O
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Finally, the definition of derivative for selfmaps on a domain D.

Definition 14. Let f: D — D be a function on a domain (D, p) with a map
that measures D at p € D\ min(D). If d(uf),(p) exists, then we write

dfy(p) = d(pf)u(p)

and call this number the informatic derivative of f at p with respect to u. We
also set d* f,(p) == d*(uf)u(p) for x € {+,—}.

It is easy to extend this definition for a map f : (D,u) — (E,\), as was done
for the original formulation of the derivative in the continuous case [2], but in
the present paper there are no applications warranting such an abstraction.

Ezample 5. Derivatives of list operations.
(i) The map first : [S] — [S], first(a :: ) = [a], first[] = []. Using Theorem [],
d(first),,(z) = d" (first) . (z) = d~ (first) . (z) = 0,

forall z # []. At @ = [], d(first),,(z) = d* (first) . (x) = 1 > 0 = d ™ (first) , ().
(ii) The map rest : [S] — [S], rest(a :: ) = x, rest[] = []. Using Theorem @]

d(rest),(z) = d* (vest),(x) = d~ (rest),(z) = 1,
for all z # []. At z =[], d(rest),(x) = d¥(rest),(z) =1 >0 = d~ (rest),(z).

There is something worth pointing out before we focus on the derivative in
the discrete case. The definition of df,,(p) splits into two cases, the continuous
(p ¢ K(D)) and the discrete (p € K(D)). From this bifurcation appears a
remarkable duality: In the continuous case the inequality df," (p) < df,; (p) always
holds, but df,; (p) < dfj (p) may not; in the discrete case the opposite is true,
df,; (p) < df,f(p) always holds, but df,f (p) < df, (p) may not.

The results of this section allow for only one interpretation of this phe-
nomenon: In the continuous case, the derivative is determined by local prop-
erties of the function; in the discrete case, the derivative is determined by global
properties of the function.

4 Measuring the Length of an Orbit

Throughout this section, we assume that (D, y) is an algebraic domain whose
compact elements form a lower set. Some important examples of this are N*,
N [S], Pw, X, and [N — N, ]. Computationally, this is not much of an
assumption.

Theorem 5 (The Mean Value Theorem). Let f : D — D be a function on
(D, 1) such that df,,(p) exists at a compact element p. Then

(px — pp) - d~ fu(p) < pf(x) — pf(p) < d* fu(p) - (px — pp),

for all z C p.
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Proof. Immediate by Theorem [ in view of our assumption that the compact
elements of D form a lower set. ]

If a splitting r has a compact fixed point p reachable by iteration | |r™(z) = p,
then the derivative of r at p can be used to provide a precise measure of the
number of iterations required to get to p from an input of z. Later we will see
that such quantities can play an integral role in determining the complexity of
certain algorithms.

Definition 15. Let » : D — D be a splitting. An orbit is a sequence of iterates
(r"zx). An orbit is compact if

|_| r"(x) € K(D).

n>0
The length of a compact orbit (r"z) is
|(r"x)| := inf{n > 0: 7" (2) = r"(2)}.
A compact orbit is nontrivial when |(r"z)| > 0; otherwise it is a fized point.

In this new language, we can say that we are interested in determining the
length of nontrivial compact orbits of splittings. If (r"z) is a compact orbit, then
rl(z) is a fixed point of r where | = |(r"x)|. For this reason, we say that the
orbit (r"x) ends at p = r!(x).

Lemma 2. If a splitting r : D — D has a nontrivial compact orbit which ends
at p € K(D), and dr,(p) ezists, then 0 < dr,(p) < 1.

Proof. By assumption, there is an x # p with | |r™(x) = p. Since dr,(p) exists,
by Theorem Bl we have

r(x) — u(p
dru(p) = sup{w rx € K(D)N |p,x #p}-
p — pip
Because r is a splitting, ur(z) < pzx for all z, which means that the supremum
on the right is bounded above by 1. Hence dr,(p) < 1.
To see that dr,(p) > 0, we use the fact that  # p and rz € K(D) N |p, to

deduce

0 S w S drﬂ(p),
W — pp

which finishes the proof. O

Theorem 6. Let r be a splitting with a nontrivial compact orbit (r"*x) that ends
at p. If dr,(p) =0, then r(z) =p. If 0 < dr,(p) <1, then

log((pa — pp)/e)
"= { log(1/dr, (1))

]+1:;w%@—um<a

for any € > 0.
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Proof. First the case dr,,(p) = 0. Because rz C p, we can apply the monotonicity
of p followed by the mean value theorem (B)) to derive

0<pr(z)—pp <0 (px — pp).

Then since p measures the domain at p and pr(z) = up, we must have r(z) = p.
For the other case, we simply apply the mean value theorem to obtain

0 < pr™(x) — pp < (dru(p)" (pe — pp),
and then the rest follows from arithmetic. O

By the compactness of p, there is a choice of € > 0 which will ensure that
|pr™(x) — pp| < e = r™(x) = p, but at this level of generality we cannot give a
precise description of it. It depends on u. For lists, the value is € = 1.

Ezample 6. Let r be a splitting on [S] with 0 < dr,(p) < 1 at any fixed point p.
Then for any x, there is some k > 0 such that 7*(x) = p is a fixed point. By the

last result, doing
{ log (pa — pip) w
log(1/dr,(p))
iterations implies that r™(z) = p.
Let’s consider an important example of this type.

Example 7. Contractive list operations. For a positive integer > 0, define

(z) = x/2 if x even;
)= (x4 1)/2if z odd.

Consider the splittings
left(z) = [a(1), - -, a(m(pz) — 1)]

right(z) = [x(m(pz) + 1), -, x(px)]
each of which takes lists of length one or less to the empty list []. Each has a
derivative at its unique fixed point [] as follows.
First, since both of these maps are splittings and p = []| has measure up = 0,

each has a derivative at p — it is simply a matter of determining d* at [] in each
case. For this, if z # [], then

plea) _ (/=3 1. (;_ 1) !
- -2

U ux 2

pright(ax) < pr/2 1
nx = our 2
which means d(left),[] = d(right),[] = 1/2.
Notice that the case of ‘left’ is much more interesting than the case of ‘right.’
In the former, the value of the derivative is never attained by any of the quotients
wleft/p — it is determined by a ‘limit’ process which extracts global information
about the mapping left.
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Already we notice a relationship to processes in numerical analysis: The case
dr,(p) = 0 is an extreme form of superlinear convergence (extreme since in
one iteration the computation finishes), while the case 0 < dr,(p) < 1 behaves
just like ordinary linear convergence. However, unlike numerical analysis, we can
actually say something about the case dr,(p) = 1.

To do this is nontrivial, and in what follows, we seek only to illustrate the
value of the informatic derivative in the discrete case by showing that the precise
number of iterations required to calculate a fixed point p by iteration of a map
r can be determined when dr,(p) = 1 — a case in which classical derivatives are
notorious for yielding no information.

We exploit the nature of the discrete: Given a compact element p that is not
minimal, it has a natural set of predecessors, these are formally defined as the
set of maximal elements in the depo [p \ {p}:

pred(p) = max(lp \ {p}).

To see that this makes sense, notice that |p \ {p} is nonempty since p is not
minimal, and is closed in the u topology, as the intersection of u closed sets. But
a p closed set is closed under directed suprema, and so must have at least one
maximal element.

Theorem 7. Letr: D — D be a splitting on (D, u) with a compact fized point
p = r(p) such that
Vz)z Cp= |_| r(x) = p.
n>0
Ifdtry,(z) =1 for allz Cp and d™r,(x) =1 for all x C p with x # p, then for
all x C p with x # p, there is q € pred(p) such that

px — pp

r(z)=pen= .
Hq — pp

Proof. Let x C p with 2 # p. Let m > 0 be the least integer with r™*!(z) = p.
Set ¢ = r™(x). This element belongs to pred(p). To see this, first note that
q belongs to the dcpo |p\ {p}, and so there is z € pred(p) with ¢ C z. By
assumption, d*r,(z) = d"r,(z) = 1, so applying the mean value theorem at z
yields
pr(q) — pr(z) = pg — pz.

But | |7™(z) = p and z € pred(p), so r(z) = p. And since r(q) = p by definition,
the expression on the left is zero, leaving ug = pz. Hence ¢ = z € pred(p) by
strict monotonicity of u at the point z. Now we find the length of this orbit.

By the mean value theorem applied at ¢, we have pr(x) — ur(q) = pxr — g
for x C ¢. By induction, we obtain

prt (@) — pr(q) = k- pr(q) + pz — (k+1) - pg

for k > 0 whenever 7*(x) C ¢. Because r(q) = p, we can see that r"(x) = p iff
n =k + 1, where ur¥**1(z) — ur(q) = 0. Setting the equation above to zero and
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solving for k yields

L BT =g
pg — pp’
which means that n =k + 1 = (uz — pp) /(g — up). a

It is interesting to notice in the last result that if d=r,(p) = 1, then we must
have r(x) = « for all  C p. Of course, our hypotheses on r rule this out since
the fixed point p must be an attractor on | p.

Ezample 8. In Example Bl we saw that the map rest : [S] — [S] is an example
of the sort hypothesized in Theorem [[lwith p = []. The predecessors of p are the
one element lists

pred(p) = {[z] : z € S}.
Thus, the last theorem says that
rest”(z) =[] © n = pz,

for any x # [].

5 Complexity

Due to space limitations, we cannot go into great detail about how it is that
algorithms can be represented in a manner favorable to the theory presented
here. However, the interested reader can consult [2] and [4]. Nevertheless, we
can still give the reader a good feel for how it is that our study of the informatic
derivative gives us a new perspective on the complexity of algorithms.

FEzample 9. Linear search. To search a list x for a key k consider

search : [S] x S — {L, T}

given by
search([],k) = L
search(z, k) =T if first x = k,
search(z, k) = search(rest z, k) otherwise.

Let D = [S] x S” — the product of [S] with the set S ordered flatly. We measure
this domain as u(z, k) = px. Let r : D — D be the splitting r(z, k) = (rest z, k).
On input (z, k) in the worst case, the number of comparisons n done by this
algorithm is the same as the number of iterations needed to compute r"(x, k) =
([1,%). Since d*r,(z) =1 for all z and d"r,(z) = 1 for all z # ([], k), Theorem [l
applies to give
P (e, k) = ([1,k)  n = u(a, k) = pa,

which helps us understand how the complexity of a discrete algorithm can be
determined by the derivative of a splitting which models its iteration mechanism.
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Ezxample 10. Binary search. To search a sorted list x for a key k, we use the
partially defined
bin: [S] xS — {L, T}

is given by

(

(z, k) if midx = k,
bin(z, k) = bin(left z, k) if midz > k,

(z,k) = bin(right z, k) otherwise.
Again D = [S] x S” and p(z,k) = pa. This time we consider the splitting
r: D — D by

(left z, k) if midx > k;
r(z.k) = { (right x, k) otherwise.

On input (z,k) in the worst case, the number of comparisons n must satisfy
r™(z,k) = ([], k). In this case, we have dr,([], k) = 1/2, so by Theorem [6,

log(p)
: [ log(2)

since we know that the number on the right will guarantee that r™(z, k) = ([], k).

[ +1= Rogtueen + 1.

To summarize these simple examples: We have two different algorithms which
solve the same problem recursively by iterating splittings r and s, respectively,
on a domain (D, p1) in an effort to compute a fixed point p. If dr,(p) < ds.(p),
then the algorithm using r is faster than the one which uses s. In the case of linear
search we have ds,(p) = 1, while for binary search we have dr,(p) = 1/2. As we
have already mentioned, this is identical to the way one compares zero finding
methods in numerical analysis — by comparing the derivatives of mappings at
fixed points.

6 Presentation

First, we have worked with total mappings, though the derivative works just as
well on partial mappings [2]. The reason for this choice was our emphasis on
the discrete setting: In it, the partial maps encountered in practice tend to have
domains which are p closed as well as p open (hence domains in their own right).

Another issue concerns the very definition of df,, itself. Theorem Blis crucial
in that it characterizes differentiability independent of its continuous component.
Taking only this result as motivation for the definition of derivative leaves a few
distinct possibilities. For instance, if we had called the derivative the interval
[d~ fu(p),d™ f.(p)], we might notice more clearly (as in probability theory) the
tendency of continuous information to collapse at a point. Another possibility is
to say that the derivative is d~ f,(p). The author chose d* f,, because it makes the
most sense from an applied perspective. As an illustration, consider the intuitions
we have established about it in this paper: Algorithms r with dr,(p) = 0 belong
to O(1), those with 0 < dr,,(p) < 1 belong to O(logn), while dr,(p) = 1 indicates
a process is in O(n).
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7 Conclusion

At first glance, an extension of the informatic derivative to the case of discrete
data (compact elements) seems like an absurd idea. To begin, we have to confront
the issue of essentially defining unique limits at isolated points. But even if we
assume we have this, we need the new formulation to extend the previous, which
means spotting a relationship between limits in the continuous world versus finite
sequences of discrete objects. But what we are taught is that the continuous and
discrete are ‘fundamentally different,” and that the essence of this distinction
is to be found in the sensibility of the limit concept for continuous objects, as
compared to the discrete case where ‘limit’ has no meaning.

The existence of a derivative in the discrete case means much more than it
does in the continuous case. Most results on discrete derivatives do not hold
in the continuous case. Just consider a quick example: Let r : D — D be any
continuous map with p = r(p) € K(D) and dr,(p) = 0. If z T p, then r(z) = p.
Now compare this to the continuous case (like calculus on the real line), where
one can only conclude that there is an a < p such that r™(z) — p for all x
with ¢ < & C p. Again, this sharp contrast is due to the fact that discrete
derivatives make use of global information, while continuous derivatives use only
local information. Nevertheless, each is an instance of a common theme.

Finally, let us put this work in its proper perspective. It is evidence that
the idea of an “informatic rate of change” is real — it is equally meaningful
for understanding processes which manipulate information, the nature of the
information is irrelevant (continuous/discrete) in this regard. We hope to inspire
others to take a closer look at the idea. One feels certain that better approaches
are possible, that much more can be said, and that many new and exciting
applications await us.
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Abstract. Development graphs are a tool for dealing with structured
specifications in a formal program development in order to ease the man-
agement of change and reusing proofs. Often, different aspects of a soft-
ware system have to be specified in different logics, since the construction
of a huge logic covering all needed features would be too complex to be
feasible. Therefore, we introduce heterogeneous development graphs as a
means to cope with heterogeneous specifications.

We cover both the semantics and the proof theory of heterogeneous de-
velopment graphs. A proof calculus can be obtained either by combining
proof calculi for the individual logics, or by representing these in some
“universal” logic like higher-order logic in a coherent way and then “bor-
rowing” its calculus for the heterogeneous language.

1 Introduction

In an evolutionary software development process using formal specifications,
typically not only implementations evolve over time, but during attempts to
prove correctness (of implementations), also the specifications may turn out to
be incorrect and therefore have to be revised. Development graphs [3] with hiding
[13] have been introduced as a tool for dealing with the necessary management
of change in structured formal specifications, with the goal of re-using proofs
as much as possible. In this work, we extend these to deal with heterogeneous
specifications, consisting of parts written in different logics. This is needed, since
complex problems have different aspects that are best specified in different logics,
while a combination of all these would become too complex in many cases.
Moreover, we also aim at formal interoperability among different tools.

Consider the following sample specification, written in CASL-LTL [I8], an
extension of the Common algebraic specification language CAsL [I7] with a la-
beled transition logic. The behaviour of a buffer and a user writing into and
reading from that buffer is described at a very abstract requirements level using
temporal logic (cf. [2], chapter 13).
%CASL-LTL
spec SYSTEM = BUFFER and USER
then dsort system

free types system ::= __|| __ (buffer; user)
lab_system ::= START | OK | ERROR | tau

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 326-341] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Vs,s:SYSTEM
e V(s,0(\l.ml = FRROR))

%% there is always a possible correct behaviour
s SR V(s o({OK) V (ERROR)))

%% after starting, always the system will eventually send out either OK
or ERROR
ERROR

o (s o v sTEECE, o y(s' O(M.~l = OK V1= ERROR)))
%% OK and ERROR are sent at most once, and it cannot happen
that both are sent

Typically, within the development process, one will need to refine the abstract
requirements and pass over to a concrete design. This could, for example, be ex-
pressed in SB-CAsL [f], a state based extension of CASL following the paradigm
of abstract state machines. Here, it is possible to use assignments and sequential
and parallel composition, such that the passage to an imperative program is no
longer a big step. In order to be able to interface the SB-CASL specification with
the CASL-LTL specification above, we here use labeled transition system signa-
ture as above, which is projected from CASL-LTL to CASL with hide LTL-keep,
which means that the labeled transition system is kept (while the temporal logic
formulae are dropped). Thus, we get a heterogeneous specification, consisting
of parts written in different logics, and of inter-logic translations and inter-logic
projections (we here denote logic translations by with and logic projections by
hide, in analogy to CASL’s translations and hidings within one logic).

%SB-CASL

System BIT
use VALUE then
{ %CASL-LTL
dsort system
free types system ::= __|| __ (buffer; user)

lab_system ::= START | OK | ERROR | tau  }
hide LTL-keep

dynamic func Buf_Cont : buffer; User_State : user_state;
proc proc_START; proc_OK; proc_ERROR; proc_tau;
o proc_.START = seq User_State := Putting_0; Buf_Cont := Empty end
e proc_tau = if User_State = Putting_0 then

seq User_State := Putting_1;

Buf _Cont := Put(0, Buf _Cont') end
elseif ...

tau

post proc_tau : (Buf_Cont||User_State) —— (Buf _Cont'|| User_State’)

%% Specify the generated LTL relation

We then have that BIT actually is a refinement of SYSTEM, which can be
expressed in the following form in SB-CASL:
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view Vv :{ SYSTEM hide LTL-keep with SB-CASL } to BIT end
%% BIT is a possible run of SYSTEM

The first specification within this refinement is again heterogeneous: SYS-
TEM is projected from LTL-CASL to CASL (using hide LTL-keep) and then
translated from CASL to SB-CASL (using with SB-CAsL).

BUFEFER USER VALUE

SYSTEM BIT
h

O——O

Fig. 1. Development graph for the refinement of SYSTEM into BIT

In Fig. [[lwe present the development graph expressing the above refinement.
Development graphs concentrate on the (homogeneous and heterogeneous) struc-
turing of specifications and proofs, independently of the particular structuring
or module-building constructs of the input language. In order to be able to use
heterogeneous development graphs for performing proofs, we introduce the no-
tion of heterogeneous borrowing, which is a generalization to the heterogeneous
case of the notion of borrowing [§], which allows to re-use theorem provers. As an
application, we will sketch how to represent various extensions of CASL within
higher-order logic in a coherent way, such that heterogeneous borrowing becomes
applicable. This means that we can re-use any theorem prover for higher-order
logic to do theorem proving in the heterogeneous logic consisting of CASL and
some of its extensions.

2 Preliminaries

When studying heterogeneous development graphs, we want to focus on the
structuring and abstract from the details of the underlying logical systems.
Therefore, we recall the abstract notion of institution [10].

Definition 1. An institution I = (Sign, Sen, Mod, |=) consists of

— a category Sign of signatures,

— a functor Sen: Sign — Set giving the set of sentences Sen(X) over each sig-
nature X, and for each signature morphism o: X — X', the sentence trans-
lation map Sen(c): Sen(X) — Sen(X’), where often Sen(o)(yp) is written

as U(@);
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— a functor Mod: Sign°® — CAT giving the category of models over a given
signature, and for each signature morphism o: X — X’ the reduct functor
Mod(o): Mod(X’) — Mod(X), where often Mod(c)(M') is written as
M,

— a satisfaction relation Ex C [Mod(X)| x Sen(X) for each X € Sign,

such that for each o: X — X’ in Sign,
M s o) & Mo Ex ¢
holds for each M' € Mod(X") and each ¢ € Sen(X) (satisfaction condition).

A logic is an institution equipped with an entailment system consisting of an
entailment relation -5 C |Sen(X)| x Sen(X), for each X € |Sign|, such that the
following conditions are satisfied:

reflexivity: for any ¢ € Sen(X), {p} Fx ¢,

monotonicity: if I'Fx o and I D I' then IV Fx o,

transitivity: if I' b5 @;, for i € I, and I'U {p;| | i € I} Fx 1), then I' b5 9,
F-translation: if I' b5 ¢, then for any o: ¥ — X’ in Sign, o[I'] Fx o(p),
soundness: for any X € |Sign|, I' C Sen(Sign) and ¢ € Sen(X),

G Q=

I'tys ¢ implies I' x5 .

A logic will be called complete if, in addition, the converse of the soundness
implication holds.

We will at times need the assumption that a given institution I = (Sign, Sen,
Mod, =) has composable signatures, i.e. Sign has finite colimits, and moreover,
I admits weak amalgamation, i.e. Mod maps finite colimits to weak limits.
Informally, this means that if a diagram of signatures is glued together, then
it is also possible to glue together families of models that are compatible w.r.t.
the morphisms in the diagram.

Examples of logics that can be formalized in this sense are many-sorted
equational logic, many-sorted first-order logic, higher-order logic, various lambda
calculi, various modal, temporal, and object-oriented logics etc.

3 Development Graphs with Hiding

Development graphs, as introduced in [3], represent the actual state of a formal
program development. They are used to encode the structured specifications in
various phases of the development and make them amenable to theorem proving.
Roughly speaking, each node of such a graph represents a theory such as BIT
in the above example. The links of the graph define how theories can make
use of other theories. Leaves in the graph correspond to basic specifications,
which do not make use of other theories (e.g. VALUE). Inner nodes correspond
to structured specifications which define theories importing other theories (e.g.
BIT using VALUE). The corresponding links in the graph are called definition
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links. If only part of a theory shall be imported, one can use a hiding link. With
these kinds of links, one can express a wide variety of formalisms for structured
specification. E.g., there is a translation from CASL structured specifications (as
used in the examples) to development graphs [3].

Fix an arbitrary institution I = (Sign, Sen, Mod, ).

Definition 2. A development graph is an acyclic directed graph S = (N, L).
N is a set of nodes. Each node N € N is a tuple (XN, I'N) such that XV is
a signature and I'N C Sen(XN) is the set of local axioms of N.
L is a set of directed links, so-called definition links, between elements of
N. Each definition link from a node M to a node N is either

— globa (denoted M—» N ), annotated with a signature morphism o : XM —
N or

— hiding (denoted M—— N ), annotated with a signature morphism o : X~ —
XM going against the direction of the link. Typically, o will be an inclusion,
and the symbols of XM not in XN will be hidden.

Definition 3. Given a node N € N, its associated class Modg(N) of models
(or N-models for short) consists of those XN -models n for which

— n satisfies the local axioms I'N,

— for each K==+ N € 8, nl|, is a K-model,

— for each K—=N € S, n has a o-expansion k (i.e. k|, = n) which is a
K-model.

Complementary to definition and hiding links, which define the theories of
related nodes, we introduce the notion of a theorem link with the help of which
we are able to postulate relations between different theories. (Global) theorem
links (denoted by N—Z» M) are the central data structure to represent proof
obligations arising in formal developments. The semantics of theorem links is
given by the next definition.

Definition 4. Let S be a development graph and N, M be nodes in S. S
implies a global theorem link N="»M (denoted S = N="oM) iff for all
m € Modg(M), m|, € Modg(N).

A sound and complete (relative to an oracle for proving conservative exten-
sion) set of proof rules for deriving entailments of form

SEN-—"-M

has been introduced in [13] (based on the assumption that the underlying logic is
complete and two further technical assumptions, namely composable signatures
and weak amalgamation).

Based on this, there is a development graph tool MayA [], keeping track
of specifications, proof goals and proofs, and also supporting a management of

! There are also local links, which are omitted since they are not so essential here.
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change. The tool is parameterized over a tool for the entailment system of the
underlying logic, and only assumes the abstract properties of entailment systems
given in their definition above.

E.g. consider the development graph of the running example (cf. Fig. [I]): The
theorem link from SYSTEM to BIT expresses the postulation that the latter is
a refinement of the former. Note that this development graph is heterogeneous
because it involves different logics — hence it goes beyond the above formalization
of development graphs over one arbitrary but fixed logic. The main goal of this
paper is hence to provide a formal basis for heterogeneous development graphs.
But before coming to this, let us first examine how to use translations between
logics to prove theorem links.

4 Borrowing

Often, for a given logic, there is no direct proof support available. Then, a way
to obtain proof support is to encode the logic into another logic that has good
tool support. For encoding logics, we use the notion of institution representation.

Definition 5. Given institutions I and J, a simple institution representation
[20] (also called simple map of institutions [71]) p = (P, «, 5): I — J consists
of

— a functor &: SignI —»Pres‘]ﬁ,
— a natural transformation o: Sen! — Sen” o @,

— a natural transformation 3: Mod” o &P — Mod!

such that the following representation condition is satisfied for all X € Sign’,
M' € Mod” (#(X)) and ¢ € Sen’ (X):

M’ Egigay as(p) & Bo(M') X ¢.

In more detail, this means that each signature ¥ € Sign’ is translated to
a presentation @#(X) € Pres’, and each signature morphism o: % — X' €
Sign’ is translated to a presentation morphism &(c): $(X) — &H(X’) € Pres’.
Moreover, for each signature X € SignI, we have a sentence translation map
ax:Sen! (X) — Sen’(#(X)) and a model translation functor 3y : Mod” (#(X))
— Mod!(2). Naturality of a and 3 means that for any signature morphism

2 A presentation P = (X, I") € Pres consists of a signature X and a finite set of
sentences I' C Sen(X) (we set Sig[P] = X and Az[P] = I'). Presentation morphisms
are those signature morphisms that map axioms to logical consequences.
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0: ¥ — 5’ € Sign’,

Sen’ (%) Sen’ (#(X))

Sen’ (o) Sen’ (#(0))

(e3>

Sen!(¥') ————— Sen”’ (#(2"))

and
Mod! (%) % Mod’ (4(X))
Mod? (o) Mod” (#(c))
B
Mod! (%) = Mod” (9(%"))
commute.

Ezample 1. The logic of CASL (subsorted partial first-order logic with sort gen-
eration constraints) can be encoded with a simple institution representation into
second-order logic [12]. This representation can be described as a composite of
three representations: The first one encodes partiality via error elements living
in a supersort, the second one encodes subsorting via injections, and the third
one encodes sort generation constraints via second-order induction axioms. The
details can be found in [12].

Definition 6. Given a simple institution representation p = (¢, a,5): 1 — J,
we can extend it to a translation i of development graphs with hiding as follows:
Given a development graph S, i(S) has the same structure as S, but the signature
of a node N is changed from LN to Sig[®@(X™N)], the set of local axioms is changed
from I'N to asn (TN )UAz[®(XN)]. Moreover, a signature morphism o occurring
in a link (of any type) is replaced by P(o). Note that (o) as used above is a
morphism between presentations, but as such it also is a signature morphism.

An important use of (simple) institution representations is the re-use (also
called borrowing) of entailment systems along the lines of [8J6]. Therefore, we
need two preparatory notions.

A simple institution representation (@, a, 3): I — J admits model expansion
if § is pointwise surjective on objects (i.e., each 85 is surjective on objects).
Informally, this means that each model of the source institution has a model
representing it in the target institution.

Let a class D of signature morphisms in I be given. An institution repre-
sentation u: I — J admits weak D-amalgamation, if for signature morphisms
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in D, the (-naturality diagrams shown above are weak pullbacks. Informally,
this means that each representation of a reduct of a model can be extended to

a representation of the whole model (for reducts along signature morphisms in
D).

Theorem 1 (Local borrowing [8]). Let p = (@,,0): 1 — J be a simple
institution representation admitting model expansion into a (complete) logic J.
Then we can turn I into a (complete) logic by putting

I'ts @ iff Az[®(X)]|Uas[l] Fsign@s)) as(®)-

Theorem 2 (Global borrowing). Let pn = (@, a, 3): [ — J be an institution
representation admitting model expansion and weak D-amalgamation, and let J
be a complete logic. Then p admits global borrowing, i.e. if we put

St M="oN iff i(s)+MIIAN.

we get an entailment relation which is sound and complete (relative to an ora-
cle for proving conservative extension) for a subset of development graphs over
I (namely the set of all those development graphs with all hiding links along
signature morphisms in D).

Ezample 2. The institution representation from Example [I admits model ex-
pansion and weak (injective)-amalgamation. Hence, it admits global borrowing
for development graphs over the CASL logic that contain hiding links only along
injective signature morphisms. That is, to prove a theorem link of such a devel-
opment graph, it suffices to prove the translation of the link in the translated
development graph over second-order logic.

5 Logic Morphisms and a CoFI Logic Graph

How can we give a precise semantics to the development graph in Fig.[II? As a
prerequisite, we need to relate the underlying institutions somehow. In the pre-
vious section, we have introduced institution representations serving the purpose
of encoding an institution within another one. But they are not so appropriate
for dealing with heterogeneity (a motivation for this is given in [21])). Rather, we
need institution morphisms [10], expressing the fact that a “larger” institution
is built upon a “smaller” institution by projecting the “larger” institution onto
the “smaller” one.

Given institutions I and J, an institution morphism [10] p = (D, o, 8): I — J
consists of

— a functor @: SignI ‘>Sign‘],
— a natural transformation «: Sen” o & — Sen’ and
— a natural transformation 8: Mod! — Mod” o ¢°7,
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such that the following satisfaction condition is satisfied for all ¥ € Sign’,
M € Mod! (%) and ¢’ € Sen” (&(X)):

M % as(¢') & B(M) }:é(z) @'

If I and J are also logics, an institution morphism u: I — J is called a logic
morphism, if for any ¥ € Sign’, and {¢}, I C Sen’ (&(X)),

r I—‘qls(z) ¢ implies ax[I'FL ax(p).

Note that this condition always holds if I is complete.

This leads to a category Log of logics and logic morphisms.

As an example, consider the graph of logics and logic morphisms shown in
Fig. 2l CAsL extends first-order logic with partiality, subsorting and generation
constraints (some form of induction). CASL-LTL [18] is an extension of CASL
with a CTL-like labeled transition logic. LB-CASL [1] extends CAsSL with late
binding, and SB-CASL [5] is an extension of CASL following the abstract state
machine paradigm, where states correspond to algebras. HO-CAsL [14] extends
CasL with higher-order functions, and HasCAsL [19] further adds shallow poly-
morphism and type constructors. (We here use the extensional variants ExtHO-
CasL and ExtHasCASL of these logics, in order to be able to embed them into
classical higher-order logic later on.) FOL™ is the restriction of CASL to first-
order logic, SubPHorn= [12] the restriction to Horn logic, and Horn= is the
intersection of both restrictions. The definition of the logic morphisms is quite
straightforward, except that for projecting CASL-LTL and LB-CASL onto CASL,
we have two choices: since the dynamic structure can be represented in CASL
itself, we either can choose to keep it or to drop it. Note that in Example [I] we
have chosen the keep-morphism for going from CASL-LTL to CASL in order to
be able to keep the labeled transition system also in SB-CASL and thus provide
a true interaction between the two worlds.

6 Heterogeneity through Grothendieck Logics

With a given (arbitrary but fixed) graph of logics and morphisms as exhibited
in the last section, we are now able to define heterogeneous development graphs.
We could introduce new types of definition link to capture the heterogeneity,
similarly to [2I]. However, a more elegant way is to flatten the graph of logics,
and then use the usual constructions for the thus obtained logic. This leads to the
notion of Grothendieck logic, extending Diaconescu’s Grothendieck institutions
[@].

Definition 7. An indexed logic is a functor L: Ind°? — Log into the category
of logics and logic morphisms.

For example, the graph of logics from Fig.[2 can be easily considered to be an
indexed logic. (Any graph of logics can be extended to an indexed logic by taking
Ind®? to be the free category over the graph, basically consisting of paths.)
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FExtHasCASL CASL-LTL LB-CASL SB-CASL
\L drop
drop | | keep
ExtHO-CASL keep

CASL

T

SubPHorn™

/

Horn™

FOL™

/N\/

Fig. 2. A first CoFI logic graph

An indexed logic can now be flattened, using the so-called Grothendieck con-
struction. The basic idea here is that all signatures of all logics are put side
by side, and a signature morphism in this large realm of signatures consists of
an intra-logic signature morphism plus an inter-logic translation (along some
logic morphism from the graph). The other components are then defined in a
straightforward way.

Definition 8. Given an indexed logic £: Ind°” — Log, define the Grothendieck
logic £L# as follows:

— signatures in L% are pairs (X,1), where i € |Ind| and X a signature in the
logic L(i),

— signature morphisms (o,d): (X1,1) — (X2, ) consist of a morphism d:i—
j € Ind and a signature morphism o: X1 — (D (5,) (here, L(d): L(j) —
L(i) is the logic morphism corresponding to the arrow d:i— j in the logic
graph, and =D is its signature translation component),

— the (X,i)-sentences are the X-sentences in L(i), and sentence translation
along (o, d) is the composition of sentence translation along o with sentence
translation along L£(d),

— the (X, i)-models are the X-models in L(i), and model reduction along (o, d)
is the composition of model translation along L£(d) with model reduction along
o, and

— satisfaction (resp. entailment) w.r.t. (X,1) is satisfaction (resp. entailment)
w.r.t. X in L(7).

Now we can just define heterogeneous development graphs over £ to be usual
development graphs over the logic £#. Hence, the graph shown in Fig [ now
becomes a development graph in the formal sense. Proving in such heterogeneous
development graphs is then heterogeneous proving: the goal of deriving a global
theorem link is decomposed (using the proof rules from [I3]) into local goals
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that refer to the entailment relation of the Grothendieck logic, which in turn is
defined in terms of the entailment relations of the individual logics.

However, there is one obstacle with this approach: in order to be able to use
the calculus for the development graphs with hiding in a sound and relatively
complete way, one needs weak amalgamation for the Grothendieck logic £# (note
that with the calculus for structured specifications given in [6], one even needs
Craig interpolation). Diaconescu [9] gives necessary and sufficient conditions for
this. However, he points out that in many cases not all of these conditions will
be satisfied (and this also is the case for our graph of logics). Therefore, we also
will pursue a different way of obtaining proof support for heterogeneous logics.

7 Grothendieck Representations
and Heterogeneous Borrowing

Often, heterogeneous proving in the Grothendieck logic is not feasible. One prob-
lem is a possible lack of weak amalgamation as indicated in the previous section.
Another problem with a logic graph covering a variety of logics is that one needs
to implement a proof tool for each individual logic. Therefore, we now show
how to translate heterogeneous proof goals into homogeneous ones (i.e. over one
logic), using heterogeneous borrowing.

To this end, we need the notion of institution representation map [20/16].
Fix a logic U = (USign, USen, UMod, |=,+) which we will very informally
view as a “universal” logic (with sufficient expressiveness to represent many
logics, and with suitable tool support). We will also denote the institution
(USign, USen, UMod, =) by U.

Definition 9. Let I = (Sign, Sen, Mod, =) and I’ = (Sign’, Sen’, Mod’, ')
be institutions and p = (P,a,0): 1 — U and p' = (&',a/,p'): I' — U be their
representations in U. A representation map from p to p’ consists of:

— an institution morphism p = (@,_&,B):I — I, and
— a natural transformation 0:d' o ® — P,

such that

— aoa=(USen-0)o (o D),
— [0 = (B -2°) 0 (UMod - 0°P) , i.e., that for each signature X € |Sign|
the following diagram commutes:

Bx

Mod(X) UMod(2(Y))
ﬂzl iUMod(Bg)
Mod'(#(£)) < UMod(#(#(5)))

Moreover, we say that (u,0) admits weak amalgamation, if for each signature
XY € |Sign|, the above diagram is a weak pullback in CAT .
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With an obvious composition, this gives us a category Repr(U) of institution
representations into U and representation maps. An indexed representation then
is just a functor R: Ind°® — Repr(U). We now have:

Theorem 3. Given an indezed institution representation R: Ind°® — Repr(U),
we can form its Grothendieck representation R¥: (II; o R)# — U, which is a
representation of the Grothendieck institution of the indexed institution I1; o R
formed from the source institutions and morphisms involved in R.

Proposition 1. Given an indezed representation R: Ind°® — Repr(U), if all
the individual representations R(i) admit model expansion, then also R* admits
model expansion.

Definition 10. Given an indexed representation R:Ind°® — Repr(U) and a
class of signature morphisms D in (II; o R)#, R is said to admit weak D-
amalgamation if

— for each i € Ind, R(i) admits weak C-amalgamation, where C = {o | (0,d) €
D for some d:i—j € Ind}, and

— for each d € Ind such that (o,d) € D for some o, R(d) admits weak amal-
gamation.

Proposition 2. Given an indezed representation R: Ind°? — Repr(U) and a
class of signature morphisms D in (II;oR)¥, if R admits weak D-amalgamation,
then also R* admits weak D-amalgamation.

Corollary 1. Given an indexed representation R: Ind°® — Repr(U), if all the
individual representations R(i) admit model expansion, and moreover R admits
weak D-amalgamation, then R¥ admits global borrowing for development graphs
containing hiding links only along signature morphisms in D.

This means that global theorem links in heterogeneous development graphs
can be derived using only the entailment relation of U (and the proof rules for
development graphs from [13]).

Theorem 4. The underlying indexed institution from Fig. [ can be extended
to an indexed representation COFZL: Ind°®® — Repr(HOL), as indicated in
Fig. [3 Moreover, if IN'J is the set of all signature morphisms that are injec-
tive in the first (intra-institution) component, then COFZI admits weak TN T -
amalgamation.

Proof. (Sketch) CASL is represented in HOL by Example[ll CASL-LTL and LB-
CAsL are represented in CASL by construction, hence we can compose this with
the representation of CASL in HOL. ExtHO-CASL can be represented in HOL
by an easy extension of the representation of CASL in HOL (for representing
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FOL™ SubPHorn™

/

Horn™

ExtHasCASL CASL-LTL LB-CAsL SB-CASL
\L drop »
drop | | keep
ExtHO-CasL
\ . o ;4\1
CAsL = HOL
/ \ R T4

Fig. 3. The embedding to the CoFI logic graph into HOL

ExtHasCASL, we need a variant of HOL supporting type constructors and shal-
low polymorphism). The most complicated representation is that of SB-CASL:
we have to represent the static part as with the standard CASL representation
in HOL in order to get a representation map, while we need a set-theoretic rep-
resentation for dynamic part (which involves whole algebras as states). The link
between the static and the dynamic part is done by lifting functions which lift
the static part into set theory. ]

By Corollary M COFI# admits global borrowing for development graphs
containing hiding links only along signature morphisms in ZN 7.

8 Conclusion and Related Work

Multi-logic systems can be studied in the context of an arbitrary but fixed graph
of logics and logic morphisms (formalized as an indexed logic ). In such a set-
ting, we have generalized development graphs with hiding [I3] to the hetero-
geneous case, using the Grothendieck construction of Diaconescu [9]. We then
have extended the Grothendieck construction form institutions (and morphisms)
to institution representations (and representation maps). We also have studied
conditions under which Grothendieck representations admit the re-use (“bor-
rowing”) of theorem provers for proving global theorem links in heterogeneous
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development graphs. Our work is related to the introduction of heterogeneous
notions in [21], which here occur more naturally through the Grothendieck con-
struction.

As a first application, we have sketched a graph of institutions consisting of
institutions for the Common Algebraic Specification Language CASL and some of
its extensions and sublanguages. We also have extended this to a graph of repre-
sentations and representation maps in higher-order logic. By the construction of
the associated Grothendieck representation, any theorem prover for higher-order
logic, together with the development graph tool based on the calculus for devel-
opment graphs with hiding introduced in [13], can be used for theorem proving
in the heterogeneous language over the above mentioned institution graph. As a
first practical step, the development graph tool MAYA has been connected with
the Isabelle/HOL theorem prover []. Other provers will follow, with the pos-
sibility of multi-prover proofs. We also have made the static analysis of CASL
in-the-large institution independent [I5], which is a step towards an analysis tool
for the heterogeneous input language.

We have also presented a sample heterogeneous specification involving a re-
finement of an abstract requirement specification in CASL-LTL using temporal
logic to a design specification in SB-CASL following paradigm of abstract state
machines. With this, we have indicated that heterogeneous development graphs
are indeed useful for dealing with interaction of different formalisms. It should
be noted though that this interaction is possible because we use an institution
morphism form CASL-LTL to CASL that keeps the dynamic structure. In order
to have an interaction also in cases where it is not possible to keep some struc-
ture, one has to use parchments [L6l[7], which allow a true “interleaved” feature
interaction. However, the theory of parchments is not ripe yet to deal with a
combination of all the logics in our sample institution graph.

In the future, one should, of course, further explore the applicability of this
approach. Concerning tool support, we have presented two extremes: either each
logic comes with individual proof support, or all logics are encoded into one
“universal” logic like HOL. Possibly it will be desirable to find some way be-
tween these extremes by allowing a large variety of input logics which is then
mapped into a smaller variety of proof logics (for example, MAYA already sup-
ports both HOL and HOL plus TLA). The details of how to construct a logic
representation between the induced Grothendieck logics need to be worked out
yet. Another line of future work concerns the application of the ideas presented
here to programming languages, which can also be considered to be institutions
[201].
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Notions of Computation Determine Monads

Gordon Plotkin and John Power*

Division of Informatics, University of Edinburgh, King’s Buildings,
Edinburgh EH9 3JZ, Scotland

Abstract. We model notions of computation using algebraic operations
and equations. We show that these generate several of the monads of pri-
mary interest that have been used to model computational effects, with
the striking omission of the continuations monad. We focus on semantics
for global and local state, showing that taking operations and equations
as primitive yields a mathematical relationship that reflects their com-
putational relationship.

1 Introduction

Eugenio Moggi, in [14/16], introduced the idea of giving a unified category theo-
retic semantics for what he called notions of computation, but which we call com-
putational effects. He modelled each computational effect in the Kleisli category
for an appropriate strong monad 7" on a base category C' with finite products.
The perspective of this paper is that computational effects determine monads
but are not identified with monads. We regard a computational effect as be-
ing realised by families of operations, with a monad being generated by their
equational theory.

Examples of computational effects are: exceptions, interactive input/output,
nondeterminism, probabilistic nondeterminism, side-effects and continuations.
Moggi’s unified approach to modelling them has proved useful, for example in
functional programming [2], but there has not been a precise mathematical basis
on which to compare and contrast the various effects.

For instance, continuations are computationally of a different character to
other computational effects, being an inherently non-local phenomenon. Again,
computationally, the introduction of global state is a first step towards the in-
troduction of local state. So we seek a mathematical description of features of
the various monads that reflects the comparisons between the corresponding
computational phenomena.

An immediate observation is that the monad for continuations R(® ) does
not have a rank (see [J] for a definition), while the monads for all the other
above-mentioned computational effects do. There is a theorem to the effect that
monads are derivable from algebraic operations and equations if and only if they
have bounded rank [10]. So consideration of operations and equations might
provide a way to describe features of the computational effects. The equations

* This work is supported by EPSRC grant GR/M56333 and a British Council grant.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 342-B56] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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may also prove useful when manipulating programs, e.g., for optimisation. We
regard it as positive that there are no algebraic operations and equations in the
sense of the theorem yielding the continuations monad, taking that as reflecting
its differing computational nature.

There are computationally natural families of operations associated with sev-
eral of the above monads: one has ‘raise’ operations for exceptions; one has ‘read’
and ‘write’ operations associated with interactive input/output; one has a nonde-
terministic binary ‘choice’ operation when modelling nondeterminism; one has a
‘random choice’ operation for probabilistic nondeterminism; and one has ‘lookup’
and ‘update’ operations when modelling global state. An analysis of several of
these families of operations appears in [20]: they are regarded as algebraic fami-
lies of operations associated with an already given monad, and are characterised
in terms of generic effects: e.g., to give a generic effect e : n — T'm is equivalent
to giving m n-ary algebraic families of operations, where m and n need not be
finite (m is the m-fold coproduct of 1 in C). Crucially when a monad is given
by algebraic operations and equations in the sense of [I0], the algebraic families
of operations associated with it are given by the derived operations.

In programming languages, effects are obtained using syntactic constructs
corresponding to the operations or the generic effects. Some examples with fini-
tary operations were considered in [19], which considered suitable extensions
of call-by-value PCF, itself an extension of Moggi’s computational A-calculus,
and gave a unified treatment of operational semantics. Although infinitary op-
erations, as we study here, do not appear directly in programming languages,
the corresponding generic effects do, and we sketch appropriate extensions of
call-by-value PCF incorporating them.

The present paper investigates whether the monads are given by computa-
tionally natural equations for the above naturally occurring families of oper-
ations. This is already well known to be so in the case of some of the above
examples, notably those associated with nondeterminism; other cases, such as
those of exceptions and interactive input/output, are easy; but global and local
state required considerable thought. So most of the technical detail is devoted
to the situation for state. At this point, we should like to thank Eugenio Moggi
for suggesting to us that the monad for global state may be derived from (possi-
bly infinitary) computationally natural operations and equations, and we should
like to thank Peter O’Hearn for showing us a monad for local state suited to
call-by-value. Two new features emerge in characterising local state. First, the
arities must be allowed to be not just sets but presheafs; and second, the block
operation, in contrast to lookup and update, is linear, using symmetric monoidal
closed structure rather than cartesian closed structure.

The paper is organised as follows. In Section [2 we give a general explana-
tion of the notions of signature, operations, and equations, and we present the
straightforward examples discussed above. In Section[3, we give a careful expla-
nation of how the monad (S ® —)? for global state is generated by operations
for lookup and update subject to computationally natural equations. And in
Section[d, we extend the definitions of Section Blto see how the addition of block
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subject to natural additional equations generates the monad for local state. The
central point here is that this gives precise mathematics that reflects the com-
putational relationship between global and local state. For future work, having
made some progress in understanding individual computational effects, one can
consider their combinations; we address that issue in [6].

2 Operations and Equations

Given a finitary signature X' in the usual universal algebraic sense, one can speak
of a Y-algebra in any category C with finite products: it consists of an object A
of C together with, for each ¢ in Y| a map

ayt A0 5 A

in C, where ar(o) is the arity of 0. One can speak of Y-equations and their
satisfaction in a Y-algebra, obtaining the notion of a (X, E')-algebra in C. This,
with the evident definition of homomorphism of algebras, generates a category
(X, E)-Alg with a forgetful functor

U:(X,E)—Alg— C

which, if C' is locally presentable, has a left adjoint F', inducing a monad T'= UF
on C. The category (X, E)-Alg is isomorphic to the category T-Alg of algebras
for the monad T'.

This is a considerably simplified version of the work in [10], but the above
version is sufficient here. One illuminating view is in terms of models for a Law-
vere theory in a category other than Set, cf [20J21]. There is nothing special
about the finitariness of X': everything holds equally for infinitary operations,
providing C' has correspondingly infinitary products, as all our examples do. It
is, moreover, routine to verify that the induced monad T always has a natu-
ral associated strength, induced by the universal property of products. Leading
examples of interesting categories C are Set, Poset, w-Cpo, presheaf categories
[W, Set], and functor categories of the form [W,w-Cpo] for a small category of
worlds W, cf [I7].

Ezample 1. Ezxceptions The monad — + E for exceptions on Set is induced by
FE nullary operations, with no equations. These operations model the raising of
exceptions, but do not model a ‘handle’ operation. This distinction is consis-
tent with the fact that raising exceptions is algebraic [20], while (significantly!)
handling exceptions is not. In this paper, we only consider algebraic operations;
non-algebraic operations such as handle are of a different character, which re-
mains to be understood.

Ezxample 2. Interactive Input/Output The monad TX = pY.(O x Y +Y! + X)
for interactive I/O on Set is induced by operations read : X! — X (which is
infinitary) and write : X — X©, with no equations [I5]. The corresponding
generic effects are e, : 1 — T'I and e,, : O — T'1; the corresponding extension
of call-by-value PCF would have datatypes In and Out (they could both be
Char, a character type) and programs read : In and write M : 1 for M : Out.
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Ezxample 3. Nondeterminism Let C be the category of w-cpo’s. Then the cat-
egory of algebras for the convex power-domain [5I8I[1] is the category of semi-
lattices in C' (i.e., structures with an associative, commutative, idempotent bi-
nary operation), equipped with a least element L. Similar facts are true of the
upper and lower power-domains, except that each requires an additional equa-
tional axiom in the setting of [10].

Ezample 4. Probabilistic Nondeterminism The probabilistic power-domain [7],
[8J4] can be treated algebraically in several equivalent ways. One is via a random
choice operator = 4, y meaning “do = with probability r, or y with probability
1—7r.” Taken together with a bottom element this has an axiomatisation over the
category of w-cpo’s that fits within the framework of [10]. The equivalent generic
effect is (ep), : 1 — T'(2). In programming languages considered in the literature
one sees both explicit choice operators and a random ‘die’ rand,. : Bool.

3 Global State

In this section, we show how the side-effects monad, which is used to model
global state, is generated by operations for lookup and update subject to com-
putationally natural equations.

Let L be a finite set, to be regarded as a set of locations, and let V' be a
countable set, to be regarded as the set of values. For instance, V' may be taken
to be the set of natural numbers. One defines the set S of states of a language
to be the set VI of functions from locations to values. So S is a countable
set. The restriction to finite L is deliberate and is needed for the proofs of
our results; rather than use an infinite set to deal with the availability of an
unbounded number of locations, we prefer to use a presheaf semantics as in
Section @] Observe that one includes the case of any countable set S by putting
L =1and V =5; we shall need L explicit in order to analyse local state.

Now assume we have a category C' with countable products and coproducts.
Consider the monad T on C given by (S ® —)°, where AX means the product
of X copies of the object A of C, and X ® A means the coproduct of X copies
of A. A map in the Kleisli category from A to B is equivalent to giving a map
in C from S ® A to S ® B, thus allowing a change of state.

We seek to express the category (S ® —)°-Alg as the category of (X, E)-
algebras, for computationally natural X' and F, in the category C. In order to
give this result, we define a category G.S(C), which, by its description, is the
category of (X, F)-algebras in C for evident (X, E), so that the evident forgetful
functor U : GS(C) — C has a left adjoint given by (S ® —)°. It follows that
(X, E)-Alg is isomorphic to (S ® —)%-Alg.

Our operations will consist of a lookup operation I : AV — A and an
update operation u : A — AL*V: these are equivalent to families of opera-
tions as previously considered. Given a V-indexed family of elements of A, the
infinitary lookup operation takes a location loc, finds out what its value is in the
current state of the computation, and computes the element of A determined
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by that value. Given an element of A together with a location loc and a value
v, the update operation updates the state by insisting that loc take value v,
and then allowing the computation to run. The corresponding generic effects
aree;: L — TV ande, : LxV — T1l, where L=L®1andV =V ® 1.
In a corresponding extension of call-by-value PCF, one would have datatypes
Loc and Val (the latter might be Nat) and program constructions M : Val for
M : Loc and (M := N) : 1 for M : Loc and N : Val.

We take care here to give the result for a category C' with axiomatic structure
rather than just for Set, as we expect the more general result to be required for
modelling the combination of side effects with other computational effects. Our
results also extend routinely to the situation where C' is a V-category (see [9])
and the set of values is replaced by an object of V. It remains to be seen how
best to handle complex situations such as storable procedures [T1] or linked lists.

Definition 1. Given a category C with countable products, a finite set L, and
a countable set V', we define the category GS(C) as follows: an object consists
of

— an object A of C

— a lookup map 1 : AV — ALY, and

— an update map u: A — ALXV
subject to commutativity of two classes of diagrams. First, we have four inter-
action diagrams as follows:

IR

u

A ALXV ( V)L
At -
AL A(s ALXL ~ (AL)L

where § : L — L X L and t : L — 1 are the diagonal and terminal maps, and
the lower unlabelled isomorphism matches the outer L of (AL)L with the first L
Of ALXL}

v =~
(AV)V ., (AL)V . ( V)L
= v
Y Y
AV><V (AL)L
A° ~
Y Y
AV o AL P ALXL
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where the unlabelled isomorphisms match the outer V of (AV)Y with the first V
of AV*V and similarly for L, cf [9],

u uLxV
A o AL><V o (ALXV)LXV
u >~
LxV LXVxV LXLXV XV
AL><7r1 A6><V><V

where the unlabelled isomorphism matches the outside L with the first L and
similarly for V, and

l L
AV . AL u- (ALXV)L
uV A6><V
LxV\V . ALxXV
(A ) AL><6 A

suppressing two isomorphisms. We also have three commutation diagrams as

follows:

(AV)V L (AL)V i ( V)L L (AL)L
(A")” (Af)"
lV

(AI")V (AV)L (AL)L A‘IlQ

1

lL
where s signifies ‘swap’ maps and Lo denotes the set of ordered pairs of distinct
elements of L, with the unlabelled maps both given by the same canonical map,

A U ALV ul v (ALXV)LxVi(ALxV)LxV

uLxV
AL><V (ALXV)LXV AL2><V><V
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where s again signifies a swap map and with the unlabelled maps again given by
the same canonical map, and
l L ~

\4 . AL u- (ALXV)L = (AL)LxV

(ALXV)V E’ (AV)LXV ZLXV

(AL)LXV . AL2><V

where, again, the unlabelled maps are given by the same canonical map. The rest
of the structure of GS(C) as a category is evident: for instance, a map from
(A, u,l) to (A, u/,1") is a map f: A — A’ in C subject to commutativity of f
with | and I’ and commutativity of f with u and u’.

The above constitutes our formal definition of the category of algebras. For any
category C' with countable products, one can routinely give an equational lan-
guage for which equations between infinitary terms of the language correspond
to commutative diagrams in the category. One has a V-ary function symbol [;,.
for each loc in L and a unary function symbol u;,. ,, for each locin L and v in V.
The seven commutative diagrams in the definition of GS(C) can be expressed
equationally as the following seven axiom schema involving infinitary expressions
respectively:
lloc(uloc,v( ))v =
lloc(lloc( v’ )v)v = lloc( vv)v

Uloc v(uloc v’ (3?) = Uloc,v’ (3?)

Uloc,v (lloc( ’)v’) = Uloc v(tv)

lloc(lloc’( v’ )v )v = lloc (lloc(tvv’)v)’u/ where loc 7& loc'
uloc,v(uloc’,v’ (I)) = Uloc! v’ (uloc,v (I)) where loc 7é locd
Uloc,v (Zloc/ (tv/)v/) = lloc’ (uloc,v(tv’ ))v’ where loc 7£ loc'.

8

NSOk W

It can be shown that this axiom system is Hilbert-Post complete, meaning that
it has no equationally consistent extensions; thus we have all the equations for
global state. The schema induce program assertions. Here are those correspond-
ing to the third and sixth:

3* . (l:=wx;let y be lin M) = (I := z; M[z/y])

6. (#m)D(l:=z;m:=y)=(m:=y;l :=2x)

where z,y : Val, I,m : Loc and M; N abbreviates (Az : 1.N)(M) with x fresh.
Proposition 1. For any object (A,l,u) of GS(C), the diagram

t
A A AV
l
At
AL

commutes.
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Proof. Use two applications of the first axiom and one application of the second
axiom.

In the equational logic, this proposition is: ljpc(2), = .
We henceforth assume that C has both countable products and countable
coproducts.

Proposition 2. For any object X of C, the object (S @ X)° together with the
maps
uw: (S®X)Y — ((S® X))V

determined by composition with the function from L xV x VI to VL that, given
(loc,v,0), “updates” o : L — V by replacing its value at loc by v and

L ((S© X)) — ((Se X)5)F

determined by composition with the function from L x V¥ to V x V¥ that, given
(loc,0), “looks up” loc in o : L — V to determine its value, and is given by the
projection to VE, satisfy the commutative diagrams required to give an object of

GS(C).
The definitions of v and [ in the proposition correspond to the equations
u(loc,v,x)(0) = z(o[v/loc])

and
I(loc, (74)0)(0) = Zo(10c)(0)-

Theorem 1. The forgetful functor U : GS(C) — C exhibits the category
GS(C) as monadic over C, with monad (S ® —)°.

Proof. We first show that the left adjoint to U is the functor (S ® —)°, with
algebra structure on (S ® X ) given by the proposition, and with the unit of the
adjunction given by the canonical map nx : X — (S ® X)®. Given an algebra
(A,l,u) and a natural number n, let

Up: (LXV)"®A— A
denote the canonical map induced by n applications of u, and let
I, : AV — A"

denote the canonical map induced by n applications of I.

Given an arbitrary map f : X — A, and recalling that S = V%, define
f:(S®X)% — A to be the composite of (S ® f)*: (S® X)° — (S® A4)°
with

VL

L L L l L
(VE@ AV (LxV)Eoa)V" YL, qvh L, gL . A

where the unlabelled maps are the evident structural maps. We need to prove
four commutativities: one showing that f composed with nx is f, two to show
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that f is an algebra map, and a final one to show that, given any algebra map
g:(S®X)% — A, the map g7 equals g.

For the unit axiom, first observe that the commutation axioms generalise to
allow [ and u to be replaced by l,, and u,, for arbitrary natural numbers n and
m. The unit axiom follows by induction on the size of L using these generalised
versions of the first two commutation axioms and the first interaction axiom.

One can see the proof of commutativity of f with u by first considering the
case where L has precisely one element, when the proof is easy using the third
and fourth interaction axioms, and Proposition [I. The proof for arbitrary L is
essentially the same, but also requires the generalised commutation axioms.

Commutativity of f with [ is straightforward: it requires the second inter-
action diagram together with generalised versions of the first commutation dia-
gram. And the final commutativity follows from routine calculation, just using
naturality. So (S ® —)° is indeed left adjoint to U.

Finally, it follows routinely from Beck’s monadicity theorem that U is monadic.

4 Local State

We now consider local state in terms of operations and equations, extending
those for global state in a principled fashion. In order to do that, we first discuss
how to model local state. Following [I7], as further studied in [I2], we do not
model local state in terms of a category with axiomatically given structure as we
have done for global state, but rather restrict attention to a particular presheaf
category [I, Set] where [ is the category of finite sets and injections. We hope that
our results will generalise to functor categories [I, C| where C' has axiomatically
given structure.

Note that I is equivalent to the category of natural numbers and monomor-
phisms; I does not have finite coproducts, and in particular, the sum of two
natural numbers does not act as their binary coproduct. However, I does have
an initial object, so by duality, I°? has a terminal object. The Yoneda embed-
ding embeds I°P into the presheaf category [I, Set], which is cartesian closed as a
locally presentable category, allowing us to use the general theory of operations
and equations of [10].

Finite products in [I, Set] are given pointwise, and the closed structure, given
functors X,Y : I — Set, is given by

(YX)n = [I, Set)(X — xI(n,—),Y—)

i.e., the set of natural transformations from X — xI(n,—) to Y. The termi-
nal object of [I, Set] is I(0,—). There is a convenient additional ‘convolution’
symmetric monoidal closed structure on [I, Set]. The closed structure [X,Y]
corresponding to the convolution monoidal product is

[X,Y]n=[I,Set](X—,Y(n+ —))
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In particular, by the Yoneda lemma, [I(m,—),Y]|n = Y (n 4+ m). Moreover, the
functor [X,—] has a canonical strength with respect to the cartesian closed
structure of [I, Set]. We shall use a combination of both symmetric monoidal
closed structures here.

We no longer model state by a set; instead, we index it according to the
world in which it is defined. So, given a set of values V, state is modelled by the
functor S : I°? — Set given by Sn = V™. Note that .S is not an object of [I, Set].
Observe that the functor S is the composite of the inclusion I°? — Set®P with
V() . Seto? — Set.

The monad for local state is

(Tx)n = ( / me(nm(sm X Xm))sn

where [ denotes a coend, which is a complicated form of colimit involving a
universal dinatural map [9I13]. This construction is a simplified version of one in
Levy’s thesis [12]; the idea is that in a state with n locations, a computation can
create m — n new locations and return a value (e.g., a function) that depends
on them (and so one also needs to know S at all of m). In the case V =1 it
reduces to the monad for local names in [23]; it would be interesting to know
the relationship with the monads for local state in [22]. The behaviour of T' on
injective maps f : n — n’ is as follows: decompose n’ as the sum n + n”, note
that S(p+n") = Sp x Sn”, and use covariance of X. So the map

me(n/I) Sn m'e((n+n"")/I)
(/ (Smme)) xS’nxSn”—>/ (Sm” x Xm'")

evaluates at Sn, then maps the m-th component of the first coend into the
(m + n'")-th component of the second, using the above isomorphism for S and
functoriality of X. The monad T routinely has strengths with respect to both
symmetric monoidal closed structures.

We denote the inclusion of I into Set, which is I(1, —), by the notation L, as
it represents locations, and we overload notation by letting V' : I — Set denote
the constant functor at V', representing values. As L is not a mere set but rather
a set indexed by a world, we need more refined notions of signature, operations,
and equations in order to allow L and V to be arities as we had for global state.
Note that our definition of Ly as in the previous section extends here, where Lo
may be seen as the functor from I to Set that sends a finite set to the set of
ordered pairs of distinct elements.

Ideally, we should like to use either the cartesian closed structure or the
convolution monoidal closed structure of [I, Set] in order to present the monad
T as generated by algebraic structure as in [I0]. But the equations we need for !
and u are those for global state, and they are inherently cartesian, using diagonals
and projections. So, if we were to use only one of the structures, it would need
to be the cartesian closed one. But our construction of a lifting, as is essential to
our proof of the main theorem, requires the block map b to have domain [L, A]
given by the linear convolution closed structure (and this is computationally
natural as [L, A](n) = A(n + 1)). So, we use a combination of the two kinds
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of structure here. Such a combination is not considered in [10], but that theory
does apply in that, from our description, one can routinely induce unenriched
algebraic structure, albeit complicated. However, it may ultimately be better to
develop the theory of [10] to allow for a pair of enrichments interacting with each
other, as here, then use that generalised theory in describing such phenomena
as local state or as arise in modelling the m-calculus [3].

For this paper, we proceed by analogy with global state, by defining a cate-
gory LS([I, Set]) which should be of the form (X, E)-Alg in a sense to be made
precise in one of the ways outlined above. The relationship between our mod-
elling of global and local state will be clear. Observe that, as V : I — Set is a
constant functor, we have

(AV)= = [V, 4]- = (4-)V

We shall only use the notation AY.

Definition 2. We define the category LS([I, Set]) as follows: an object consists
of

an object A of [I, Set]

a lookup map 1 : AV — AL

an update map u : A — ALXV

a block map b : [L, A] — AV

subject to commutativity of six interaction diagrams and six commutativity di-
agrams. The interaction diagrams consist of the four interaction diagrams for
global state, together with

,A) 2 Ay ED Aty e pxr, Ay

b [0, A]Y

AV _ (AV)V

Ay 47

where the horizontal unlabelled map is given by a canonical distributivity law of
X ® — over product together with the fact that the unit for the tensor product is
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the terminal object, and

(L, AY] .4 [L,AY] — [L x L, A]

IR
-
=

where the horizontal unlabelled map is determined as in the first diagram.
The commutation diagrams are those for global state together with

A Y av) S, v
s bY

(L, [L, Al] (A‘;)V

[va] S

L, A 2t amvy o, gy

b bL><V

AV (ALXV)V (AV)LXV

R}

353
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and

I
=

(LA —— (LAY e (A¥)

We do not have a formal syntactic analogue of these diagrams as equations, but
we intend to produce one in further work. In outline, for the diagrams inherited
from global state, we imagine interpreting the previous equations internally, as
regards the loc indices. And for the new diagrams, we could imagine something
along the lines of introducing operations b, and expressing the above equations
syntactically as

Uloc,v’ ( )>loc - bv’ <t>loc
v lloc( v’/ ) >loc - b < >loc

1. by(
by
bv< < >loc >loc - b <bv <t>loc>loc’
by (
by

v

v \Uloc’ v’( )>loc = Ujoc! v’(bv <t>loc)
v lloc ( g ) >loc - lloc (bv<tv’)loc>v’

notationally differentiating linear abstraction and cartesian indexing (note that
the terms ¢ may contain occurrences of variables such as loc).
For an extension of call-by-value PCF we can add a block construct

G o

block new [ :=z; M end : o

for M : 0. A construct corresponding to the generic effect e, : V' — T'L (see be-
low) appears in [22], viz ref M : Loc for M : Val, creating a new reference. One
can also add an equality test on locations. Here is a sample program assertion,
corresponding to the fourth equation:

(block new [ :=z;m :=y; M end) = (m := y; block new [ := z; M end)

In order to prove that the free algebra is given by the monad for local state,
we need to put an algebra structure on TX for arbitrary X in [I, Set]. Tt is
simplest to express this, using the theory of [20], in terms of generic effects. So
we givemaps ¢ : L — TV e, : LxV — T1 and e, : V — TL with the
understanding that [ : (TX)V — (T X)¥ is defined using composition with e
in the Kleisli category KI(T'), and similarly for e, and ej,. They are defined as
follows:

(e1)n : m — [Sn, Sn x V]
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is defined by (e;)n(p, o) = (0,0(p))
(ey)n : mx V. — [Sn, Sn|
is defined by (ey)n(p,v,0) = olv/p], and

me(n/I)
(ep)n: V — (/ (Sm x m))S"

is defined by (ep),(v,0) = ((0,v),)eS(n+1) X (n+ 1).

Proposition 3. For any object X of [I, Set], the object TX together with the
maps [, u and b as defined above, satisfy the commutative diagrams required to
give an object of LS([I, Set]).

Theorem 2. The forgetful functor U : LS([I,Set]) — [I,Set] exhibits the
category LS([I, Set]) as monadic over [I, Set] with monad T as above.

Proof. The proof is essentially the same as that for Theorem [l The key con-
struction is that given a mapf : X — A where A is an algebra, f extends to
an algebra map f given by the composite of Tf : TX — T A with, on the n-th
component,

— a structural map

n

me(n/I) o me(n/I)
(/ (V™ x Am))V" — (/ (V™= x (m x V)™ x Am))Y

— amap (fme("/j) (V= x (mx V)" x Am))V" — (fme(n/l)(Vm_" x Am))V"
given by n applications of u,,

— a map (fme(n/l)(Vm_” x Am))V" — (An)V" given on the (i : n — m)-th
component by a composite of applications of b, as p varies from n to m — 1

— amap (An)"" — (An)"" given by n applications of [,,, and

— a structural map (An)"" — An.

The two new interaction axioms are used to prove that f respects b.

Unlike the case of global state there is a further natural sixth axiom for
block, viz: b, (x); = 2. This is false in our model, although the corresponding
program assertion (block new [ := z; M end) = M (I not free in M) does
hold operationally. Relevant logical relation techniques for finding a monadic
semantics are given in [2223]; we conjecture that, with the additional axiom,
the axioms for local state will prove Hilbert-Post complete.
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Abstract. We present a calculus of “circular proofs”: the graph under-
lying a proof is not a finite tree but instead it is allowed to contain a
certain amount of cycles. The main challenge in developing a theory for
the calculus is to define the semantics of proofs, since the usual method
by induction on the structure is not available. We solve this problem
by associating to each proof a system of equations — defining relations
among undetermined arrows of an arbitrary category with finite prod-
ucts and coproducts as well as constructible initial algebras and final
coalgebras — and by proving that this system admits always a unique
solution.

1 Introduction

In this paper we introduce a calculus of proofs for a simple fixed point logic.
The proofs of the calculus are circular in that their underlying graph is not
a tree but it is allowed to contain a certain amount of cycles. We present the
semantics of the calculus and show how to interpret proof terms as arrows in
categories. We also discuss a form of cut elimination theorem that holds for the
calculus. Before discussing further our work, we relate it to two distinct topics
in computer science.

Fixed Points Logics. The originating ground for the present work are fixed
point logics [6] [13] and p-calculi [4]; as a particular p-calculus we count our work
on free p-lattices |20} [21]. Roughly speaking, these frameworks are obtained from
previously existing logical or algebraic frameworks by the addition of least and
greatest fixed point operators. For example, the propositional modal p-calculus
[15] arises in this way from modal logic. Usually cut free proofs in sequent cal-
culi are inherently finite because premiss sequents are always strictly smaller
than conclusions. However, in settings where the propositions themselves can be
circular or infinite (as for fixed point propositions) there exists the possibility
of having circular or infinite proofs as well. Remarkably these proofs happen
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to be the most useful in the theories so far developed. Examples from the lit-
erature are the refutations of the propositional p-calculus [26] and the proofs
with guarded induction of type theory [9]. A major challenge when dealing with
circular proofs is to prove their soundness, since the usual method by induction
on the well founded structure of the proof tree is not available. Soundness is the
main content of Walukiewicz’s proof of the completeness of Kozen’s axiomati-
zation of the propositional p-calculus [26]: there the refutations are translated
into more common tree like proofs characterized by the presence of a specific
inference rule for fixed points.

We propose a categorical semantics of circular proofs and in this way we give
a strong solution to the problem of soundness. It is our opinion that lifting the
point of view from the theory of provability to proof theory — and from posets
to categories — is of substantial help in clarifying the principles behind circular
proofs. Recall that a recursively defined function is uniquely determined by its
defining system of equations. In the spirit of categorical logic we analyze proofs
as sort of recursively defined functions and obtain an immediate hint on the
reasons for which proof terms should look like fixed point expressions.

Semantics of Computation. Often a programming language is given and one
seeks for adequate algebraic models. If the language is typed, then the interest-
ing models usually are structured categories. We follow an opposite direction as
our aim is to extract a programming language from a given mathematical model.
The present work is part of a more general investigation of categories with finite
products, finite coproducts, “enough” initial algebras and final coalgebras; we
call a category with these properties u-bicomplete, since it generalizes a pose-
tal p-lattice to a categorical setting. Our primary interest are those categories
that possess this structure in a canonical way, the free u-bicomplete categories.
Syntactical constructions of free categories are always possible, however these
constructions turn out to be useful only if the syntax has good proof theoretic
properties like cut elimination or normalization. Thus our goal is to find a good
syntax for a given semantic world. With respect to analogous logical and al-
gebraic settings [8, [IT), [2], with p-bicomplete categories the focus is on initial
algebras and final coalgebras of functors. Initial algebras of functors, which natu-
rally generalize least fixed points of order preserving functions, are a categorical
formulation of induction and recursion and model inductive types [I0]. On the
other hand, final coalgebras — generalizing greatest fixed points — are a coun-
terpart of coinduction and corecursion; they are related to bisimilarity in that
they classify the observable behavior of systems [I7] [I8]. The use of coalgebraic
methods is now a well established practice to deal with infinite objects by means
of their defining equations [2].

As it is usually the case in proof theoretic contexts, it is possible to give a com-
putational interpretation to proofs. The interpretation of circular proofs we shall
propose stems from the game theoretical setting of free p-lattices [19, 20} 21] and
the link we have established [23] between the theory of p-bicomplete categories
and parity games [4]. The interpretation is consistent with the well known anal-
ogy proposed in [I] between games and winning strategies on the one hand, and
systems’ specifications and correct programs on the other. Given two p-lattice
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terms S, T (the directed systems of section 2l are essentially p-lattice terms), the
witnesses that a relation S F T holds are the winning strategies for one player
in a game S —o T with possibly infinite plays. A useful lemma allows to replace
arbitrary winning strategies with bounded memory winning strategies; more ex-
plicitly, if we represent a winning strategy as an infinite tree, we can always
assume that this tree is the unraveling of a finite graph. After we have trans-
lated our intuitions on games and strategies into a proof theoretic framework, we
have rediscovered infinite and circular proofs: the first corresponding to infinite
winning strategies, the latter corresponding to bounded memory winning strate-
gies. Therefore the circular proofs presented here are meant to describe bounded
memory deterministic strategies. The computational interpretation takes a game
or a p-term into the description of a bidirectional synchronous communication
channel. Given two p-terms S and T, a circular proof witness of S - T can be
understood as a protocol for letting the left user of the channel S to communicate
with the right user of T" in a constrained but asynchronous way.

Our contribution. The calculus of circular proofs would be uninteresting if not
supported by good properties. As one of these properties, we account the exis-
tence of a canonical semantics of proof terms. The main purpose of this paper
is that of illustrating this point. The semantics establishes equivalences between
proofs and an obvious consequence of the way the semantics will be defined is
that proofs in the form of tree with back edges can be partially unraveled to
obtain equivalent proofs, and that “bisimilar” proofs are equivalent. To define
the semantics we proceed as follows: once the propositions (the types, in the
terminology of type theory) of the calculus are interpreted in the obvious way
by means of products, coproducts, initial algebras and final coalgebras, it is then
possible to associate to a circular proof a system of equations defining relations
among undetermined arrows of an arbitrary u-bicomplete category. Theorem [3.7]
states that the systems of equations arising from circular proofs admit always a
unique solution. This is not an obvious result and depends strongly on the com-
binatorial condition by which we constrain cycles in circular proofs. To obtain
this result, we need to improve the semantical tools that relate the theory of
initial algebras to the theory of fixed points — known in type theory as Mendler’s
recursion [24] — in order to account for parameterized fixed points. This is the
content of proposition

A second property of the calculus, stated in 2] asserts that circular proofs
are composable. This result is analogous to a cut elimination theorem in that
it asserts the existence of an algorithm to produce a new cut free finite circular
proof out of two given ones. This is an essential property of the calculus as it
allows to consider circular proofs as concrete algorithms. To this end it would
have been enough to observe that a lazy cut elimination holds (that is, a cut can
indefinitely often be pushed up to a tree, producing an infinite tree). However
our result is stronger, for example, under the given computational interpretation,
it implies that there is a way of synthesizing a program without explicit substi-
tution out of two programs with the same property. As far as we know, the most
similar result concerns program transformation techniques [25]. The semantics
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allows to easily see that this sort of cut elimination is sound: two proofs can be
composed into a proof the interpretation of which is the categorical composition
of the interpretations of the two original proofs. Finally, we observe that the
calculus is not powerful enough to describe all the arrows of a free u-bicomplete
category. This reflects the fact that there are strategies that use an unbounded
amount of memory, nonetheless, are computable. This observation suggests that
some kind of step has to be done in order to describe free p-bicomplete cate-
gories; on the other hand, we expect that the ideas and tools presented in this
paper will be helpful in future researches.

The paper is organized as follows. In section [2 we describe the syntactical
part of the calculus, defining first the terms and then the proofs. In section [3 we
state the main technical proposition which on the other hand is the key to define
the semantics of proofs. The semantics is then implicitly defined by observing
that the systems of equations associated to proofs admit unique solutions. In
section @] as concluding remarks, we state a cut elimination theorem, discuss
the fact that the calculus is not enough expressive with respect to its intended
models, and suggest a natural relation with automata theory. Full proofs of the
statements presented here can be found in [22] and its extended version. The
author is grateful to Robin Cockett for stimulating conversations on the subject.

Notation. With Set we shall denote the category of sets and functions; for a
function f: A —— B we shall use both the notations f, and f(a) for the result
of applying f to a. With [n] we shall denote the set {1,...,n}. Composition in

categories, say A .4, C, will be denoted in two different ways, that
is, go f and f - g. Sometimes we shall omit the symbol o and write gf, but we
always write the symbol - . We shall use id for identities, <> and pr for tuples and
projections, {} and in for cotuples and injections, for every kind of categorical
products and coproducts. If f : C x A —— C is a function (or a system of
equations), we shall denote by f' : A —— C its unique parameterized fixed
point (unique solution) whenever this exists. Our conventions on variables are
as follows: each variable x,y, z,... can be in two states, either it is free or it is
bound to some value. As a general rule, we shall use the usual style z,y, z, . .. for
free variables and the overlined typewriter style X, ¥, Z, ... for bound variables.

2 The Calculus of Circular Proofs

Before we formally present the calculus, we shall point out its essential properties
by inspecting the following “circular proof”. We observe that:

— It is a proof in a sort of a Gentzen system: there are sequents I - A, where
the expressions I' and A are simple formulas.

— The usual inference rules for disjunction and conjunction apply (true and
false are treated as empty conjunction and disjunction respectively).

— There are inference rules (regenerations) allowing to replace variables with
their values according to the set of equations on the left.
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— Regeneration rules make it possible to construct infinite proof trees. We
consider only regular trees and thus introduce the notation ). .. (,, that you
can see on some leaf. Its meaning is comparable to a goto command: “go
back to the n-th node on the path from the root to this leaf, where you can
find the same pair of formulas”.

This circular proof has the following dynamic interpretation (which we have
derived from the game theoretic setting): if T is read on the left, then no x is
produced on the right and then no new ¥ is produced on the right. If X is read
on the left, then X is produced on the right and then as many Xs are produced
on the right as they are received from the left. After this cycle, a 7 is produced
on the right and then as many ys are produced on the right as they are received.

We shall abstract from regular infinite trees and consider simply properly
labeled finite graphs. Not every such graph will be a circular proof. We observe
in the above proof that on every cycle we can find a variable which is regenerated
on the left side of the sequent symbol. We shall discuss this point in more details
after the formal definition of the calculus.

2.1 Directed Systems of Labeled Equations

We fix a signature {2 and by writing H € (2,,, n > 0, we mean that H is a
function symbol from (2 of arity n; we assume that the symbols A;,\/; do not
belong to 2, for each finite set I. We let X be a countable set of variables, and
let C be a category. We form terms as usual.
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Definition 2.1. The collection of terms T(C) and the free variables function
fv:7T(C) — P(X) are defined by induction by the following clauses:

— Ifx e X, thenz € T(C) and fv(z) = {z}.
— If ¢ is an object of C, then ¢ € T(€) and fv(c) = 0.
— If I is a finite set and s : I —— T(C) is a function, then \;s € T(C) and
Vs € T(C). Moreover fv(/\;s) = fv(\/s) = U;ep fv(si).
—IfH € §2, and s : [n] — T(C) is a function, then Hs € T(C) and
fv(Hs) = Uiep fv(s1)-
If Y C X, we denote by 7(C,Y) the collection of terms s € 7(€) such that
fv(s) C Y. For a function s : {l,r} — T (C) we use the standard notation and
write s; A s, 51V s, for /\{l,r} s, \/{l’r} s, respectively. Similarly, T stands for A
and L stands for \/,.

Definition 2.2. A polarized system of equations over € is a tuple (X, q, €) where

i€[n

— X C X is a finite subset of X, the set of bound variables.
— q: X — T(C) is a function associating a value to each bound variable.
— €: X — {u,v} is a labeling of bound variables.

Given a polarized system of equations (X, g, €), the relation — on the set of
variables X is defined by saying that ¥ — y if and only if X € X and y € {v(gg).
Definition 2.3. A tuple S = (Xs,qs,€s,%X0,5) is said to be a directed system
over C if (Xs,qs,€s) is a polarized system of equations, Xo,s C Xs and moreover
for each X € Xg there exists a unique simple path in the graph (Xs,—) from an
element r(x) € Xo,s to X. For X,y € Xg, we write X <g ¥ if X lies on the simple
path from () to §; we write X <g 7 if X <g 7 and X #§. We let {v(S) be the
set (Ugex. IV(ax) ) \ Xs and by V(S) we denote the collection of finite subsets Y’
of X such that tv(S) CY and Y NXg = 0. With S(C) we denote the collection
of directed systems over C.

The notation {izq O is used to represent a polarized system of

i

xeX
equations (X,q,€). Roughly speaking, di-
rected systems stand for p-terms, for ex-

. X=uy
ample the p-term pz.vy.(x A p,.(2 V y)) is 5 :l: IAZ =) 7
translated into the directed system on the Z=,ZVY ’ ¢>
right which comes with the graph structure . C Z

on bound variables; the induced order is
X < § < z. Observe that the order does matter: the two directed systems on the
right have the same un-

derlying labeled system, X=,7 _ X=,7 .
however they represent ( F=, AT [’ =) | F=,XAT [’ {71)
the p-terms pg.vy.(z A y)
and vy.((t4z-y) A y), respectively. In the category of sets, the interpretation of
the first will be the empty set, where the interpretation of the second will be the
set of unlabeled infinite binary trees, i.e. a singleton.

Let S be a directed system, with (%), we denote the set of variables § such
that ¥ <g X. By S, we denote the system obtained from S by freeing the variable
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x: we let Xg, be the set of variables Z such that ¥ <g z and let Xo 5,,¢s, and
es, be the restrictions of Xg s, ¢s and eg to Xg, . It is easily verified that fv(S,)

is a subset of fv(S) U (%) 4.

2.2 Circular Proofs

Let S,T be two directed systems over €. The collection Rg  of rule symbols

over S,T, with their arity set, is de-
fined by means of table on the right.

Definition 2.4. A
<G07 )‘7 Ps 0>7 where

tuple

Gy is a set of vertices,

A: Go——T(C) xT(C) is a
labeling of vertices by sequents,
p: Gy — Rs, is a labeling of
vertices by rule symbols over S, T,
o4 : Arity(p(g)) — G is a suc-
cessor function associated to each
g€ GO;

Rule Range Arity
A [0]
cf f is an arrow of € [0]
CH He 2, [n)]
LA, | 1 is a finite set, i € [ | [1]
RA; I is a finite set I
LV, I is a finite set I
R/, | 1 is a finite set, i € I | [1]
Lux | X€Xs,e5(%) =p 1]
R‘y,u. y € gT; eT(y) =p [1]
Lx, X € Xg,65(%X) =v [1]
Ry | yeXr ey =v 1]

is said to be well typed over S, T if the typing constraints, defined in the follow-

ing, hold.

We present typing constraints

on the right. A typing con-
straint has the form

A
skt

{Si '_ti}‘eA ity (R) —Cf {Sl l_ti}ie[n]
1€ Arit; ——CH
oL R dom f F cod f Hs - Ht
and stands for the following im-
plication: for all g € Gy, if sibt {sFtitier

LA,

RA;

p(g) = R, then A(g) has the Agstt T/\It
form s = t and for each i €

Arity(R) M og,) has the form {si Fthier L skt RV
si ;. Vst ! skV,t
Typing constraints are anal-

ogous to inference rules. For

technical reasons we need the gt skgp
rule A: a sequent justified by Sy Lpx sFy Ry,
this rule has to be consid- iy sk

ered an assumption. Indeed, if &= L% & RUY
P = (G, \, p,0) is a tuple well -t skEy

typed over S,T, we say that
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a vertex g € Gy is a conclusion if p(g) # A and that it is an assumption if p(g) =
A. We denote by Cp and Ap the set of conclusions and the set of assumptions
of P, respectively. Not every well typed tuple is going to be a circular proof. To
define this concept we need to analyze the graph underlying such a tuple.

Definition 2.5. Let P = (Go, A, p,0) be a tuple which is well typed over S,T.
The graph G(P) = (Go,—) has as vertices the elements of Go, and g — ¢’ iff
g = o4, for some i € Arity(p(g)). Let vo = 71 — ... =Y, n > 1, be a
proper cycle of G(P). We let

s ={x €Xs|Ji € [n] s.t. p(vi) € {Lpx, L%, } },
yr ={x€Xr|3 € [n] st p(vi) € {RX,,Rvx} }.

Observe that if  is a proper cycle of G(P), then either v5 # 0 or vy # 0. If
~vs # (), then ~yg is a strongly connected subgraph of the graph associated to .S,
hence we can find a minimum element with respect to the order <g. A similar
remark holds for yr.

Definition 2.6. A tuple II well typed over S,T is said to be a circular proof
over S, T, if, for every proper cycle v of G(II), either vs # 0 and e(min~yg) = p,
or yr # 0 and e(minvyy) = v.

We refer to the first statement as L(v), and to the second as R(y), so that a
tuple I1, well typed over S, T, is a circular proof over S, T if for every proper
cycle v of G(II) either L(y) holds or R(y) holds. The above condition can be
understood as follows: the systems S and 7' are translations of games for free
u-lattices, and a circular proof is meant to describe a bounded memory winning
strategy in the compound game S — T, which we described in [20, 2T]. As in
Blass’ game semantics of Linear Logic [5] and in Joyal’s games for communication
[T4], a chosen player has to win either on S or on 7. On the other hand, the
games S and T are parity games, cf. [4]. Henceforth, the condition L() can be
understood as stating the fact that the chosen player of S won’t lose in this
game by repeating infinitely often the instructions contained in the cycle ~ of
his winning strategy.

In the examples we consider circular proofs coming with a base point, i.e. a
chosen conclusion, such that the underlying pointed graph is a tree with back
edges. It is our goal to remark the analogy with the usual model of a proof
as a finite tree and use existing tools for drawing proofs. It is a consequence
of the theory presented here that every circular proof with a chosen conclusion
is equivalent to another one having the tree-with-back-edges

. YskEt(, ...
shape. Hence, we draw trees with some of the leaves anno- ()
tated by a number, as exemplified on the right. With this A(g)
notation we mean that there is a transition in G(IT) from the :
vertex g to the vertex that is at the n-th place on the path
from the root to g.

In the data below, let S be the the directed system on the left and observe
that the associated order is X <g y. If T is the empty system of equations, then
the two proof objects on the center and on the right below are both well typed
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over S and T
T E LG xE LG
_ — IAT L/\{lW}r IATHF L/\{lﬂ"}l
S A R A
Y=uXAY ] L L
L%, L%,
Xk L XL

The one on the center is a circular proof over S, T. The one on the right is not,
since it does not satisfy condition of definition 2.6 on cycles. Indeed, let v be the
only simple cycle on this graph. R(y) does not hold, since y7 = (). On the other
hand L(7) does not hold, since minyg = % and €(X) = v.

To end this section, we introduce some notation. Let IT be a circular proof
over the directed systems S, T. We write s4,1, if g is a vertex of IT and A(g) =
8¢ = tg. Welet fv,(II) be the set £v(S) U (U e, v(sg)) \Xs and let fv,. () be the
set fv(T') U (U, eq, fv(tg)) \Xr. Observe that fv,(II) € V(S) and fv,(I1I) € V(T),
and that, for g € Gy, sy € T(C,Xg U fv;(II)) and t, € T(C,Xr Ufv,(I1)).

3 Semantics of the Calculus

The logical operators by which we have constructed terms and directed systems
— that is, conjunction, disjunction, least prefixed point and greatest postfixed
point — can be naturally interpreted in the category € provided C has finite
products, finite coproducts and “enough” initial algebras and final coalgebras.
We recall the definition of the latter two concepts and remind that these are
categorical analogues of inductive and coinductive types.

Definition 3.1. Let S : € —— C be an endofunctor, an S-algebra is a pair
(¢,) where ¢ is an object of C and v : S¢ — ¢ is an arrow of C. An S-algebra
(%, x) is initial if for each algebra (c,v) there exists a unique arrow f:X — ¢
such that x - f = Sf-~v. We define S-coalgebras in the dual way; an S-coalgebra
0 : § —— SV is final if for each coalgebra v : ¢ —— Sc there exists a unique
arrow f:c —— ¥ such that f-0 =~-Sf.

It is known [I6] that the arrow x of an initial S-algebra (%, x) is invertible.
The universal property of the initial algebra states the existence and uniqueness
of a solution of the equation f = x~!-Sf -« for each algebra o : Sa — a.
This equation is rephrased in a more compact way as the fixed point equation

fzxil'af(f)a

where the transformation (natural in the variable z) a, : C(z,a) — C(Sz,a)
is defined by the formula «,(f) = Sf - a. Henceforth, we shall approach initial
algebras and final coalgebras from the point of view of fixed point theory [6]. In
order to obtain the full power of this theory we need a parameterized version of
the universal property, which can be deduced if the category C has products.
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Proposition 3.2. Let Z,' W, C be three categories, of which C has finite products,
and let S, T and Q be functors such that S : CxZ — C, T : W — C, and
Q@ :CP x Z°P x W —— Set. Consider a natural transformation

gzt Clz, Tw) X Q(z, z,w) — C(S(x,2), Tw)

and let (X,,x.) be a parameterized initial algebra of the functor S(z,z). For
each object z of Z, w of W and each q¢ € Q(X.,z,w), there exists a unique
f X, — Tw that is a solution of the equation

f = X;l : a§z,z,w(fa q) .
Unique solutions of the above equation make up a natural transformation
Bow : QXzyz,w) — C(X,, Tw).

The above proposition leads to show that circular proofs, whenever interpreted
as systems of equations, always admit a unique solution. The other tool needed
is the Beki¢ lemma, cf. [6], §5.3.1.c], which can be stated in the form of a sufficient
condition to determine whether a system admits a unique solution in terms of its
subsystems. Before giving the formal semantics, we shall sketch our ideas with
the circular proof of page[365. We can define the semantics of a directed system
as for the p-term vg.py.(z Ay). We let

lx Ayl =x:CxC— C.
|I¥]| = The initial algebra of the above functor, parameterized in
the variable x. This makes up a functor:
py-(x xy): € — C.
|IZ|]| = The final coalgebra of the above functor:
ve iy (Exy): 1 — C.
Observe that ||%||, corresponding to a closed u-term, can be thought to be an

object of €. At this point, ||F|| and || A §|| can be closed too, so that they also
become objects of C:

Iyl =1

1]l

Lo o

NN

In order to interpret the circular proof of page B65l we associate to it a system
of equations. Recall that we have

x=llzAyll

AT =1 Cxe C.

- = _ — PTy| —
AT = I < [[7] - Il
product structure
_ = Oy = /= o
¥ =g CIEl ) [l < 7l CI=]) = £ AT
initial algebra structure
— X — — —
=l ———— I3l =D = [I7]

final coalgebra structure.
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Thus we can transform the circular proof into a system of equations:

)W L2

——— LA, hs = pryg - he
XAyFEL, O .
. (el hs
y'_LzLi hi=x-h
1, LA

We shall see that this system admits a unique solution.

3.1 Semantics of Systems

In the following € will be a fixed category and I, J will range over finite sets. A
functor S : @1#3Y . @ is said to admit initial algebras if, for each object z of
€7, an initial algebra of the functor S(—, ) exists. Observe that if R : @/ — €7
is a functor and S : G197 — @ admits initial algebras, then also the functor

So(ide x R) : eIV ¢

admits initial algebras. A choice of initial algebras is a correspondence (X, )
that assigns to each pair (S, z), where S : €1#}Y/ —» @ admits initial algebras
and z is an object of C”, an initial algebra x. : S(X.,2) — X.. We shall
require that a choice of initial algebras is stable under substitution, that is, if
Xz : S(%.,2) — X, is the initial algebra associated to the pair (S, z), then x gy :
S(XRu, Ru) — X Ry is the initial algebra associated to the pair (So(ide X R), u).
A choice of final coalgebras is defined in a similar way.

Definition 3.3. An 2-model is a pair (C,Z) where C is a category with a given
choice of finite products, finite coproducts, initial algebras and final coalgebras,
and L is an interpretation of the signature, that is, a correspondence which as-
signs a functor Z(H) : € —— C to each symbol H € (2,,, for each n > 0.

We can avoid the use of choices if we allow uniqueness up to unique natu-
ral isomorphism in proposition B.4. To ease the notation, we shall write simply
H:C" —— Cfor Z(H) : € —— C and say that C is an {2-model. To under-
stand properly the next proposition, recall that if € has products (coproducts),
then the functor category €’ has products (coproducts), which are calculated
pointwise. Hence, a choice of products (coproducts) gives rise to a choice of prod-
ucts (coproducts) in the category C”. In a similar way, a choice of initial algebras
(final coalgebras) determines, for each functor S : C{*}Y/ —» @ admitting ini-
tial algebras, a unique extension of the collection of objects {iz}zeObj(@J) to a
functor X : @/ —— € such that x, is a natural transformation from S(%., z) to
X.-

Proposition 3.4. Let C be an £2-model, let S € S(C) and Z € V(S). There
exists at most one correspondence ||f||§, defined on T(C,Xs U Z), with the fol-
lowing properties:
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— For each s € T(C,Xs U Z), Hs||§ is a functor @2 —— C.

— For each z € Z, Hz||§ is the projection functor on the z component.

— For each object ¢ of C, Hc||§ = ¢, a constant functor.

~Ifs: I ——T(CXsUZ), then |Arsl§ = [Lies Isill§ and |V sllg =

zZ
Hie] ”51”5

— IfHe€ R, and s: [n] — T(C,Xg U Z), then ||HSH§ =Ho <||81||§>ze[n]

— If the equation X =,, gx belongs to S, then ||§||§ 1s the chosen initial algebra
of the functor

®15UZ . 7
ol o (1de x (712, 1dez), ) : €197 — €.

— If the equation X =,, ¢x belongs to S, then ||EH§ is the chosen final coalgebra
of the above functor.

Observe that we need the relation (%), U Z € V(S,) to hold, however it is not
difficult to derive it. We can now introduce the following definition.

Definition 3.5. An 2-model C is said to be p-bicomplete if, for each directed
system S € S(C) and Z € V(S), there exists exactly one correspondence ||f||§
with the above properties.

Every complete lattice L with an interpretation of the signature {2 is a u-
bicomplete 2-model. If {2 is the empty signature, then a lattice L is u-bicomplete
if and only if it is a p-lattice [20]. We have proved in [23] that a model (C,Z) is
p-bicomplete if (1) the interpretation of every function symbol is an accessible
functor, and (2) the category € is locally presentable, cf. [3]. Assuming (1), it
follows that a model is p-bicomplete if its underlying category is the category
of sets and functions or is a variety or quasivariety of algebras. For example,
the category of sets and partial functions is p-bicomplete, since this category is
equivalent to the variety of pointed sets and functions that preserve the points.

3.2 Semantics of Circular Proofs

We shall suppose in the following that € is a p-bicomplete {2-model.

Definition 3.6. Let IT = (Go, A\, p,0) be a circular proof over S,T € S(C). If

the equation X =, ¢z is in S (resp. T'), let x be the arrow part of the chosen

initial algebras of the functor ||qm||gi)lsuz (resp. ||qx||%)lTUW), Similarly, let 0

be the arrow part of a chosen final coalgebra associated to an equation of the
form § =, ¢y and to the analogous functorial expression. The (natural) system
of equations ||II|| in the variables {hg}secc, has the form

{hg = ||P(9)||(hag,i)z'eArity(p(g)) }gecn
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where
Icfll = f ICH|(hi)ien) = H(ha,. .., hn)
LA =pr b IRA (Bdier = (i)
ILV [ (hi)ier = {h }161 HRVIzH(h) =h-in;
Lyl () =X~ - b Rl (h) = R - x
LY, [[(R) =0 R IRy (h) = h-671 .

Let Z = fv;(IT) and and W = fv,.(II). This system of equation can be seen as a
natural transformation

170 = I €srle) x I €srle) — ][ Csrlo)

geCn gEAD 9€Cn

where Cg 1(g) is the functor
z w o
ClIsgllg: ltglly ) = (€%)°F x €Y — Set.

We can now state our main result.

Theorem 3.7. The system ||II|| admits a unique (natural) solution

)" I esrle) — [ €sr(9)

gEAD geCn

Consider the circular proof on the right. From the

fact that the associated system admits a unique so- _ xEy(h o
lution it is easy to deduce that the interpretation =u %} T Lux
of p-term p,.x, corresponding to X, has to be an Y
initial object. On the other hand, consideration of xRy
the second well typed tuple tells us that the condi- { —
tion on cycles is necessary. The interpretation of
v,.x in the category of sets is any singleton set,
which cannot be an initial object, i.e. the empty set.

—~
|

Bl
Il
S
s
N

Xty

4 Further Remarks and Future Work

The calculus presented in this paper satisfies a form of cut elimination, in a
sound way. This is made precise in what follows.

Let S, T be two directed systems, a pointed circular proof over S, T is a pair
(I, go) where IT = (G, A, p, o) is a circular proof over S, T and gy € Gy. We say
that a pointed circular proof (II, go) is reachable if the pointed graph (G(IT), go)
is reachable. A pair (s,5), where S € S(€) and s € T(C), is closed if fv(S) = 0
and fv(s) C Xg. By writing Iy, : (s, S) — (t,T) we mean that IT,, = (II, go) is
a reachable pointed circular proof over S, T such that A(go) = s+ ¢, Ay = () and
moreover (s,S5),(t,T) are closed. We define the semantics of pointed reachable
circular proofs in the obvious way.
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Definition 4.1. For Iy, : (s,S8) — (t,T'), we let ||II,,| be ||| “PTy, -

If a pair (s,.5) is closed, then ||s|\g : €% — @ can be identified with an object
of €. Moreover, if IT, : (s,S) — (¢,T), then A;; = () and the domain of || 11, ||
is a singleton set. It follows that || Il || can be identified with an arrow from the
object ||s||g to the object ||t|\g«

Theorem 4.2. Let II, : (s,5) — (t,T) and Iy, : (t,T) — (u,U) be
pointed circular proofs. There is an algorithm to construct a pointed circular proof
Iy Iyt (5,8) — (u,U) with the property that || I g,; Ino |l = [ g0l - | Thell-
Identities are also definable in the calculus so that, up to the equations induced
by the semantics, the above construction can be extended to the construction of
a category. This is a proper subcategory of a free u-bicomplete category, since
the calculus is not powerful enough to describe all the arrows that are needed.
The diagonal A : N —— N? arises as the unique algebra morphism from the
initial one to the algebra <<07 0>, s X s> : 1+ N? —— N2, which is definable in
the calculus being the interpretation of the circular proof of page (here s is
the successor function on natural numbers). Let S be the directed system to be

ol

found at the same page, so that ||§||g =N? and ||?Hg =N.

Proposition 4.3. There is no pointed reachable circular proof I1, : (3, S) —
(%, S) such that ||I14|| is the diagonal.

The above result is analogous to the well known fact that the set of words
{a™™|n > 0} is not recognizable and indeed the computation which arises
under the cut elimination is similar to computation with finite automata. The
above result shows that the ideas presented in this paper and the syntax of the
calculus have to be generalized in order to describe free p-bicomplete categories.
However, it seems likely that the calculus presented here describes all the com-
putations requiring bounded space and thus it seems interesting to understand
the structure of the arising category of circular proofs, in particular to under-
stand whether it has some kind of universal property. To this end we expect the
comparison with [7] to be useful, since in this work analogous ideas are presented
without a necessary reference to the notion of initial algebra.
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Verifying Temporal Properties
Using Explicit Approximants:
Completeness for Context-free Processes

Ulrich Schépp and Alex Simpson

LFCS, Division of Informatics, University of Edinburgh
JCMB, King’s Buildings, Edinburgh, EH9 3JZ

Abstract. We present a sequent calculus for formally verifying modal
p~-calculus properties of concurrent processes. Building on work by Dam
and Gurov, the proof system contains rules for the explicit manipulation
of fixed-point approximants. We develop a new syntax for approximants,
incorporating, in particular, modalities for approximant modification.
We make essential use of this feature to prove our main result: the sequent
calculus is complete for establishing arbitrary p-calculus properties of
context-free processes.

Introduction

this paper, we present a proof system for establishing temporal properties,

expressed in the modal p-calculus [14], of concurrent processes. The proof system

is
A
if

a sequent calculus in which sequents have the form I" - A, where I' and
are sets of assertions. As usual, a derivation of I' = A will establish that
all the assertions in I" hold then so does at least one assertion in A. The

principal assertion form is p: ¢, which is the syntactic expression of the relation
p E @, stating that process p satisfies p-calculus property ¢. The sequent-based
formalism has several virtues:

1.
2.

1

M.

©

Ordinary verification goals are expressed by sequents of the form - p: .
More generally, by allowing process variables, parameterized verification goals
can be expressed by sequents of the form

T1:P1, oo, Tpip Ep(T,. . ) (1)

Such a sequent states that the process p satisfies ¢ whenever its parameters
x1,...,Ty, are instantiated with processes satisfying 1, ..., %, respectively.
Such parameterized goals can be used to support compositional reasoning.
Using cut and substitution, one obtains a derived rule

Fplqrs .. qn)iep
Fqi:n F gt T1:U1, oo, Tty B (T, .. mn) e

In this paper, we write all inference rules and derivations in tableau form, i.e. with

the goal (conclusion) on top and the subgoals (premises) underneath.

Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 372-386] 2002.
Springer-Verlag Berlin Heidelberg 2002



Verifying Temporal Properties Using Explicit Approximants 373

This rule reduces the goal of establishing a property ¢ of a compound process
p(q1,...,qn) to the subgoals of establishing properties of its components
q1,- - - qn together with a further subgoal justifying the decomposition.

4. The proof system also supports a direct structural form of reasoning. The
inference rules decompose logical connectives on the left and right of sequents
in the familiar Gentzen style, allowing the construction of a derivation to be
guided by the form of the goal sequent.

Such a sequent-based approach to process verification was proposed indepen-
dently by Dam [4] and the second author [17], as a way of uniformly accounting
for many specialist techniques for compositional reasoning that had appeared in
the earlier literature, especially [18].

The paper [I7] presents a sequent calculus, for establishing properties ex-
pressed in Hennessy-Milner logic [12], in which sequents contain a second form
of assertion, transition assertions p 4 q, expressing that process p evolves to
process g under action a. This device allows the proof system to be adapted
to any process calculus with an operational semantics in GSOS format [I]. The
main results of [17] are strong completeness and cut-elimination for the system.

In [56I[7I89ITT], Dam and his co-workers address the interesting question
of how best to incorporate fixed-point reasoning into such sequent-based proof
systems. In their more recent research, see, in particular, [9], Dam and Gurov
propose dealing with this issue by extending the p-calculus with ordinal vari-
ables, k, which are semantically interpreted as ordinals, and by introducing new
formulae p*X. ¢ and v*X. ¢ standing for the k-th iterations in the chain of ap-
proximations to the fixed-points pX. ¢ and vX. ¢ respectively. This machinery
allows a sound notion of proof to be defined, by identifying certain repeats of
sequents in a derivation tree and by imposing a global discharge condition on a
derivation tree, formulated in terms of ordinal variables.

As the first contribution of the present paper, we provide a new proof system
for incorporating fixed-point reasoning into the sequent-calculus approach. Our
system is strongly based on Dam and Gurov’s idea of using explicit fixed-point
approximants. However, we provide an alternative formulation of these, not re-
quiring ordinal variables. Instead, we use ordinary propositional variables X to
range over approximants. To properly deal with such variables, we include an
extra component on the left of sequents, a context D of approximant declara-
tions. Such declarations have one of two forms: X < ¢, which declares X to
be an approximant of uX.¢; and X > ¢, which declares X to be an approxi-
mant of vX. p, see Sect. Bl Thus far, our approach can be seen as merely a less
expressive reformulation of Dam and Gurov’s syntax. However, we also extend
the syntax of the p-calculus in two significant ways. First, we allow explicit ap-
proximant declarations in formulae, introducing two new formula constructions:
(X < )1, which says that there exists an approximant X of uX.¢ such that
¥; and [X > @], which says that 1 holds for all approximants X of vX. ¢.
Second, we incorporate modalities for approximant “modification” in formulae.
If X is an approximant for uX. ¢ then the formula (—X) 1) expresses that there
exists another approximant X’ of uX. with X’ C X (proper inclusion) such
that [ X’ / X]. Dually, if X is an approximant for vX. ¢ then [+X ] ¢ expresses
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that, for all approximants X’ of uX.¢ with X’ D X (proper containment), it
holds that [ X’ / X].

The full proof system is presented in Sect.[3. The use of approximant vari-
ables and modifiers allows a straightforward definition of a global combinatorial
condition for a derivation tree to be a proof. The soundness of the proof system
is then established as Theorem [Tl

It is our belief that the proof system we present provides a powerful and
flexible tool for verifying a wide class of processes using a compositional style
of reasoning. As the verification problem is, in general, undecidable, the proof
system is necessarily incomplete, and so it is impossible to back up such a claim
with an all-encompassing completeness theorem. Instead, there are two other
avenues open for partially substantiating this belief. One is to demonstrate the
effectivity of the system on a range of worked examples. Using proof systems
closely related to ours, such an enterprise has already been undertaken by Dam,
Gurov et al., who have presented applications to CCS [5[8], the m-calculus [0]
and Erlang [7TT]. The second avenue is to obtain restricted completeness the-
orems. Once again, Dam, Gurov et al. have obtained such results, establishing
completeness for sequents of the form F x: ¢, i.e. completeness with respect to
p~calculus validity [9], and proving completeness for finite-state processes [5].

As the main contribution of the paper, Theorem 2] we present a significant
extension of the latter result. We show that our proof system is complete for
establishing p-calculus properties of arbitrary context-free processes, see e.g. [2].

Of course, many techniques for verifying context-free processes are already
known. The decidability of the problem is a direct consequence of the work
of Muller and Schupp, who established that full monadic second-order logic
(MSOL) is decidable over the wider class of pushdown transition graphs [15]. The
decision problem for MSOL is known to be of non-elementary complexity. How-
ever, for the special case of p-calculus properties, elementary decision algorithms
have been given in [2003]. Also, Hungar and Steffen showed how alternation-free
p-calculus properties of context-free processes can be established by a tableau-
style proof system embodying a form of compositional reasoning [L3].

We stress, however, that the motivation behind the present paper is not
merely to contribute one more method of verifying context-free processes to the
literature. Indeed, in spite of their applications to dataflow analysis in languages
with stack-based procedure calls [I0)], context-free processes are of limited rele-
vance to the general problem of verifying concurrent systems. Rather, our mo-
tivation is to extend the scope of completeness results for proof systems whose
full range of application is potentially much wider. Indeed, as far as we know,
ours is the first completeness result for a general purpose proof system (i.e. one
not tailored in advance to a restricted class of processes) with respect to any
significant class of infinite state processes.

We would like to thank Dilian Gurov and the anonymous referees for their
comments. For lack of space, in this conference version of the paper, proofs are
either sketched or omitted.
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2 Modal p-Calculus and Explicit Approximants

Our treatment of the p-calculus will be brief. The reader is referred to [19] for
further details. We consider the p-calculus in positive normal form, with formulae
defined by the grammar:

pu=X[£f | tt [ Ve | orApa]{a)e | [ale | pX.o | vX. 0.

Here a ranges over a given set A of action symbols. Free and bound variables are
defined as usual, and we identify formulae up to renaming of bound variables.
We write F'V (p) for the set of free variables of o, and we say that ¢ is closed if
FV () = 0. The negation of a closed formula can be defined by induction on its
structure using De Morgan duals.

Formulae are interpreted over a transition system (T,{%}qca) (here T is
a set of states and each % is a binary relation on 7). A formula ¢ is inter-
preted relative to an environment V mapping FV (p) to subsets of T, with its
interpretation | ¢ |y C T defined as in [19].

Next we introduce approximants. Rather than invoking the set-theoretic ma-
chinery of ordinal indices, we give a definition that is directly interpretable in
monadic third-order logic.

Definition 1 (y- and v-approximants). For any least-fixed-point formula
uX. @, its family of p-approzimants A’(/X' # relative to an environment V defined
on FV(uX. ), is the smallest family of subsets of T satisfying:

L if A7 C AL then JA' € AP ¥, and
2. if § € A% then | ¢ |yvis ) x) € A7

For any greatest-fixed-point formula v X. ¢, its family of v-approzimants Al"/X' ks
relative to V' is the smallest family of subsets of T satisfying:

1. if A’ C AVVX'“’ then A" € A;X"P, and
2. if § € A7 % then | ¢ |vis ) x) € AV Y.

Note that, by taking A’ = () we have that () € A@X' Y and T € A’(/X' ? (because
T =0 when () is considered as the empty family of subsets of T').

As discussed in the introduction, the proof system will use a class of extended
formulae containing declarations and modifiers for approximant variables:

b= | (X<0)® | [X29]0 | (-X)® | [+X] &

In this definition, and henceforth, we use lower case Greek letters ¢,1,... to
range over ordinary p-calculus formulae, and upper case letters @, ¥, ... to range
over extended formulae.

The sets of free variables of extended formulae are defined by:

FV((X<p) @) = FV([X 29| @) = (FV(p) U FV(2))\{X}
FV((-X)®) =FV(+X]®) =FV(P)U{X}

Extended formulae are again identified up to renaming of bound variables.
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The semantic interpretation of extended formulae is given relative to a finite
set, D, of approximant declarations, each of the form X <y or X > . The former
is a p-approrimant declaration, the latter a v-approximant declaration, and in
each case the declared variable is X. We write DV (D) for the set of all variables
declared in D.

The declaration contexts are produced as follows: (i) the empty set is a dec-
laration context; (ii) if D is a declaration context, X is a variable not declared
in D, and ¢ is a p-calculus formula with FV (¢) C DV(D) U{X} then D, X <¢
and D, X > ¢ are both declaration contexts (where we write comma for union).
The set of used variables in a declaration context is defined by:

UV(X<p)=UV(X2p) =FV(p)\{X}
UV (D) ULUV(8) | 6 € D}

We next define the notion of an extended formula @ being well-formed rel-
ative to a declaration context D. First, any p-calculus formula ¢ is well-formed
relative to any declaration context D with FV (p) C DV(D). Second, the ex-
tended formula (X < ¢) @ (respectively [X > ¢ ] ®) is well-formed relative to D
if D,X < ¢ (respectively D,X > ) is a declaration context, where X ¢ DV (D)
(which can be always assumed, by the identification of formulae up to renaming
of bound variables), and @ is well-formed relative to it. Finally, the extended
formula (—X) @ (respectively [+X | D) is well-formed relative to D if D contains
a declaration X <¢ (respectively X >¢), X ¢ UV(D) and also @ is well-formed
relative to D. By this definition, we have that FV (&) C DV (D) whenever @ is
well-formed relative to D.

Given a declaration context D, a D-environment is a function V' mapping
DV(D) to subsets of T such that: for each declaration X < ¢ (respectively
X >¢) in D, it holds that V(X) € A%X % (respectively V(X) € A% ¥). To give
a semantics to extended formulae, we define subsets | @ |9 C T whenever D is
a declaration context, @ is well-formed relative to D, and V' is a D-environment.

lol? =lelv
[X <) @12 = ULl 210555 | S € AYX 9} where X ¢ DV/(D)
X =] @) = N{I210{5 % | S € AV ¥} where X ¢ DV(D)

[(=X) @19 = U{I @105, x | S CV(X) and S € AL ¥ where X< € D}
[+X]219 =N{21Ds, x| SO V(X) and S € A7 where X >¢ € D}

3 The Proof System

The proof system we present is general purpose in the sense that, following the
approach of [I7], it can be easily adapted to give a sound system for reasoning
about any process algebra whose operational semantics is given in the GSOS
format [I]. However, for brevity of exposition, we present proof rules for the
special case of context-free processes only.
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Definition 2 (Context-free system). A context-free system is specified by
a finite set of nonterminals X = {Pi,..., Py} together with a finite set P of

productions, each of the form P; % p, where p ranges over X* (the set of finite
words over X)) and a ranges over a finite set of action symbols A. The transition

system (T, {%7}aea) determined by the specification is defined as follows.
T =X
s 5pt iff s=Pjqandt=pq for some production P; % p € P.

Here, as usual, a juxtaposition p q means the concatenation of words p and q.

Ezample 1. As arunning example, consider the system with a single nonterminal

P, set of actions A = {a,b}, and with two productions: P % PP and P LA g,
where ¢ is the empty word. This has as its transition system:
a a a
e~—P PP — ..

b

b b b

This is an infinite-state process in which no two distinct states are bisimilar.

Henceforth in this section we assume that we have a fixed specification of
a context-free system, as in Definition 2 and we write (T, {57 }eca) for the
transition system it determines.

The proof system uses process terms containing free process variables z, vy, . . .

Definition 3 (Process term). A process term is a word of one of two forms:
either pz, where p € X* and x is a process variable; or p where p € X*.

We use p,q,... to range over process terms. By a process substitution we shall
mean a mapping @ from process variables to process terms. The substituted term
p[0] is defined in the obvious way.

Process terms are interpreted relative to process environments p mapping
process variables to states in the transition system 7. We extend p to a function
(also called p) from process terms to T by: p(px) = p p(z) and p(p) = p.

Sequents will be built from two forms of assertion: verification assertions of
the form p:®, where @ is an extended formula, as in Sect. @ and transition
assertions of the form p % q. We use J, K, ... to range over assertions. Given a
declaration context D, an assertion is a D-assertion if it is either a verification
assertion p: @ with @ well-formed relative to D, or a transition assertion.

Definition 4 (Sequent). Sequents have the form D; I' + A where D is a
declaration context and I" and A are finite sets of D-assertions.

Semantically, assertions and sequents will always be interpreted relative to
the transition system (T,{%r}aca). Given a D-environment V and a process
environment p, the relation =y, J, for D-assertions J, is defined by:

Ev, p: @ iff p(p) €| 2D
Ev, p=q iff p(p) S p(g)
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General rules

D; '+ A
(Axiom) ——— I'MA#0 (Weak)
D;I'+ A
(Cut)
D; ' A J D; I JF A

Logical rules

D; I p:ff - A
(ffL) ————

D; I prpoi Vi A
D; I p:p1 B A

(VL)
D; I prp2a b A

D; I pror Ap2 F A
(AL) (AR)

D'; I F A

D;I"'F A

DCD,I"CI',ACA

D; I'[0] - A[6]
D;I'F A

D;I'F A, p:tt

D; I'F A, p:p1 Vs

D; I'E A, pro1, prop2

D; I'F A, p:o1 Ap2

D; I, pro1, prpa H A

Modal rules

D; I, p:layp - A
(@)L)" Pl (@)R)

D: '+ A, p:p1

D;I'F A, p:p2

D; I' - A, p:{a)p

D; I pSa z:pF A

D; I, p:[alp F A

D;Fl—A,piq

([a]L)

D;I'F A pSyg D; I g A

D; ' A, q:¢

D; I' F A, p:lalp

D;IpSat A z:p

* Restriction on ({(a)L) and ([a]R):  must not occur free in the goal.

Operational rules

D; I, Pig3zhk A

(PiL) 2 does not occur in ¢

{D; I'lpq/a] = Alpq /] }p o, p

D;Iedszk A

(eL) (PiR)

D;I' - A, Pig%pg

Pi%peP

Fig. 1. Basic rules

We write D; I' =y, A to mean that if =y, J, for all J € I', then there exists
K € A such that =y, K. We write D; I' = A to mean that D; I' =y, A for
all V and p.
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Fixed-point rules
D; I, puX.pF A
D; I p:(X<p)p F A

(uL)

D; I p:(X<p)@ F A
(<-pL)

D; I, p:P[uX.p/X] F A

D; I pvX.p - A

L
D; I, p:[X2ploF A

D; I, p:[X>p]PF A
D; I p:P[vX.o/X]F A

(>-1L)

Approximant rules

LD pi(X<p)@ A

(<-XL)
D, X<p; I, p:dF A

D; I p: X F A

(X,L) X<peD

D; I p:(—X)p A

D; '+ A, p:uX.p

(uR)
D;I'E A, p(X<p)p
D;I'E A, p:(X<p)@®

(S-pR)
D; ' A p:d[puX. ¢/ X]

D;I'F A p:vX.p

(VR)
D; I'- A, p:[X >0y

D; I'F A, p:[X>p]®

(>-vR)
D; 't A, p:P[vX.p/X]

D; 't A, p:(X<p)®
D;I' A, p:®

(<-XR) X<peD

D;I'H A p: X
(XuR)

X<p eDb
D; Ik A p:(-X)p

D; (=X)I, I - (=X) A, A

(=X))

I'#£0,X ¢ UV(D)UFV(I)

D; I, I' F A, A

D; I, p:[X>2p]P F A

(>-XL) X>zpeD

D; I, p:dF A

D;I'p: X F A

(XvL) X>peDb

D; I p:[+X]o F A

LD A pi[X>p]0

(>-XR)
D, XZzp; ' A p:®

D;I'F A p: X
(X,R) X>peD
D; I' = A, p:[+X ]y

D; [+X ]I, I'" - [+X]A4, &’

(+X])

A#0, X ¢ UV(D)U FV(A)

D: I I" + A, A

* Restriction on (<-XL) and (=-XR): X must not occur free in the goal.

Fig. 2. Fixed-point and approximant rules
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The proof system provides a means of verifying sequents D ; I - A for which
D; I' = A. The rules are presented in Figs. [land[2. The rules in Fig. [[]concern
the modal fragment of the logic, and are essentially from [I7]. Figure [2| presents
the crucial rules for fixed points and explicit approximants. We emphasise again
that we write the rules in tableau style with the goal sequent above the line
and its (possibly empty) set of subgoals below the line. Rules are applicable only
in instances in which the subgoals produced are indeed sequents according to
Definition @ Certain rules have additional side conditions, written on the right.
In the rules, we use the abbreviations:

rio] = {p[0]:®|p:® e I't U{p[0] =ql0] | p>qe I},
(=X)I' ={p:(=X)P | p:®el}, [HX]I ={p:[=X]P | p:PeTl},

where, whenever we write (—X) I" and [+X ] I, we tacitly assume that I" contains
only verification assertions. We briefly explain the rule ((—X)) which, along with
([4+X]), is probably the most obscure. Suppose we have V' and p invalidating the
goal, i.e. such that D; (=X) I', I'" [y, (=X) A, A’. We show that the subgoal is
also invalid. Because the goal is invalidated, we have that p(p;) € | (=X) ®; |2,
for each p;: ®; € I' = {p1:P1,...,pi: P1}. So, for each p;:P;, there exists
S; C V(X) with S; € A%~ ¥ such that p(p;) € | P, ||"3,[Sj / x]- AAs approximants
are linearly ordered and I' # (), we can take the largest such Sy C V(X), and,
by monotonicity considerations, simultaneously satisfy p(p;) € | @, ||"3/[ s, / x) for
all pj:®@; € I'. Define V! = V[ Sy, / X]. We claim that D; I, I" [y, A, A
We have seen that the assertions in I' are satisfied. Those in I are because
X ¢ UV(D) U FV(I"). The assertions in A are not satisfied under V' because
those in (—X) A weren’t under V. Finally, by monotonicity considerations, the
assertions in A’ are also not satisfied under V', because they weren’t under V.

The above justification for the ((—X)) rule modifies a D-environment on X by
mapping it to a strictly smaller p-approximant. Dually, the ([+X ]) rule results in
X being mapped to a strictly larger v-approximant. By well-foundedness consid-
erations, neither event can occur infinitely often. This observation motivates the
definitions below, which formulate when a derivation tree constitutes a proof.

By a leaf in a derivation tree, we mean a sequent occurrence in the tree such
that no rule has been applied with that sequent occurrence as its goal (thus
sequents to which a rule with an empty set of subgoals has been applied do not
count as leaves, even though they have no child sequents).

Definition 5 (Repeat). In a derivation tree, a leaf D; I' - A is a repeat of
another sequent occurrence D’; I = A’ if D’ C D and there exists a process
substitution 6 such that IV [#] C I" and A’ [§] C A.

Definition 6 (Pre-proof). A pre-proof is a derivation tree in which, to each
leaf D; I' + A, there is an assigned sequent occurrence D’'; I'" + A’ (the
companion of the leaf) such that D; I" F A is a repeat of D’'; I + A'.

In the above definitions, it is worth noting that the companion is not required
to appear on the branch from the root sequent to the leaf.
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We consider a pre-proof as a directed graph whose vertices are sequent oc-
currences in the pre-proof, and with edges of two kinds: (i) edges from the goal
of a rule application to each subgoal (if any) of the goal; (ii) an edge from each
leaf to its companion. By a (finite or infinite) path through a pre-proof, we mean
a sequence (S;)o<i<n<oo Of sSequent occurrences forming a directed path through
the graph. We say that a rule is applied along a path (S;) if the path contains
two consecutive sequents S; and ;1 with S; the goal of the rule and S;4; one
of its subgoals.

Definition 7 (Preservation). A path preserves an approximant variable X
if, for every sequent D; I" F A occurring on the path, X € DV(D).

Definition 8 (Progress). A p-approximant variable X progresses on a path
if it is preserved by the path and the rule ((—X)) is applied along the path.
Similarly, a v-approximant variable X progresses if it is preserved and the rule
([+X]) is applied.

We say that X progresses infinitely often on an infinite path (S;);>¢ if, for all
n € N, it holds that X progresses on the tail path (S;);>n.

Definition 9 (Proof). A pre-proof is a proof if, for every infinite path (S;)i>o
through it, there exist an approximant variable X and a tail (S;);>» on which
X progresses infinitely often.

We remark that this condition is necessarily global, in the sense that it cannot
be reformulated as a condition to be satisfied by each repeat individually.

Proposition 1. It is decidable whether a pre-proof is a proof or not.

Theorem 1 (Soundness). If D; I' b A has a proof then D; I' = A.

In Fig. [3] we give an example proof in the system, showing that the process P,
from Example[I] satisfies the property vX. uY. [a] X A [b]Y, stating that action a
occurs infinitely often along any infinite path of a and b actions. The identified
repeats determine a pre-proof, which is easily seen to be a proof.

4 Completeness for Context-Free Processes

We assume a fixed specification of a context-free system, as in Definition 2]

Theorem 2 (Context-free completeness). For any p € X* and closed u-
calculus formula o, if p € | ¢ | then the sequent & p: ¢ has a proof.

The proof uses a variant of the property-checking games described in [19]. In
a transition system (T, {%7}aca), the property-checking game G(s, ), where
s € T and ¢ is a closed p-calculus formula, is a game played by two players, Veri-
fier and Refuter. Verifier aims to show that s € | ¢ | whereas Refuter attempts to
refute this. We use an asymmetric variant of property-checking games, designed
to facilitate translating properties of games into the sequent calculus.
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Abbreviations: V = vX. pY. [a]X AD)Y, U = uY.[a]X A [B]Y.
FP:V

F e X>UU = [X>U|UF P:V ((Csutg)
T e — u
X2U; FeU z: [ X2U|U F Px:V
X>U; F e (Y<[aXABY)[aXADY  2:(X>U|UF P2:[X>U|U
X2U; b e:[a] X AU X2U;z:[X2U)U F Pz:U
X2U; F e:[a]X X2U; F e:[bJU
X>2U;edzFa:X X}U;z—:ix}—m:U
We continue with the right-hand branch.
X2U;z:UFPz:U (%)
X>U; 2:U F Pz (Y<[a]X AB]Y) [a]X A [B]Y
X2U;z:UF Pz:[a]X A[D]JU
X2U; z2:UF Pz:[a]X X2U;z:UF Pa:[b|JU
X2U;z:U PzSyby:X X>U;2:U Pz2yb y:U
X2U;x2:U F x2:U
We continue with the left-hand branch.
X2U;2:U F PPx: X (Cut)
u
XoUiaiUFPoipXJU (0 X>Us Pai[X]U T PPaiX
X>2U;z:UF Px:U X>2U; Pz:[+X|U F PPz:[+X|U (X ])

X>2U; Px:U F PPx:U

Both leaves are repeats of the sequent (x).

Fig. 3. Example Proof

For technical convenience, we assume representations of formulae in which
all bound variables have different names, and we assume that we only encounter
fixed-point formulae uX.p, vX.p with X € FV(p). We use sequences, E, of
greatest-fixed-point definitions called v-contexts, together with their sets of de-
clared variables DV (E). These are defined by: (i) the empty sequence () is a
v-context with the empty set of declared variables; (ii) if E is a v-context,
X ¢ DV(E) and FV(yp) C DV(E)U{X} then E, X = is a v-context with
DV(E)U{X} as its set of declared variables. The equality X =¢ in a v-context
declares X to be the greatest fixed-point v.X. ¢.
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Definition 10 (Position). A position is a triple (s, E, ) where s € T is any
state, E is a v-context and ¢ is a formula such that FV(¢) C DV(E) but, for all
proper prefixes E' of E, FV(p) Z DV (E').

Definition 11 (Move). The legitimate moves from one position (s,E, ) to
another are defined by case analysis on ¢:

ff: It is Verifier’s move, but she is stuck.

tt: It is Refuter’s move, but he is stuck.

11 V 9g: Verifier chooses a disjunct ¢; where j € {1,2}, and the next position
is (s,E’,1;), where E’ is the smallest prefix of E with FV (y;) C DV (E).

11 A g: Refuter chooses a conjunct ¢; where j € {1,2}, and the next position
is (s,E’,v;), where E’ is the smallest prefix of E with FV (y;) C DV (E).

{a)1): Verifier chooses a transition s 7 ¢, and the next position is (¢, E, ).

[a]y: Refuter chooses a transition s %7 ¢, and the next position is (, E, ).

uX. 1z Verifier moves to the next position (s, E, ¢[uX. ¢ / X]).

vX.1: Refuter moves to the next position (s, E’,v), where E' is E, X =1).

X: Refuter moves to the next position (s, E, ), where X =1 € E.

Definition 12 (Play). A play is a finite or infinite sequence (s;, E;,@;); of
positions where each position (sg11,Egt1,@r+1) is produced from (s, Ex, ¢r)
by following one of the moves above.

Definition 13 (Preservation). We say that a play (s;, E;,p;); preserves a
variable X if, for each E; in the play, X € DV(E;).

Definition 14 (Progress). We say that a fixed-point variable X progresses
along a play if it is preserved by the play and the play contains a move away
from a position (s, E, X).

Definition 15 (Winning play). The Verifier wins a play either if the play is
finite and its last position is one at which it is Refuter’s move, or if the play is
infinite and there exist a variable X and a tail of the play such that X progresses
infinitely often along the tail.

Definition 16 (The game G(s,)). The game G(s, ), where ¢ is a closed
formula, is played on the set of all positions reachable from the initial position
(s, (), ©). The game is a two player game, played by Verifier and Refuter, with
play starting from the initial position.

For ordinary property-checking games, the following result appears in [19} §6.3].
The adaptation to our games is straightforward.

Proposition 2. If s € | ¢| then Verifier has a history-free winning strategy for
the game G(s, ).
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We now begin the proof of Theorem [2. Henceforth, suppose that pg € X*
is such that py € | ¢ |. We use the game G(po, po) to construct a proof of the
sequent - pg: .

Henceforth, all plays will be of the game G(pg, ¢o). By Proposition[, Verifier
has a history-free winning strategy for this game. We henceforth fix on one such
strategy, and we call a play a V-play if all Verifier’s moves in the play follow
the strategy. We write ug for the initial position (po, (), ¢o). From now on,
we shall only consider those positions that arise in some V-play from ugy. We
use u,v,w,... to range over such positions, and m,7... to range over V-plays
starting from any such position. Note that Verifier wins any infinite V-play. We
write ur and 7v to mean that u and v are the first and last positions in 7
respectively. Given two V-plays mv and vrmy, we write mimy for the evident
concatenation of the two plays.

We give a brief summary of the proof structure. Similar to [13], we consider
“canonical” sequents of the restricted form:

D;z:¥, ..., 2:¥ F Pz, (2)

where P is a nonterminal. Each such sequent is constructed with reference to
a position of the form u = (Pq, E, ), with each assumption x:%; being deter-
mined by a V-play 7 from u to some position v whose state is q. Importantly, the
extended formula ¥; contains v-approximant declarations and modifiers that re-
flect preservation and progress properties of the play . We use Verifier’s strategy
to construct a derivation tree in which individual rule applications can be com-
bined into larger steps between sequents of the form (@)). Crucially, only finitely
many distinct such sequents occur in the constructed derivation, enabling the
derivation tree to terminate in repeats. Moreover, paths in the derivation tree
reflect preservation and progress properties of the V-plays used to construct the
derivation, which allows the choice of repeats to be made so that the resulting
pre-proof is a proof.

To define canonical sequents, we need various auxiliary definitions. Given
a play 7 ending in the position (s,E, ), we define functions dec,(E’', @) and
pro,.(E', @) for prefixes E’ of E and extended formulae ¢ with FV(®) C DV (E).

pro_ (B, &)= {dec,,(E’, [+X]®)if E' is E”, X =¢ and X progresses on a tail of
T T Vdeer (B D) otherwise

1 > : ! 1" —
dec. (E', &)= {gmﬂ(E , (X2 P) :)ftEerl\i,iEe ,X=¢p and 7 does not preserve X

Definition 17 (Characteristic formula). For any play 7 ending in (s, E, ¢),
its characteristic formula x(m) is pro.(E, ¢).

Definition 18 (Assumption set). For any position u = (p, E, ), its assump-
tion set relative to q is the set

AS(u,q) = {x(7) | urv is a V-play with v = (q,E’,9)}.
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Definition 19 (Canonical sequent). For any position u = (pq, E, ), the
canonical sequent relative to p is the sequent

S(u,p) = De; {z:¥ | ¥ € AS(u,q)} F pz:gp,
where Dg = {X >v¢ | X =4 occurs in E}.

This is a good definition because the set AS(u,q) is finite.

The next two lemmas show how to build up derivation trees between canon-
ical sequents of the form S(u, P), where P is nonterminal, providing the “larger
steps” between such sequents discussed above.

Lemma 1. Given a position u = (Q1...Qkr,E, ), where Q1,...,Qx are non-
terminals, the sequent S(u, Qi ...Qk) occurs as the root of a derivation tree
in which each leaf has the form Sy = S(vr,Qi), where urv, is a V-play and
Ve = (Q...Qur,Ex, ) for some i. Moreover, if the play m preserves (respec-
tively progresses on) X then so does the unique path from the root to Sy .

The proof repeatedly uses (Cut) and (Sub) to remove each nonterminal Q; from
the sequence Q;...Qx, applying appropriate proof rules to convert the induced
subgoal for Qjt1 ... Qx into the required form for the process to be repeated.

Lemma 2. Given a positionu = (Qr, E, @), where Q is nonterminal, the sequent
S(u, Q) occurs as the root of a derivation tree in which each leaf has the form
Sy = S(vr,Qr), where Qn is nonterminal, vu = (Qr qx 1, Ex,¥r) and urv,
is a V-play containing at least one move. If the play 7 preserves (respectively
progresses on) X then so does the unique path to S in the derivation tree.

The proof is by case analysis on ¢ using the sequent rules to mimic the possible
moves of any V-play. In the case of the modal rules, Lemma [[is used to break
down any sequence of nonterminals produced.

Lemma [2Z builds derivation trees between canonical sequents and relates
preservation and progress properties of paths through the trees to analogous
properties of the V-plays used to construct them. As discussed above, these
properties allow the derivation trees to be combined into a proof, yielding:

Lemma 3 (Main lemma). For any position u = (pq,E, ¢) the canonical se-
quent S(u, p) has a proof.

The proof of Theorem 2]is now concluded by using (Cut) and (Sub) to combine
Lemma [3 above with the relatively straightforward:

Lemma 4. For any position u = (p,E, @) and ¥ in the assumption set AS(u,e)
the sequent - e:¥ has a proof.

5 Discussion and Future Work

Our proof of completeness for context-free processes makes essential use of v-
approximant declarations and modifiers. These features can be incorporated into
Dam and Gurov’s proof system [9], by extending their syntax with ordinal quan-
tifiers Vk. ¢ and V&' < k. ¢. Indeed, the completeness proof for context-free pro-
cesses was originally developed in this context in the first author’s MSc disser-
tation [I6]. We do not know whether context-free completeness holds for Dam
and Gurov’s system without ordinal quantifiers.
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It is natural to ask whether the approach in this paper might extend to obtain

completeness for richer classes of processes, such as pushdown processes [15120//3].
In a different direction, it would be very interesting to ascertain to what extent
one can obtain completeness results for parameterized verification goals of the

form (), see Sect. M
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Abstract. We define a class of transition systems called effective com-
mutative transition systems (ECTS) and show, by generalising a tableau-
based proof for BPP, that strong bisimilarity between any two states of
such a transition system is decidable. It gives a general technique for
extending decidability borders of strong bisimilarity for a wide class of
infinite-state transition systems. This is demonstrated for several process
formalisms, namely BPP process algebra, lossy BPP processes, BPP sys-
tems with interrupt and timed-arc BPP nets.

1 Introduction

Semantics of various formalisms for description of concurrent processes like pro-
cess algebra, Petri nets, pushdown systems and many others is usually given in
terms of labelled transition systems. This provides a common ground for study-
ing such systems, and the usually considered problems as model checking and
equivalence checking (see e.g. [§]) can be defined purely in terms of labelled
transition systems. In this paper we focus on the equivalence checking problem
and show a general approach for extending known decidability borders of strong
bisimilarity for commutative-based process formalisms. In particular, we exam-
ine the class of transition systems generated by algebras with the operator of
parallel composition and we discuss its extensions with lossiness, interrupt and
with time features.

It is known that strong bisimilarity is undecidable for a typical representa-
tive of fully parallel models — Petri nets [15]. Nevertheless, in [Ol10] Christensen,
Hirshfeld and Moller proved using a tableau technique, that bisimilarity is de-
cidable for an important fragment of Petri nets called communication free Petri
nets. The complexity of this algorithm is still open — no primitive recursive
upper bound is known. PSPACE-hardness of the problem was recently shown
n [23]. The class of transition systems definable by communication free Petri
nets can be equivalently described in terms of process algebra with a commuta-
tive operator for parallel composition and recursion. It is this formalism, usually
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called Basic Parallel Processes (BPP), that is used in the original tableau-based
proof in [10]. For an overview on the tableau technique consult e.g. [16].

We abstract from the specific BPP syntax and generalise the proof for a class
of transition systems called effective commutative transition systems (ECTS).
We give six simple conditions on a transition system to be an ECTS and if all of
them are satisfied, bisimilarity between any two states of the transition system
is decidable. There is no need to know the syntactic description of the system.
Moreover, the generalisation is achieved in several ways: (i) states can be tuples
of bounded multisets of natural numbers and not only tuples of natural numbers,
(ii) we do not insist on a specific computation of successors of a given state —
any effectively computable and finite set of successors is acceptable, and (iii) an
auxiliary equivalence relation on states is introduced in order to check invariants
for pairs in a bisimulation relation.

Semantics of many formalisms can be defined as an ECTS and this yields
immediately decidability of bisimilarity. We demonstrate this on four examples
— BPP process algebra, lossy BPP processes, BPP systems with interrupt and
timed-arc BPP nets — thus extending in several ways the known decidability
border which lies somewhere between BPP systems and state-extended BPP
systems (state-extended BPP systems are a strict subclass of Petri nets where
bisimilarity is still undecidable [8/16]).

Note: full version of this paper appears as [22].

2 General Method

Let No = {0,1,...} be the set of natural numbers. A multiset of Ny is a function
M : Ny — Np. Let i € Ny, then M(i) denotes the number of occurrences of
i in the multiset M. The empty multiset ) is a function such that 0(i) = 0
for all i € Ny. The multiset union of two multisets M; and M, is defined by
(M7 W M)(i) = M;(i) + Ma(3) for all i € Ny. By B, we denote the set of all
multisets of Ny. Let m € Ny. We define a set By, of all multisets of {0,1,...,m},
ie, M € B, ifft M € Bo, and M (i) = 0 for all i € Ny such that i > m. We
call a multiset M € B, finite if there is some m € Ny such that M € B,,. For
finite multisets we sometimes use an alternative set-like notation: e.g. a multiset
{0,1,1,4,4,4} is the same as a multiset M such that M(0) = 1, M(1) = 2,
M(4) =3 and M(i) =0 for i € Ny~ {0,1,4}.

Let M, N € B,,. We write M <, N iff there is k, 0 < k < m, such that
M(k) < N(k)and M (i) = N(i) foralli,0 < i < k. Let M, N € B,, then M # N
implies that either M <, N or N <, M. We write M <. N iff M (i) < N (i) for
every i, 1 <i < m, i.e., iff there is M’ € B,, such that N = M & M’'.

Let m,n € Ny and n > 0. We define a structure S = (B, ®,0") where B,
is a set of n-tuples of elements from B,,. Let a = (M1, Ma, ..., M,) € B}, and
ﬂ = (Nl,NQ,...,Nn) € B:lnn then a@ﬂ = (Mlﬂ'JNl,MQH‘JNQ,...,MnL‘HNn). Of
course, o @ 3 € B). The structure S is a commutative monoid. If o € B}, then
a;, 1 <4 < mn,is the ¢’th coordinate of . We introduce two orderings on B},.
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Let o, 8 € B}, then o <4 B iff there is k, 1 < k < n, such that ai <, B and
a; = 0 forevery i, 1 <i < k;and o <, 0 iff a; <. G; for every i, 1 <i < n.

Observe that <, is a well-founded ordering (there is no infinite sequence
a1, Qa,. .. such that a; >y ag >4 ...) since <y is well-founded. Moreover for any
a # 3 either a <y B or B <; a. Also notice that o <. 3 iff there is o/ € B, such
that 8 = a® o'. We write a <. 8 iff a <. 8 and « # (. The following lemma is
a simple generalisation of Dickson’s Lemma [12].

Lemma 1. Every infinite sequence from B}, has an infinite nondecreasing sub-
sequence w.r.t. <.

A labelled transition system is a 4-tuple (S, Act,—, Equv) where S is a set of
states (or processes), Act is a set of labels (or actions), —C S x Act x S is a
transition relation, written o %~ 3, for (o, a,3) €—, and Eqv C S x S is an
equivalence relation on states.

Our definition of labelled transition systems is a generalisation of labelled
transition systems with final states — see an overview paper [8]. Let F C S
be a set of final states. In order to recover the definition from [8] we define
(,)elquifae Fand e F,ora ¢ Fand ¢ F.

Let o € S. We write o —/> whenever there is no 8 € S and a € Act such that
a - 3. As usual we extend the transition relation to the elements of Act*. We
define a norm of a € S by N(a) = min{|w| | w € Act* such that 38 € S. a —
B3 —~}. By definition min () = oo.

Let T = (S, Act,—, Equ) be a labelled transition system. A binary relation
R C S x S is a bisimulation iff whenever (a,3) € R then for each a € Act: if
a % o then 33’ € S such that § - ' and (o/, ') € R; if 3 — [’ then
3o/ € S such that a - o/ and (o/, #') € R; and («, B) € Equ.

States «, 8 € S are bisimulation equivalent or bisimilar in a transition system
T, written a ~7 3, iff (o, 8) € R for some bisimulation R. If T' is clear from the
context, we write only a ~ 3 instead of o ~p [3.

Remark 1. Sometimes the bisimilarity checking problem is formulated in this
way: we are given a pair of labelled transition systems 7T} and T with states aq
from T7 and as from T, and the question «; ~ as is asked. In this case, we can
consider a disjoint union of T; and T (i.e. the sets of states of T} and T5 are
disjoint) as a new transition system T and ask the question a; ~7 «as.

Let (S, Act, —, Equ) be a labelled transition system. The stratified bisimulation
relations [19] ~,C S x S for k € Ny are defined as follows:

— an~p g forall a,f € S such that (o, 8) € Equ, i.e., ~o= Equ

— a ~pyy B iff for each a € Act: if @ =% o then 38’ € S such that § - 3’
and o' ~y, (; if f — (' then 3o/ € S such that @« —— o’ and o/ ~, 3'; and
(o, B) € Equ.

Given a labelled transition system T = (S, Act, —, Equ) we define next(a, a) =
(eS| a2 B}foracSanda c Act. We also define next(a,*) =
U.eAct next(a, a). The system T is image-finite iff the set next(a,a) is finite
for every a € S and a € Act. The following lemma is a standard one.
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Lemma 2. Let (S, Act,—,Eqv) be an image-finite labelled transition system
and o, 3 € S. Then a ~ B iff a ~ B for all k € Ny.

Definition 1 (Effective Commutative Transition System). A labelled
transition system T = (S, Act,—,Equ) is an eflective commutative transi-
tion system (ECTS) iff there exist n,m € Ng, n > 0 such that the following
conditions are satisfied:

(1) 5 =By,
(2) Act is a finite set,

(8) given o, B € S it is decidable whether (o, B) € Equ,

(4) next(a,a) is effectively constructible for every a € B, and a € Act,
(5) T is image-finite,

(6) if &~ 3 then (@ @7) ~, (8&7) for every a, B,y € Bl and k € Np.

Let us call the elements of B}, processes. Since any ECTS is image-finite (5), the
fact that ~ are congruences (6) together with Lemma Rlimplies: (6°) if a ~ 3
then (a ® ) ~ (8 @) for every a, 8,7 € Bl

Theorem 1. Let T = (B, Act,—,Eqv) be an ECTS. Given A, B € B, it is
decidable whether A ~ B.

Proof. The proof is by tableau-technique and it is a generalisation of the tableau-
based proof used by Christensen, Hirshfeld and Moller in order to demonstrate
decidability of bisimilarity for BPP [9/10].

A tableau for (A4, B) € B2" is a maximal proof tree rooted with (A, B) and
built according to the following rules. Let («, 3) be a node in the tree. A node
(a, B) is either terminal (leaf) or nonterminal. The following nodes are terminal:

(v, @) is a successful leaf for any o € B}, (note that always (o, ) € Equ),

(a, B) is a successful leaf if next(a, *) U next(3,*) = 0 and (o, 8) € Equ,

— (o, B) is an unsuccessful leaf if for some a € Act it is the case that next(a, a)U
next(3,a) # 0, and either next(a, a) = () or next(3,a) = 0,

— («, B) is an unsuccessful leaf if (o, B) & Equ.

We say that a node is an ancestor of («, 3) if it is on the path from the root to
(ar, B) and at least one application of the rule EXPAND (defined later) separates
them. If («, 8) is not a leaf then we reduce it using the following RED rules as
long as possible.

(a,B)  if there is an ancestor (v, ) or (d,7) of (a, 3) such that
RED;, ————
(Y@ w,B) 7<edand a =0 ®w for some w € By,

RED (a,B3)  if there is an ancestor (v, d) or (4,7) of («, 3) such that
R (,y®w) 7 <¢dand f=0®w for some w € By,

If no other reduction RED is applicable and the resulting node is not a leaf,
we apply the rule EXPAND for a set of relations S,, a € Act, where S, C
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next(a, a) x next(8, a) such that Yo/ € next(a,a).36" € next(8,a). (o/,5') € S,
and V3’ € next(3,a).3a’ € next(a,a). (o/,5) € S,.

(a, B)
EXPARD @ Tacact » (@ 7)€ 50)
The set notation used in the rule EXPAND means that each element (o/, 5’) in
the conclusion of the rule becomes a new child in the proof tree. Now, we start
again applying the RED-rules to every such child (which is not a leaf) as long
as possible. Note that reduction rules are applicable to a node iff the node is not
terminal (leaf).

Lemma 3. Any tableau for (A, B) is finite and there are only finitely many
tableauz.

Proof. Observe that any tableau for (A, B) is finitely branching because of the
assumption (5) and the condition that Act is finite (2), which implies that for a
given a € Act any relation S, is finite and there are finitely many such relations.
Should the tableau be infinite, there is an infinite branch, which gives an infinite
sequence of vectors from B2". Since the rules RED can be used only finitely
many times in a sequence (they decrease the <, order, which is well founded),
there must be an infinite subsequence of vectors on which the rule EXPAND was
applied. Using Lemma [T}, this sequence must contain an infinite nondecreasing
subsequence p; <. ps <. .... However, the rule EXPAND cannot be applied on
p2 since one of the rules RED is applicable. This is a contradiction.

Since there are only finitely many relations S, for an a € Act available for
the EXPAND rule and finitely many possibilities for an application of the RED
rule, there are always finitely many possibilities how to extend already existing
partial tableau. Suppose that there are infinitely many tableaux starting from
(A, B). Then there must be a tableau for (A, B) with an infinite branch, which
contradicts that every tableau is finite. O

We call a tableau for (A, B) successful if it is maximal (no further rules are
applicable) and all its leaves are successful.

Lemma 4 (Completeness). If A ~ B then there is a successful tableau for
(A, B).

Proof. We construct a tableau from the root (A, B) such that every node (o, ()
in the tableau satisfies a ~ (3. Hence this tableau cannot contain any unsuccessful
leaf and it must be finite because of Lemma Bl Suppose that («, 3) is already
a node in the tableau such that o ~ (8 and consider the rule RED; applied
on («, ). We may assume that v ~ §, which means using (6’) that (y @ w) ~
(0 ®w) = o ~ B. Hence (v @ w) ~ B. Similarly for REDg. From the definition
of ~ follows that the rule EXPAND is also forward sound, i.e., if @ ~ 3 then we
can choose for every a € Act a relation S, such that (o/,3’) € S, implies that
o ~ . O

Lemma 5 (Soundness). If there is a successful tableau for (A, B) then A ~ B.
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Proof. For the sake of contradiction assume that there is a successful tableau for
(A, B) and A # B. We show that we can construct a path from the root (4, B)
to some leaf, such that for any pair («, 3) on this path « £ (.

If A 4 B then using Lemma P]there is a minimal k such that A «; B. Notice
that if o o4y B such that k is minimal and we apply the rule EXPAND, then at
least one of its children (o, 3’) satisfies that o’ 74_1 3’. We choose such a child
to extend our path from the root.

If we apply REDy on («,3) where a 4 8 and k is minimal, then the
corresponding ancestor (7, ) is separated by at least one application of EXPAND
and so v ~j 0. This implies that (v ® w) 4k B, otherwise using the assumption
(6) we get that @ = (0 ®w) ~p (v @ w) ~j B, which is a contradiction with
a oy 3. The same is true for RED . Thus there must be a path from the root to
some leaf such that for any pair (a, 8) on this path «a # (. This is a contradiction
with the fact that the path contains a successful leaf. O

We have proved that it is decidable whether A ~ B, since it is the case iff there
is a successful tableau for (A, B). There are only finitely many tableaux and
all of them are finite, moreover the conditions (3) and (4) ensure that they are
effectively constructible. ]

3 Applications

In this section we consider several specific classes of commutative transition
systems. We study in particular BPP and lossy BPP processes, interrupt BPP
systems and timed-arc BPP nets.

3.1 BPP and Deadlock-Sensitive BPP

The class of Basic Parallel Processes (BPP) [9] is a natural subclass of PA (Pro-
cess Algebra) where only the operator of parallel composition is used. It is a well
known fact that bisimilarity is decidable for BPP [9[10]. We give the definition
of BPP by means of process rewrite systems [I7], which is more convenient for
our purposes than the usual one by process equations used by Milner [19]. We
remind the reader of the fact that these two definitions are equivalent in the
sense that they define the same class of processes up to bisimilarity.

Let Act and Var be countable sets of actions and process constants such that
Act N Var = . We define a class of process expressions evar oyer Var by the
following abstract syntax E :=¢ | X | FE|FE, where € is the empty process
and X ranges over Var. The operator ‘|’ stands for a parallel composition. We do
not distinguish between process expressions related by a structural congruence
= C gvar  gVar , which is the smallest congruence over process expressions
such that ‘| is associative and commutative, and ‘€’ is a unit for |’.

A BPP process rewrite system (PRS) [I7] is a finite set A C Varx Act x gvar
of rules, written X % E for (X, a, E) € A. Let us denote the set of actions and
process constants that appear in A as Act(A) resp. Var(A) (note that these sets
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(X~ E)eA E- E
X %E E|F - E'|F

Fig. 1. SOS rules for BPP

are finite). A process rewrite system A determines a labelled transition system
T(A) = (Evar(A)/z,Act(A), —, Equ) where states are =-equivalence classes
of process expressions over Var(A), Act(A) is the set of labels, the transition
relation — is the least relation satisfying the SOS rules in Figure [Tl (recall that
‘|’ is commutative and in what follows we often abuse the notation and write
only E instead of [E]z, i.e., the equivalence class represented by F). There are
two possibilities for defining the equivalence relation £qv. In the usual setting
Equ = (EVar(A)/E) X (gVar(A)/E) is the universal relation (thus it is in fact
unused) and we call this class BPP. Another possibility is to define Equ by

Equ={(E,F) e (V(A) =)y Var(A) =) |E =[] — F=[]=).

We call this class deadlock-sensitive BPP. A study of strict (deadlock-sensitive)
and nonstrict (deadlock-nonsensitive) bisimilarity for a sequential analogue of
BPP called Basic Process Algebra (BPA) is provided in [21].

We show that given a BPP system A, we can interpret its semantics as a com-
mutative transition system such that states are elements of B,,_1 = B}L_l where
n = |Var(A)|. Because of the structural congruence =, any process expression
E over Var(A) can be represented by a vector of n natural numbers. Suppose a
fixed ordering on Var(A) = {Xo, X1, ..., Xn—1}. Then the corresponding vector
contains on 7’th coordinate the number of occurrences of the variable X; in E.
Formally, we define a mapping ¢ : ghar(4) _, B. | by

¢(e) =0
¢(X;) = M such that M (i) =1 and M(j) =0 for j # 4
P(E1|E2) = ¢(E1) @ ¢(E2).

The following proposition is an easy observation.
Proposition 1. Let B, F € EYA(A) Then E = F if and only if ¢(E) = ¢(F).
Hence any rule (X — E) € A can be represented by ¢(X) —= ¢(E). The

system A, where n = |[Var(A)|, generates a commutative labelled transition
system T¢(A) = (BL_,, Act(A), —, Equ), where a —% 3 iff there exists a rule

(X % E) € A such that a = ¢(X) @w and 8 = ¢(E) @ w for some w € B),_,.
The relation Eqv for BPP and deadlock-sensitive BPP is defined in the same
fashion as above.

Ezample 1. Let A = {Xo - Xo|X1|X2| X1, Xo —— €, X3 SLINPED R €}.
Then n = 3 and e.g. ¢(Xo) = {0}, &(Xo|X1[X2|X1) ={0,1,1,2} and ¢(e) = 0.
A sequence of transitions Xo —— Xo|X1|X2|X1 — Xo|X1]| Xz X1|X1]| X2 X:
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(X L E)eA E- L FE
X-%E E|F % E'|F J o

if 3F'#est. E = F|F’
Fig. 2. SOS rules for lossy BPP

L Xo| X X1 | X1 [ Xa| X1 —5 Xof X1 X1 X2 X1 has a straightforward ana-
logue in Bi: {0} - {0,1,1,2} - {0,1,1,1,1,2,2} - {0,1,1,1,2,2} -
{0,1,1,1,2}.

Obviously, T'(A) and T¢(A) are isomorphic labelled transition systems.

Theorem 2. Given a BPH] process rewrite system A (or a deadlock-sensitive

BPP process rewrite system A) and a pair of processes Py, Py € EVar(A)/E7 it
is decidable whether Py ~pa) Pa.

Proof. By Theorem [[land the fact that 7¢(A) defined above is an ECTS. O

3.2 Lossy BPP

The notion of unreliability, in particular lossiness, has been intensively studied
with a number of interesting results. Let us mention e.g. Lossy Channel Sys-
tems [1] and Lossy Vector Addition Systems [T[18]. Lossy BPP systems were
studied in [I8] in the context of model checking problems. In lossy BPP we al-
low process constants disappear spontaneously at any time. We give a formal
definition of lossy BPP systems first.

A lossy BPP process rewrite system is a finite set A C Var x Act x
rules, written X —» E for (X,a,F) € A. A process rewrite system A deter-
mines a labelled transition system T(A) = (gVar(A) /=, Act(A) U {drop}, —,
Equ) where states are =-equivalence classes of process expressions over Var(A),
Act(A) U {drop} is the set of labels with a distinguished label drop & Act(A)
modelling lossiness, the transition relation — is defined by the SOS rules in
Figure 2] (we again abuse the notation and write only E instead of [E]=) and
Equ for lossy BPP can be defined as in the case of BPP — deadlock sensitive or
deadlock nonsensitive.

Ezample 2. Let A = {Xo % Xo| X0, Xo b, €}. Then Xog —* X for any k €
No where X0 = ¢ and X! = X,| Xk, Also, X5 2% X} for any k', 0 < k' < k,
in particular, X} I ¢ and € —~. This means that any reachable state in T'(A)
has norm at most 1. Moreover, X} #1(a) XPF for any k # k’. Hence there cannot
be any BPP process bisimilar to X, (there are only finitely many nonbisimilar
BPP states of norm less or equal to 1). On the other hand this property in general
disallows to find a bisimilar lossy BPP process for a given BPP process. Thus the
classes BPP and lossy BPP are, as expected, incomparable w.r.t. bisimilarity.

ghar of

! For BPP this is already proved in [9l10]. We repeat the theorem in order to demon-
strate that our technique is general enough to cover already known results.
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We are now ready to define semantics of lossy BPP in terms of commuta-
tive transition systems, similarly as for BPP. Let A be a lossy BPP system,
where n = |Var(A)|. By T¢(A) = (B_,, Act(A) U {drop}, —, Equ) we denote
a commutative transition system, where a —= §3 iff either (i) there is a rule
(X % E) € A such that a = ¢(X) @w and 8 = ¢(E) @ w for some w € B} _,
or (ii) f <. o and a = drop. The relation Eqv for lossy BPP is defined in the
same fashion as mentioned above (deadlock sensitive or deadlock nonsensitive).

Obviously, T'(A) and T¢(A) are isomorphic labelled transition systems. This

implies the following decidability theorem for lossy BPP systems.
Theorem 3. Given a lossy BPP process rewrite system A (either deadlock sen-

sitive or deadlock nonsensitive) and a pair of processes Py, Py € gVar(A) /=, it
is decidable whether Py ~r(ay Ps.

Proof. By showing that T¢(A) is an ECTS and then by using Theorem [ and
the isomorphism between T'(A) and T¢(A). Details can be found in [22]. O

3.3 Interrupt BPP

In this subsection we investigate mode transfer operators in BPP process alge-
bra, in particular the interrupt operator. Quoting [3]:“A useful feature in pro-
gramming languages and specification languages is the ability to denote mode
switches. In particular, most languages have means to describe the disrupt and
interrupt of the normal execution of a system.” Various mode transfer operators
were considered in the literature [2IB[5[TT13]. We define interrupt BPP systems
that extend the pure BPP systems with an interrupt vector and a mechanism
for handling the interrupt. The motivation is that every state is annotated with
a set of allowed interrupts and if no interrupt appears, a normal execution of the
process is performed. At any time an interrupt can be raised by performing the
action int. A normal execution of the process is interrupted and the raised inter-
rupt is handled. During this all interrupts are disallowed. After the interrupt is
finished, the action iret is performed and a normal execution of the interrupted
process continues.

Formally, an interrupt BPP process rewrite system A is a pair (A, Ay)

where A, is a finite set A; C Var x Act x £V x gVar(Az) 4nq A, is a BPP
system. We write (X —% E,enable) for (X, a, E, enable) € A;. By Var(4;) we
denote the set of variables that occur in the first and the third component of
Aj. A process rewrite system A = (A, As) determines a labelled transition
system T(A) = ((£Var(A1) /=) x 2Var(A2) » 0,1} x (£Var(A2) /=) Act(A;) U
Act(Az) U {int,iret}, —, Equ*) where states are 4-tuples (Ey, IV, IF, E5) such
that F; is a BPP process, IV is an interrupt vector, IF is an interrupt flag (0
means normal execution and 1 means interrupt call) and Es is € if ITF = 0 or
it contains the interrupt handling process in the case IF = 1. We assume that
int,iret ¢ Act(Ay)UAct(Az). The SOS rules for — are defined in Figure Bl (E
again represents [F]= and ‘|’ is commutative) and for the sake of simplicity let
us assume that Equ* is the universal relation on states.
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(X LN Ei,enable) € Ay
(X,1V,0,€) 2 (E1,IV Uenable, 0, €)
(E1,1V,0,6) = (E1,1V",0,¢)
(E1|F1,1V,0,¢) %= (E1|F1,IV',0,¢)

Xelv
(E1,1V,0,¢) 5% (E1, IV, 1, X) (E1, IV, 1,€) 2% (B, 1V, 0,¢€)
(X % Ey) € Ay (Ey, IV, 1, By) - (Ey, IV, 1, E)
(B1,IV,1,X) - (E1, 1V, 1, Ey) (B1, IV, 1, By|Fy) =% (Ey, IV, 1, BS| )

Fig. 3. SOS rules for interrupt BPP

Brample 3. Let A = ({(Xo ~ XolXo, {%o}), (Xo > e, (vi})}, {¥o
€, Y] 4, Yl}). Consider an initial state (Xo,0,0,¢€). Then the following se-
quence of transitions is possible in T(A): (Xo,0,0,¢) = (Xo|Xo, {Yo},0,¢) 2,

(XO’{}/O’Yl}’O’€) ﬂ (XO’{%aYi}vla}/()) — (X07{Y07Y1}717€) @)
int

(X0, {Y0,Y1},0,6) 2% (X0, {Yo,"1},1,Y)) & (X0, {Yo,V1},1, V1) &
(Xo,{Yo,Y1},1, Y1) A Ttisan easy observation that there is no BPP pro-
cess bisimilar to the initial state (Xo,, 0, €) of T(A) — we use similar arguments
as in Example

We remind the reader of the fact that for any BPP system we can find a
bisimilar interrupt BPP system simply by disallowing interrupts at all — we
define enable = ) in every rule of the BPP system. Hence the class of interrupt
BPP is strictly more expressive (w.r.t. bisimilarity) than the class of BPP.

We demonstrate now, how to give an alternative semantics in terms of a
commutative transition system 7°°. The idea is that the normal process execu-
tion is simulated one-to-one in 7° and the interrupt calls are checked using the
relation £qu — thus there are no actions int and iret. Let A = (A, Az) be
an interrupt BPP system such that Var(A;) = {Xo, ..., X,, -1} and Var(Ay) =
{Yo,...,Yn,—1}. In what follows we denote by T'(Az) the deadlock sensitive tran-
sition system generated by the BPP process As. Since bisimilarity in T(Asy) is
decidable (Theorem ), we may assume w.l.o.g. that Y; #7(a,) Y; for all i, j
such that 0 <i < j <ng — 1. Let n = max{n; — 1,ny — 1}.

Let T¢(A) = (B2, Act(A1) U Act(As), —, Eqv). The intuition is that in the
first component of a state (M, N) € B2 we remember a BPP expression of normal
process execution and in the second component we remember an interrupt vector
IV in the following sense: N(i) = 0if Y; ¢ IV, and N(i) > 0if Y; € IV. For
a=(M,N) e B2 let IV(ae) ={Y; |0 <i<mnyg—1 A N(i) > 0} and let
cut(a) = (M, N') € B2 such that

gy = [0 NG =0
YT 1 NG >0
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for all i € Nyg. We define a = (M, N) % (M',N') = o iff (B, 1V («),0,¢) —
(E', IV (a'),0,¢€) such that a & {int,iret}, §(E) = M, p(E') = M’, and cut(a’) =
o’. The last condition (cut(a’) = ') ensures that T¢(A) becomes image-finite.
Finally we define £qu as such a relation that for states a,3 € B2: (o, ) €
Equ iff TV (o) =1V(P).

The following property is an immediate consequence of the definition.

Property 1. Let a € B2. Then « ~re(a) cut(a).

Proposition 2. Let A = (A, As) be an interrupt BPP system. Then it holds
that (E, (Z), 0, E) ~T(A) (F, @7 0, 6) Z_[f (qb(E), @) ~Te(A) (¢(F), @) for any B, F €
EVar(Al)‘

Proof. Tt is obvious that any transition under a where a & {int,iret} in T(A)
can be simulated naturally in the system 7¢(A) and vice versa. An interrupt call
in T(A) is checked using the relation Equv and whenever (o, 3) € Equ in T°(A)
then we can distinguish the corresponding states in T'(A) by an appropriate
interrupt call. O

Theorem 4. Given an interrupt BPP process rewrite system A and a pair of
processes (E,0,0,€), (F,0,0,¢) in T(A), it is decidable whether (E, 1,0, €) ~p(a)
(F,0,0,¢€).

Proof. By Proposition[2 it is enough to show that T¢(A) is an ECTS and then
we use Theorem [[] Details can be found in [22]. O

Remark 2. We used BPP processes for interrupt handling (the system As). In
fact, any process algebra where bisimilarity is decidable can be used.

3.4 Timed-Arc BPP

In this subsection we establish decidability of bisimilarity for a timed extension
of BPP systems, called timed-arc BPP. It is worth mentioning another positive
decidability result for timed BPP. The authors in [4] show that performance
equivalence (a version of timed bisimilarity) is decidable in a polynomial time
for BPP processes where actions have a certain time duration. However, their
definition of timed BPP does not allow to interpret ordinary BPP systems as
timed ones since a duration of an action cannot be equal to 0 and must be
strictly positive. We define timed-arc BPP as a natural subclass of timed-arc
Petri nets where time (age) is associated to tokens and transitions are labelled
by time intervals, which restrict the age of tokens available for firing a transition
— see e.g. [6/T4]. Our definition implies that timed-arc BPP are a strict extension
(w.r.t. bisimilarity) of ordinary BPP systems, as it is demonstrated later.
First, we introduce labelled timed-arc Petri nets, following definitions from
[20] and then we define timed-arc BPP as its subclass where each transition
has exactly one input place. A labelled timed-arc Petri net (LTAPN) is a tuple
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N = (P, T,F,c,L,\,X), where P is a finite set of places, T is a finite set of
transitions such that TN P =0, F C (P x T)U (T x P) is a flow relation,
¢: Flpxr — Ny x (Ng U {o0}) is a time constraint on transitions such that for
each arc (p,t) € F holds that t; < to where ¢(p,t) = (¢1,t2), L is a finite set of
labels, A\ : T'— L is a labelling function, and X~ C Ny is a recursive set of allowed
time-elapsing steps.

Let € Ny and ¢(p,t) = (t1,t2). We write x € ¢(p,t) whenever t; < z < to.
We also define *t = {p | (p,t) € F} and t* = {p | (t,p) € F}. A marking M
on N is a function M : P — B where B denotes the set of all finite multisets on
Ny. Each place is thus assigned a certain number of tokens, and each token is
annotated with a natural number (age). Let © € B and a € Ny. We define x <ta
such that we add the value a to every element of z, i.e., z<t+a = {b+a|b € z}.

Let us now define the dynamics of LTAPNs. We introduce two types of transi-
tion rules: firing of a transition and time-elapsing. Let N = (P, T, F,¢, L, \, X)) be
a LTAPN, M a marking and ¢ € T. We say that t is enabled by M iff Vp € *t. Iz €
M(p). x € ¢(p,t). If t is enabled by M then it can be fired, producing a marking

M’ (written M|[t)M') such that Vp € P. M'(p) = (M(p) ~ C~(p, t)) UCt(t,p)

where C~ and CF are chosen to satisfy the following equations (note that there
may be more possibilities and that all the operations are on multisets):

C-(pt) = {z} such that v € M(p) and = € ¢(p,t) ifpe*t
P =00 otherwise

{0} ifpet*
0  otherwise.

ctan) = {

Note that the tokens added to places t® are of age 0. We define also time-elapsing
transitions 7y, k € X, as follows: M [r,)M' ift Vp € P. M'(p) = M (p) <+ k.

Let N = (P,T,F,c,L,\, %) be a LTAPN. We define the corresponding la-
belled transition system T'(N) = ([P — B], LU {7 | k € X'}, —, Equ*), where
states are markings of NV, actions are labels from L together with symbols for
time-elapsing, and M —%+ M’ iff either M[t)M’ and a = A(t), or M[r;)M’ and
a = 7 for some k € Y. For simplicity we define Egv* to be the universal relation.

Definition 2. A timed-arc BPP is a LTAPN such that |*t| =1 for allt € T.

Ezample 4. Consider a timed-arc BPP net ({p1,p2}, {t1,t2}, F, ¢, {a,b}, A\, {1})
where F', ¢ and X\ are defined in Figure @l Names of places (circles) are p; and
p2 (from left to right) and names of transitions (squares) are t; and to (from
left to right) such that A(¢t;) = a and A(t2) = b. Notice that *¢t; = {p1} and
*ta = {p2}, so the net is indeed a timed-arc BPP. Let ({0},0) be an initial
marking — since |P| = 2 we can identify any marking M : P — B with
a pair (M(p1), M(ps))- Now e.g. ({0},0) — ({0},{0}) = ({0},{0,0}) >
({0},{0}) = ({1}, {1}) = ({2},{2}) = .... Using similar arguments as in
Example 2 there cannot be any BPP process bisimilar to the initial marking.
On the other hand, for any BPP process there is a timed-arc BPP net bisimilar
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[0,0]
o= e n
~— N

Fig. 4. A timed-arc BPP net

to it — we use the fact that any BPP process is essentially a Petri net where
|*t| = 1 for every transition ¢ and then we define all the time constrains as [0, co]
and set X' = (). So the class of timed-arc BPP is strictly more expressive (w.r.t.
bisimilarity) than the BPP class.

Assuming a fixed ordering on P = {p1,...,pn}, there is a natural one-to-
one correspondence between [P — B] and B". Let M : P — B then we define
(N1,...,Ny) € B by N; = M(p;) for 1 <14 <mn and vice versa. In what follows
we freely interchange these equivalent notations.

The system T'(NV) is almost a commutative labelled transition system. There
are only two problems: (i) states are not elements from B, for some fixed m € Ny
and (ii) the set of actions can be infinite. The following arguments show how to
avoid these problems.

Definition 3. Let N = (P, T, F,c,L,\, X)) be a LTAPN. We define its maximal
guard mg(N) € Ny as the mazimal time constraint that appears in N, i.e.,
mg(N) = max ({tm | 3f € Flpxr. c(f) = (tl,tg)}\{oo}). Let M € [P — B].
We define a compression of M, Cyr € [P — Bpg(ny+1], by

M(p)(k) if k<mg(N)+1
Cu(p)(k) = X g+ M()(@)  if kb =mg(N)+1
0 if k> mg(N) + 1.

Lemma 6. Let N = (P,T,F,c,L,\,X) be a LTAPN and My, M5 € [P — B.
If C']\/[1 = CM2 then M1 ~T(N) MQ.

Proof. It is a routine exercise to verify that R = {(My, M) € [P — B] x [P —
B] | Cy, = Ch,} is & bisimulation. O

Let N = (P, T,F,c,L,\,X) be a LTAPN. By m we denote the number
mg(N) + 1. We define a commutative transition system T°(N) = (B, L U {7y, |
ke X AN k<m}UTy,,—, Eq") where T, = {7, } if there is k € X such that
k > m, otherwise T}, = 0 (note that the construction of T}, is effective since X is
a recursive set). We define M —%» M’ for M, M’ € B, iff either (i) M[t)M' and
a = At), or (ii) M[rz)M" where m > k € X or 7, € T}, such that M’ = Cpy»
and a = 7.

Proposition 3. Let N be a LTAPN and My, M5 a pair of markings on N. Then
My ~T(N) M, Zﬁch ~Te(N) CM2.

Proof. Immediately from Lemmal[G Also note that in T'(N) for any k > m =
mg(N) + 1 holds that if M = M’ and M % M" then Cpp = Cppo. O
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Theorem 5. Given a timed-arc BPP net N = (P,T,F,c,L,\,X) and a pair of
markings My, My on N, it is decidable whether My ~p(ny M.

Proof. First show that T°(N) is an ECTS. Then by Proposition Bl and Theo-
rem [[] For details see [22]. O

Remark 3. It remains an open problem whether bisimilarity is decidable for
timed-arc BPP with continuous time, i.e., if we allow e.g. X = Rg.

4 Conclusion

We suggested a subclass of labelled transition systems called effective commuta-
tive transition systems (ECTS) where bisimilarity is decidable, and we showed
that semantics of many extensions of BPP process algebra can be defined within
the ECTS class. This approach seems to be feasible also for other natural exten-
sions of BPP: the crucial condition to be satisfied is probably (6), saying that
~, are congruences. This condition fails e.g. for Petri nets, and indeed strong
bisimilarity becomes undecidable here [15].

Decidability of weak bisimilarity of BPP is still a well known open problem.
Here the problematic condition is (5), stating that the transition system is image-
finite, which is not the case for weak bisimilarity. Nevertheless, we can still
instead of potentially infinite set of successors next(a, a) examine only its finite
subset such that soundness and completeness of the tableau system is preserved.
This possibility was exploited by Stirling in [24] for weak bisimilarity of normed
BPP, however, with additional technical restrictions. To design finite subsets of
next(a, a) preserving soundness and completeness even in the general case might
be a reasonable way to attack this problem.
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Abstract. We present a semantic analysis of a recently proposed for-
malism for local reasoning, where a specification (and hence proof) can
concentrate on only those cells that a program accesses. Our main results
are the soundness and, in a sense, completeness of a rule that allows frame
axioms, which describe invariant properties of portions of heap memory,
to be inferred automatically; thus, these axioms can be avoided when
writing specifications.

1 Introduction

The need to say what memory cells or other resources are not changed, along
with those that are, has always been a vexing problem in program specification.
Consider a specification of a program to copy a tree:

{treeTp} CopyTree(p; q) {(treeTp) * (treeTq)}.

Here, the parameter list indicates that p is a value and ¢ a reference parameter.
The predicate tree 7 p says that p is, or points to, a data structure representing a
binary tree 7, and (anticipating the work to come) (tree 7 p)*(tree 7 ¢) says that
p and g both represent this tree, but that their representations utilize disjoint
storage.

This specification certainly captures part of what we intend to say about the
procedure. But a Hoare triple typically only describes the effects an action has
on the portion of program store it explicitly mentions; it does not say what cells
among those not mentioned remain unchanged. As a result, the specification
of CopyTree(p;q) leaves open the possibility that the procedure alters a cell
not in the data structure described in the precondition. To make a stronger
specification we need to, in one way or another, take into account the notorious
“frame axioms” [8], which describe cells that remain unchanged.

It might seem that this problem is just a nuisance, that we should be con-
tent for practical purposes to prove weak properties and not worry about frame
axioms. This viewpoint is untenable, for the following reason. At a call site
for CopyTree(p; q) there will often be more cells active than those in p’s data
structure. In that case the specification is not strong enough to use, unless we
somehow take the frame axioms into account. A particular example of such a
call site is in the body of a recursive definition of CopyTree(p;q), which uses
recursive calls for each of two subtrees. As explained in [5], if we do not have
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some way of showing that each recursive call doesn’t affect the other, then the
specification will not be strong enough to use as an induction hypothesis when
proving the program.

It might alternatively be thought that the problem can be easily solved,
simply by listing the variables that a program might alter as part of the spec-
ification. This viewpoint is untenable when there are storage cells other than
those directly named by variables, typically when there are pointers of one form
or another. This solution is thus not applicable to realistic imperative languages.

Nonetheless, although much more than a nuisance, this frame problem is still
irritating. It seems unfortunate to have to think up a general formula to function
as a description of the cells left unchanged, covering all potential call sites, when-
ever we write a specification. And intuitively the specification of CopyTree(p;q),
for instance, seems to already carry enough information. The hitch is that for
this intuition to be realized we need to somehow require that any state alteration
not explicitly mandated by the specification is excluded.

Unfortunately, this last part, that “any state alteration not explicitly man-
dated by the specification is excluded” is difficult to make precise, and that
difficulty has spawned hundreds of papers in Al and in program specification.
Twice unfortunately, no completely convincing solution has emerged.

In this paper we study the semantics of an approach recently developed in
an extension of Hoare’s logic for reasoning about mutable data structures [5].
The scope of the approach is modest in intent, in that it is not put forward as
a general solution to the frame problem. Rather, the suggestion is that, when
certain assumptions are met, there is a natural and simple way to avoid frame
axioms. Although, as we further demonstrate here, these assumptions are met
in some natural models of imperative languages, there is no claim that they are
universally applicable in reasoning about action.

The general idea is that by focusing on the idea of the memory footprint of
a program we can get a concrete handle on the resources that a specification of
a program needs to describe. More specifically, there are two components to the
approach.

1. We interpret a specification {P} C {Q} so that, when C is run in a state
satisfying P, it must dereference only those cells guaranteed to exist by P
or allocated during execution.

2. An inference rule, the Frame Rule, lets us obtain {P *x R} C'{Q * R} from
the initial specification {P} C {Q} of a procedure or command, where P * R
is true just when P and R are true of separate areas of the current heap
memory.

Point 1 is reminiscent of the old informal idea of a tight interpretation of spec-
ifications: we assume that a specification mentions all the resources relevant
to understanding a program, that other resources are automatically unaffected.
With it the specification of the CopyTree procedure above implies that any ac-
tive cell not in p’s tree before execution will remain unchanged; this allows us to
avoid explicit frame axioms and instead work with the simple specification. Point
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2 then gives us a proof method that enables us to infer the invariant properties
supported by tightness.

We stress that the first of these points does not depend on the second. Given
the tight interpretation, a host of invariant properties are simply true, and this
is independent of the language used to describe pre and postconditions. The *
connective just gives us a direct way to exploit tightness, in a program logic.

The purpose of this paper is to provide a semantic analysis of these ideas.
The basic conception of the interplay between points 1 and 2 above as a basis for
local reasoning is due to the second author. Many of the semantic foundations,
particularly those related to completeness described later, were first worked out
thoroughly by the first author. We refer to the precursor papers [0J2J5] for exam-
ples of reasoning with the spatial formalism, for program logic axioms for specific
heap-altering and accessing commands, and for references to the literature on
program logic and on the frame problem (see also []]).

The first problem we tackle is the soundness of the Frame Rule. This turns
out to be surprisingly delicate, and it is not difficult to find situations where
the rule doesn’t work. So a careful treatment of soundness, appealing to the
semantics of a specific language, is essential. We phrase our argument here in
terms of a model devised by Reynolds [I0J5], for an extension of the language
of while programs with operations for pointer manipulation, including address
arithmetic.

In the course of proving soundness we will attempt to isolate the properties
on which it relies. Once these properties are established, much of the work in this
paper can be carried out at a more abstract level and we sketch the appropriate
definitions. But a thorough abstract account will be left for other work; here our
goal is to remain concrete and provide a detailed analysis of a single language.

After showing soundness we move on to prove a completeness result, which
shows a sense in which no frame axioms are missing. Our approach to complete-
ness follows a line of work which goes under the name of sharpness or adaptation
completeness [E]. There one of the main issues is always to conclude certain in-
variant properties of variables not free in a command. Our completeness result
can be seen as extending such results to handle the heap as well, where there
are other store locations than those associated with program variables. The key
idea for proving completeness is to view commands as predicate transformers
satisfying a locality property.

2 A Programming Language

The programming language is an extension of the language of while programs,
with operations for manipulating pointers in a heap. The syntax and domains
for the language are in Table [Tl

The model has two components, the store and the heap. The store is a map-
ping from variables to integers, and the heap is a finite mapping from natural
numbers (addresses) to integers. The heap is accessed using indirect addressing
[E] where F is an arithmetic expression.
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Table 1. Syntax and Domains

SYNTAX

C u=gz:=FE|xz:=[E]|[E]:=F|x:=cons(En,..,FE,) | dispose(E)
| C;C |while B C'| if B then C else C

E,Fi=x,y,..|0[1|E+F|ExF|E—F
B «=false|B=B|E=F|E<F

DoMAINS
A A
Nats = {0,1,...,17,...} Ints = {...,—-17,...,—1,0,1,...,17, ...}
Variables = {z,y,...} Stores 2 Variables — Ints

A A
Heaps = Nats —pf;, Ints States = Stores X Heaps
FUNCTIONALITY OF EXPRESSIONS

[E]s € Ints [B]s € {true, false} (where s € Stores)

We assume the standard denotational semantics of integer and boolean ex-
pressions. Note that expressions are heap-independent.

The crucial operation on heaps is disjoint combination. We write h#h’ to
indicate that the domains dom(h) and dom(h') are disjoint. When h#h’ holds,
hxh' is the heap obtained by taking the union of disjoint partial functions. When
h#h’ does not hold, h * b’ is undefined. The empty heap [] is the unit of *. The
notation [n +— m] describes the singleton heap which maps n to m and which is
undefined everywhere else.

The operational semantics of commands defines a relation ~» on configura-
tions. Configurations include terminal configurations s, h, triples C| s, h, and a
special configuration fault indicating a memory fault. The command z := [E]
reads the value at address E in the heap and places it in z. [E] := F updates
address E so that its content is F. z := cons(Ey, ..., E,,) allocates a sequence of
n contiguous heap cells, initializes them to E1, ..., E,, and places the address of
the first cell in the segment in z. dispose(E) removes address E from the heap.
The commands z := [E], [E] := F and dispose(FE) generate a memory fault, a
particular kind of error, if F is not an active address. Notice that the number m
is chosen non-deterministically in the rule for cons. An example of a command
that always faults is dispose(z); [z] := 42. In typical implementations an at-
tempt to dereference a disposed address might not always lead immediately to a
fault. Generating these faults early in the semantics is a device that allows us to
arrange the formalism in a conservative manner, where well-specified programs
will never try to dereference a disposed address.
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Table 2. The Programming Language: Syntax and Semantics

z:=E,s,h ~ (s|x— [E]s),h

[E]s=n [E]ls=n n & dom(h)
dispose(E), s, h*[n— m| ~ s h dispose(F), s, h ~~ fault
[E]s =n € dom(h) h(n)=m [E]s & dom(h)
x:=[E],s8,h ~ (s|z+—m),h x = [E],s,h ~ fault
[E]ls =n € dom(h) [E]s & dom(h)

[E] := F,s,h ~ s,(h|n— [F]s) [E] :=F,s,h ~ fault
m,...,n+m—1¢ dom(h) vy =[Ei]s,...,vn = [En]s

x:=cons(E1,...., En),s8,h ~ (s|z—om),(h*x[m—vi,..on+m—1 v,])

C1,8,h~ C1,s" R C1,8,h~ s h C1, 8, h ~ fault
(C1;C2),8,h ~ (C1;C2), 8", b (C1;C2),8,h ~ Co, 8" 1 (C1;C2), 8, h ~> fault
[B]s = true [B]s = false
if B then Celse C',s,h~ C,s,h if B then Celse C',s5,h~ C’ s, h

[B]s = false [B]s = true

while B do Cod,s,h~ s,h while B do Cod, s, h ~» (C;while B do Cod), s, h

In the semantics we use (f | ¢ — j) for the (perhaps partial) function like f
except that ¢ goes to j. This notation is used both when ¢ is and is not in the
domain of f.

3 Specifications

We treat predicates semantically in this paper, so a predicate is just a subset of
the set of states.

Pred 2 P(States)

To evoke the semantics of the assertion languages from [92I5], we sometimes use
the satisfaction notation

s,hlE=p

as an alternative to (s, h) € p.

To define the semantics of Hoare triples first recall point 1 from the Intro-
duction, where we guarantee that if {p}C{q} holds then C' must not access any
cells not guaranteed to exist by p. We can formalize this by observing that if C'
did guarantee to access such a cell, then it could be made to fault by running it
in a state in which that cell is not active. This is the role of the following notion
of safety.

— “C, s, h is safe” when C, s, h ¥* fault.
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For partial correctness the interpretation of triples is the standard one, with
an additional safety requirement.

Partial Correctness. {p}C{q} is true just when, for all s, h,
if s, h = p then
— C, s, h is safe, and
— if C,s,h ~* s’ b/ then s', 1/ = q.

This fault-avoiding interpretation of triples is not new, but the connection to
the intuitive notion of tight specification does not seem to have been observed
before (excepting [2I5]). To describe this, suppose E < F is a predicate saying
that F' is the contents of the active address E in the current heap. Suppose,
further, that the triple

{z — 5}C{z — 6}

holds and that C' does not alter any variables (though it might alter heap cells).
Then we claim that, just from this information, we can infer that C' does not
modify any heap cell existing in the starting state, other than the one denoted by
x. To see the reason, suppose that C' does modify such a cell and call it y. Then
the specification says that the program will not fault if it is run in the singleton
state where x is the only active address (with contents 5). But we just said that
C alters the address y, and so this attempt to dereference y must generate a
fault starting from the singleton state.

We will also consider a total correctness form of specification. For total cor-
rectness, we do not need an explicit safety assumption, because total correctness
is about “must termination” which itself includes a safety requirement.

— “C, s, h must terminate normally” when C| s, h is safe and there is no infinite
~-sequence starting from C, s, h.

Total Correctness. {p}C{q} is true just when, for all s, h
if s,h = p then
— C, s, h must terminate normally, and
— if C,s,h ~* s’ h/ then ¢', 1/ | q.

To formulate the Frame Rule we will need the * connective; if p and g are
predicates then

prg2{(s,h=h)|s,hEEpAsh | qAh#h'}

The statement of the Frame Rule from [2[5] is as follows.

FRAME RULE, SYNTACTIC VERSION

{rc{Q}
{P*R}C{Q* R}

Modifies(C) N Free(R) = { }

where Modifies(C') denotes the set of variables updated in the command C,
i.e., those appearing as the destination of an assignment statement in C. To
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be precise, the Modifies set of each of  := --- is {z}, while for [E] := F and
dispose(F) it is empty; these latter two statements affect the heap but not the
values of variables in the store. Since we are working semantically with predicates
in this paper, we need to reformulate the rule slightly and replace the reference
to the free variables of R in the side condition. We will precede this with a short
discussion.

The condition for variables in the rule is straightforward; it simply checks
whether any variables in R are modified by a command C. However, the condition
for heap cells is more elaborate. With the spatial conjunction, it says that for
every state satisfying P * R, the current heap can be split into two subheaps
so that P holds for the one and R for the other; then, the tight interpretation
of the Hoare triple {P} C {Q} says that the command can only access the first
part, i.e. the part for P, consequently making R an invariant during execution.

As an example, starting from the specification of CopyTree in the Introduc-
tion we can infer that copying p’s tree does not affect a cell not in it’s data
structure.

{treeTp} CopyTree(p;q) {(tree T p) * (treeTq)}
{(treeTp) * (x — y)} CopyTree(p; q) {(treeTp) * (treeTq) x (x — y)}

Here, the Modifies set of CopyTree(p;q) is assumed to be {¢}.

To describe a version of the rule which refers to semantic rather than syntactic
predicates we utilize a notion X#p of independence of a predicate from a set of
variables. This can be formulated simply in terms of quantification. If X is a set
of variables then

vX.p2 {(s,h) | Vsx € [X — Ints|.(s[sx],h) € p}

where s[s’] denotes the update of s by s’ defined by:
/ A [§'(y) if y e dom(s)
slelly) = {s(y) otherwise

Then
- X#p holds just if p =VX.p.
FRAME RULE, SEMANTIC VERSION

{r} C{q}

——— Modifies(C)#r
e Ofgery el OF

4 Soundness of the Frame Rule

The Frame Rule codifies a notion of local behaviour, and in this section we
undertake to describe that notion in terms of the operational semantics.
It will be helpful to first consider a plausible property that does not hold.
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If C,s,hg ~* s, hfy and ho#hq, then C,s, hg * hy ~* s, h{, * hy.

The intuition behind this property is just that we can add on extra state, and
any execution that works for a smaller state can still go ahead. This property
fails because of the behaviour of cons. An address that is allocated during an
execution from a small state cannot be allocated starting in a bigger state where
it is already active. For example,

x := cons(2,3),[x — m],[] ~ [z — 0],[0— 2,1+ 3]

but if we run z := cons(2, 3) in a heap where 0 is already active, then a different
address than 0 must be chosen by ~-.

This is an example of where an action on a little state can be disabled when
moving to bigger states. Such behaviour might make us doubt that the Frame
Rule could be sound at all. However, it only indicates that the language does
not behave locally with respect to “may” properties. With Hoare triples we are
interested in a form of “must” property. If {p}C{q} holds and, starting from a
state satisfying p, the command terminates, then the final state must satisfy q.
Put another way, it is not individual computations that we will judge local, but
properties of classes of computations.

The correct property says that if a command is safe in a given state, then
the result of executing it in a larger state can be tracked to some execution
computation on the little state.

Lemma 1 (Safety and Termination Monotonicity).

1. If C,s,h is safe and h#h', then C,s,h x h’ is safe.
2. If C, s, h must terminate normally and h#h', then C, s, hxh' must terminate
normally.

Lemma 2 (Frame Property). Suppose

C, s, hq 1s safe, and C,s,hg * hy ~* ', h'.
Then there is h{, where

C, s,hg ~* s, hy, and h' = h{ x hy.

Proof. For x := cons(Ey, ..., E,), consider m,...,n+m — 1 & dom(hg * hy),
The operational rule gives us ' = (s |  — m) and ' = hg * hy x [m —
V1y..,m +n — 1 — v,]. Then since m,...,m +n — 1 & dom(hg), this segment
may be selected by the operational rule for cons applied in the smaller heap hg.
So h{y = ho * [m — v1,...,m+n —1— v,] gives us the desired result.

For [E] := F, since [E] := F,s, hy is safe by assumption we know [E]s €
dom(hg) and therefore [E]s ¢ dom(hy). Thus, the assignment leaves h; un-
changed, and taking h{ = (hg | [E]s — [F]s) gives the result.

For dispose(E), if [E]s = n then n € dom(hg) by safety, and ho decomposes
as h{ * [n — m] for some m. This h{, satisfies the requirement of the theorem.

For z := [E], safety ensures that [E]s € dom(ho), and taking h{ = ho gives
the result.
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To cover C;C’, while and if, we need to prove a slightly stronger result.
We state the property, which is needed to get the right induction hypothesis,
but omit the detailed proof. Consider a variant of the theorem which considers
non-terminal configurations; specifically, where the terminal configurations s, h’
and s', hy, are replaced by C’, ', b’ and C’, s', hj. The terminal and non-terminal
variants are proven simultaneously, by induction on the derivation of C, s, hg *
hi1 ~* s h or C,s,hg* hy ~* C',s’,h'. The rules for atomic commands above
were already considered above, and each of the rules for while and C;C’ has an
immediate proof. O

Theorem 1 (Soundness). The Frame Rule is sound for both partial and total
correctness.

Proof. The proof uses the Frame Property, and the following locality property
for variables.

If C, s, h ~~* §', b/ and a variable x is not assigned in C, then s(z) = s'(z).

For partial correctness, suppose the premise of the Frame Rule holds, and
that s,hg = p and s,h; = r. The premise gives us that C,s, hy is safe, and
safety of C, s, hg * hy follows from Safety Monotonicity. If C, s, hg * hy ~* s, h,
the Frame Property yields h{ where h = h{ * hy and C,s,hg ~* s',hj. The
premise then ensures s’, b, = ¢. The variable locality property implies that s’
agrees with s on all variables not in Modifies(C'), so s’,hy = r follows since we
know s, hy |= r and Modifies(C)#r. The semantics of * then yields s, h = g *r.

The argument for total correctness appeals additionally to Termination Mono-
tonicity. O

4.1 The Scope and Delicacy of the Frame Rule

Some remarks are in order on the delicacy of the soundness result.

First, the non-deterministic nature of cons was relied on in an essential way.
If we had interpreted cons so that, say, the smallest possible free address was
always chosen for allocation, then adding memory would change what this new
address was, and the difference could be detected with address arithmetic; this
would invalidate the Frame Rule. Non-deterministic allocation is used to force
a program proof not to depend on details of how the allocator might work. (In
a language without address arithmetic, we could use invariance under location
renaming rather than non-determinism in allocation to ensure this sort of inde-
pendence.)

Second, suppose we were to add an operation for trapping a memory fault to
our language. If we did this, without changing *, then the Frame Rule would be
invalid; the reason is that we could branch on whether or not a cell is active, and
this would contradict Safety Monotonicity. This does not necessarily mean that
fault trapping is incompatible with the Frame Rule. We could perhaps change
the interpretation of * so that the undefinedness it introduces is regarded as
introducing the possibility of a further kind of error, different from memory
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fault. (The way Calcagno puts it, we need a notion that is detectable in the
program logic, but not in the programming language.)

Although delicate, the scope of the Frame Rule is wider than the specific
programming language considered here. We briefly sketch an abstract setting.
Suppose we have an arbitrary partial commutative monoid (pcm), in place of
(Heaps, *, []), and an arbitrary set V' of values, which we use to define Stores =
Variables — V. Then a “local action” is a binary relation between States and
States U {L, fault} satisfying Safety and Termination Monotonicity, and the
Frame Property. With this definition, the Frame Rule is sound for every local
action.

An example somewhat removed from heap storage that fits this definition is
given by Petri nets. A net without capacity N' = (P, T, pre, post) consists of sets
P and T of places and transitions, and two functions pre,post: T — M from
transitions to markings, where a marking is a finite multiset of places and M
denotes the set of all markings. M forms a pcm whose commutative monoid
structure comes from the multiset union and the empty set. This is a total
commutative monoid. If we regard a transition that is not enabled as equivalent
to faulting, then each transition ¢ € T determines a local actionl] by the firing
rule: M [t] N iff 3¢.3M'. M = pre(t) « M’ and N = post(t) « M'.

Nets with capacity 1 provide a counterexample. Suppose that places in a net
can hold at most one token; consequently, markings are simply subsets of places,
and pre,post map transitions to finite subsets of places. Transitions are fired
in this case only when it is guaranteed that all the tokens to be produced do
not violate the capacity requirement. We can define a pcm on the set of places,
where * is union of disjoint sets (which is undefined on sets that overlap). A
transition ¢ that violates Safety Monotonicity has pre(t) = {a}, post(t) = {b},
where a # b. t is enabled in {a} but not in {a,b} because the post-place of
t is already filled in {a,b}. (It is possible to define a different pcm, for which
transitions do correspond to local actions, by recording when a place is known
to be unmarked; we can do this using P — {full, empty}, with x as union of
partial functions with disjoint domains.)

These examples and counterexamples indicate that the Frame Rule is not
something we expect to be automatically valid, in the way that we expect, say,
the rule of Consequence always to be. Close attention must be paid to the inter-
play between the definition of * and the kinds of operation present in a language.

5 Completeness of the Frame Rule

Suppose we are given a Hoare triple specification {p}C{q} but we are not told
exactly what C' is. The question we are concerned with in this section is whether
we can derive all other specifications that follow from it, without making use of
knowledge of C.

To formulate this we consider Hoare triples {p} — {¢} with an unspecified
command. Following [3I12]1], we call such a Hoare triple with a hole a specifica-

! We take Stores to be the singleton set [Variables — {1}].



412 Hongseok Yang and Peter O’Hearn

Table 3. Proof system for specification statements with Modifies set X

CONSEQUENCE FRAME RULE
PCp {py—{a} ¢S {r} —{a}
—— X#r
'} —{d} {pxr}—{g*r}

tion statement. Throughout this section we assume a given set X of variables,
regarded as the Modifies set. To derive one specification statement from the
other we use the usual rule of Consequence from Hoare logic, and the Frame
Rule; see Table[3]

The completeness question, which is variously called sharpness or adapta-
tion completeness, is whether this system lets us derive one specification state-
ment from another just when this inference holds semantically. Since the rule
of Consequence is itself treated semantically, in that it uses inclusion between
predicates-as-sets rather than a provable implication, all of the stress in this
question is placed on the Frame Rule: it is essentially asking whether we obtain
enough frame axioms.

To show completeness we need to define a notion of semantic consequence be-
tween specification statements. There is a niggling problem here: Not all pre/post
pairs determine a relation in a direct way. The traditional way around this prob-
lem in work on specification statements is to use predicate transformers, which
correspond more directly to pre/post pairs. One then separately singles out spe-
cial kinds of transformers and pre/post pairs that have a good correspondence
with relations. In the remainder of the paper we just work with transformers.
The tie-up with relations is possible, but omitted for lack of space; we refer the
reader to Yang’s thesis for further information [11].

5.1 Local Predicate Transformers

In a predicate transformer interpretation, a command C' is interpreted as a
mapping from a postcondition to a precondition. For instance, the predicate
transformer induced by x := 2 maps y =z to y = 2.

Mathematically, predicate transformers are monotone maps from predicates
to predicates.

PT 2 Pred —,0n0tone Pred

Given a predicate transformer ¢ the Hoare triple “{p}t{q}” corresponds to the
property p C t(q). Then, the monotonicity requirement is equivalent to saying
that the rule of Consequence is valid.

The domain PT contains predicate transformers which, when viewed opera-
tionally, don’t exhibit the local behavior of commands as described in Section Hl
For instance, the predicate transformer Aq.{(s,h) € ¢ | |dom(h)| < 3} corre-
sponds to a command which generates a memory fault when there are more
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than 3 active heap cells and skips otherwise this command doesn’t satisfy
Safety Monotonicity. So, it is not surprising that the Frame Rule is not valid for
PT since the rule is closely related to the locality properties of Section [El

We refine PT by requiring predicate transformers to satisfy a locality con-
dition. Recall that in this section we are assuming a given set X of modifiable
variables.

Locality for X: Vr,q € Pred. X#r = t(q) xr C t(g *r)

The condition is equivalent to saying that ¢ satisfies the Frame Rule, which in
predicate transformer terms is

Vp,r,q € Pred. X#r Ap Ct(q) = pxr Ct(qgx*r)

The domain LPT(X) of local predicate transformers with Modifies set X is defined
as:
LPT(X) 2 {t € PT | t satisfies locality for X}.

LPT(X) inherits the ordering from PT, which is just a pointwise ordering
induced by the subset ordering of Pred. With such an ordering, LPT(X) forms a
complete lattice, in fact, a complete sublattice of PT.

Proposition 1. LPT(X) is a complete sublattice of PT. Therefore, given a set
{ti}icr of elements in LPT(X), its least upper bound is given by Aq. J;c; ti(q),
and its greatest lower bound is given by Aq. ();c; ti(q)-

Proof. Let r be a predicate such that X#r. It suffices to show that (J;.; ti(g*7)
and (;¢; ti(g * r) include (U, ti(q)) * 7 and () ti(q)) * 7, respectively. The
first inclusion follows because | J,.;(ti(q) *7) = (U, ti(g:)) * 7, and the second
inclusion holds since * is monotone with respect to the subset ordering. O

5.2 Operational Sensibility

The locality condition in LPT(X) has an operational explanation via mappings,
wp and wlp, from commands to predicate transformers, which correspond to total
correctness and partial correctness. Let C be a command and ¢ a predicate. Then
we define the weakest, and weakest liberal, precondition predicate

wp(C)(q) 2 {(s,h) | C, s, h must terminate normally

and if C,s,h ~* s’ W/, then s’ h' = ¢}
wlp(C)(q) 2 {(s,h) | C, s, h is safe

and if C,s,h ~* s’ 1/ then ', b = ¢}

We can now establish the operational sensibility of local predicate trans-
formers, which says that if X O Modifies(C), both wp(C) and wip(C') are local
predicate transformers in LPT(X).

2 This command, call it C, makes {{(s, k) € q | |dom(h)| < 3}}C {q} true for all ¢ in
both total and partial correctness, and C' is the smallest such in the sense that all
other such commands satisfy more Hoare triples than C.
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Proposition 2. For a command C, both wp(C) and wilp(C) satisfy locality for
X iff C satisfies Safety and Termination Monotonicity, Frame Property and the
following locality property for variables:

if C,s,h is safe and C,s,h ~* s' b, then s(y) = s'(y) for all y €
Variables — X.

Notice that this proposition establishes as close a correspondence with the local-
ity properties of Section [ as we would expect; since both wp and wlp completely
ignore all unsafe configurations we can not obtain any properties of unsafe con-
figurations with predicate transformers.

5.3 Proof of Completeness

We have already given a proof system for specification statements in Table [
This determines a notion of consequence between specification statements.

{p} —{at Fx {p'} — {¢'} it {p'} — {¢'} can be derived from {p} — {q}
using the rules in Table Bl

The semantic interpretation of each specification statement is given by a
satisfaction relation between local predicate transformers in LPT(X) and speci-
fication statements. For ¢ in LPT(X)

t Ex {p} —{q} iff p C t(q).

We can now define the semantic consequence relation |= by requiring that any
transformer satisfying the antecedent also satisfies the consequent.

{p} — {a} Ex {p'} — {¢} iff for all t € LPT(X),
t F=x {p} — {q} implies ¢ =x {p'} — {¢'}.
The proof system is sound with respect to this interpretation since the mono-

tonicity condition in PT ensures that the rule of Consequence is sound and the
locality condition for X guarantees that the Frame Rule is sound.

Proposition 3 (Soundness, II). If {p} — {q} Fx {p'} — {¢'}, then {p} —
{a} =x {0} —{d'}-

In the remainder of this section we concentrate on the proof of the converse.

Theorem 2 (Completeness). If {p} —{q} Ex {p'} —{¢'}, then {p} —{¢} Fx
{r'y —{d'}.

The proof of completeness proceeds by finding the smallest local predicate
transformer ¢ in LPT(X), amongst those that satisfy a given specification. To
describe this transformer it will be convenient to use a notation for the spatial
implication — of predicates in pointer logic [2I5], which is itself taken from the
logic of Bunched Implications [6l/7].

pq = {(s,h) | VW . WHh A sl | p = (s,h* 1) = q}

In words, p— ¢ holds of a given heap if, whenever we are given new or fresh heap
satisfying p, the combined new and current heap satisfies q.
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Lemma 3. Given predicates p,q € Pred, the predicate transformer t = Ar.p x
VX. (q—r) is in LPT(X) and satisfies p C t(q). Moreover, it is the smallest such
in LPT(X) with respect to the pointwise ordering.

Proof. 1t is straightforward to see that ¢ is monotone. To see that ¢ satisfies the
locality condition for X, pick predicate r, 7’ with X#r’. Then, we have:

tr=r') = px (VX.(qg*r=1")) D px (VX. (g=xr)*1")

D px (VX (g=7)) % (VX.1') = px (VX. (qkr)) %1 = t(r) %7
The condition p C t(q) is also easily verified as follows:

t(q) = p* (VX. (¢ q))

= px (VX.emp)
2 p+*emp

2
2p

where emp = {(s,[]) | s € Stores} is the unit of *. Finally, ¢ is the smallest
satisfying p C ¢(q) because for any other ¢’ € LPT(X) with p C t/(q),

t'(r) 2 t'(gxVX.(qg=r)) 2 t'(q) xVX.(qg=7) 2 pxVX.(g—7).
O

We denote the smallest local predicate transformer in Lemma by
smallest(p, q, X).

To prove completeness, first note that for predicates p,q,r, the precondi-
tion smallest(p, g, X)(r) can be calculated with the Frame Rule and the rule of
Consequence:

{p} —{a}
{p*VX.(g=7)} — {g*xVX.(g=7)} q*VX.(q*r)Cr

{p*vX.(qg=r)} — {r}

The right-hand inclusion is just an application of the usual rule of V-elimination,
together with a monotonicity rule for x and the version of modus ponens that
connects * and —k.

Now, let {p'}—{¢'} be a specification statement with {p}—{q} FEx {p'}—{d'}
Then, we have p’ C smallest(p,q, X)(q') by Lemma[3, and {p'} — {¢'} can be
derived from {p} — {q} as follows:

{p} —{q}
p CpxVX.(¢*q) {pxVX.(¢=*q)} — {¢}
{r't - {d}
This finishes the proof of Theorem 2
To sum up, in this paper we have shown the soundness of a rule for au-
tomatically inferring frame axioms, and we have also shown a sense in which

the rule gets all the frame axioms we need. We did this by appealing to the
operational semantics of a specific programming language: Perhaps the main




416 Hongseok Yang and Peter O’Hearn

unresolved question is whether the approach here and in [92l5] can be adapted
to problems further afield. We outlined a more abstract setting for the work, and
a range of other models do fit the abstract definitions, but pointer models are the
only ones whose program logic has been examined in detail so far. Particularly
worthwhile would be to attempt to apply the notion of local action, mentioned
in Section [41], in an Al setting, where the frame problem originally arose and
where it continues to be intensely studied [§].
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Abstract. We introduce a theory of weak bisimilarity for the m-calculus
with linear type structure [35] in which we abstract away not only 7-
actions but also non-7 actions which do not affect well-typed environ-
ments. This gives an equivalence far larger than the standard bisimilarity
while retaining semantic soundness. The congruency of the bisimilar-
ity relies on a liveness property at linear channels ensured by typing.
The theory is consistently extendible to settings which involve nonter-
mination, nondeterminism and state. As an application we develop a
behavioural theory of secrecy for the m-calculus which ensures secure in-
formation flow for a strictly greater set of processes than the type-based
approach in [20, 23].

1 Introduction

Linearity is a fundamental concept in semantics with many applications to both
sequential and concurrent computation. This paper studies how a linear type
structure, close to those of Linear Logic [12] and game semantics [4,22, 24], can
be used to give a powerful extension of a basic process equivalence, bisimilarity.
We use a linear w-calculus, introduced in [35], which, among others, satisfies a
basic liveness property in linear interaction: actions on linear channels always
eventually fire. A central idea of our construction is that observables, an un-
derpinning of any behavioural semantics, can be given a radical change in the
presence of this liveness and other properties ensured by linear typing: a class
of visible interactions with the environment which a typed process is actually
engaged in, can be completely abstracted (neglected) away in terms of their
semantic effects.

Let us briefly explain the key technical ideas, using a process encoding of a
A-calculus. We first recall that the linear 7-calculus in [35] can fully abstractly
embed A()x 4, the simply typed A-calculus with unit, products and sums. The
encoding [M : af, for a A-term M : « in [35] is a typed version of Milner’s
encoding [26]. We also recall that in A\(), ., the following equation is semantically
sound: I' = M; = Ms : unit for any I' = M o : unit. In particular, any term
of this type is always equated with its unique constant, which we write x. As an
example we have the following equation.

y:unit=unit F (yx) =% : unit

* Partially supported by EPSRC grant GR/R33465/01.
** Partially supported by EPSRC grant GR/N/37633.

M. Nielsen and U. Engberg (Eds.): Fossacs 2002, LNCS 2303, pp. 417-433, 2002.
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If we apply the encoding in [35] to this, we obtain the following two processes:

[(y%)]w E1u(c) Fe)ee [+w Ehu(c) .

Here z(y) is an input of y via x, Z(y) is an (asynchronous) output of a fresh name
y via x, and ! indicates replication. Thus, the process [(y*)]., when invoked at u
with a continuation ¢, first asks at y and, after receiving an answer at e, returns
to ¢; while [*], immediately answers at the continuation after the invocation.
Because of the obvious difference in these actions, we know [(y*)]. % [*]. where
~ is the standard weak bisimilarity. However, since the encoding is fully abstract,
the contextual equivalence 2, in [35] for the linear m-calculus does equate them.
Intuitively, this is because the linear type structure allows us to abstract away
the additional non-7-actions in the following way:

1. The action g(e) is typed as an output to replication: thus it just replicates
a process in the environment without affecting it.

2. The action e is typed as a linear input: hence it necessarily receives its dual
output, neither receiving nor emitting non-trivial information.

For these reasons, the additional actions in [(y*)], never affect the environment
in a way well-typed observers could detect, and are automatically executable,
so they behave “as if they were T-actions”, allowing them to be neglected. This
suggests the following principle of behavioural semantics in linear processes.

Categorise some of the typed actions as “non-affecting”, and abstract
away non-affecting actions as if they were T-actions.

The type structure plays a crucial role in this principle.

Following [6,11,15,18,33], the linear w-calculus in [35] includes branching
and selection, which correspond to sums in the A-calculus and additives in
Linear Logic [12]. A branching is an input with I-indexed branches of form
x[&;er(¥;).P;], while a selection is an output of form Zin;(2)@Q. These constructs
have the following dynamics: z[&;(¥%;).P;][Tin;(7;)Q — (v ¥;)(P;|Q). Now
consider another equation in A()y4, which uses sums this time. Let bool def
unit+4unit below.

Y :bool - case y of {in():ini(%)}ieq1,2y = inmi(x) : bool
These terms are translated as follows:
[case yof {in;() : ini (%) }ic(ro]u & lule) Fle)el&r o.Cin]
[ing (6)]u < tu(c).cin.

Both processes are equated by 22.. Intuitively this is because an input at e in the
first process surely arrives (due to liveness at the linear channel e), and regardless
of a selected branch, it leads to ¢in;. We can thus augment the previous principle
as follows.

We may abstract away linear branching inputs as far as they lead to the
same action in all possible branches.

The precise formulation of this idea is given in Section 2.
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Applications. The bisimilarity based on these ideas, which we hereafter call
linear bisimilarity, can justify the equations mentioned above, as well as many
equations used for definability arguments to prove full abstraction of Ay in
[35]. As another application, Section 5 discusses a behavioural theory of secure
information flow for the m-calculus, which uses a secrecy-sensitive bisimilarity
built on the top of linear bisimilarity. The theory ensures secrecy through se-
mantic means for a strictly larger set of processes than the syntactic theory in
[23], which itself is powerful enough to embed representative secrecy calculi such
as [3,32]. As a simple example, the theory can justify the safety of the following
A-term via encoding (T and L are high and low secrecy levels, respectively).

case y' of {in;():iny(%)}seq1,2) : ool ™

which is untypable in standard secrecy typing systems, cf. [3,32].

One of the technical contributions of the present work is a proof technique
for establishing congruency of linear bisimilarity which, among others, uses live-
ness at linear channels. The proof method is applicable when we extend linear
bisimilarity to other type structures involving nontermination [6], nondetermin-
ism [20] and state [23], as well as to their secrecy enhancement. Such extensions
are briefly discussed at the end of in Section 5.

Related Work. Since the introduction of Linear Logic [12], linearity has been
studied in various semantic and syntactic contexts. In the setting of the -
calculus, linearity and its relationship to contextual equivalences [21,27] are
studied in [25, 30, 34]. In each case, it is shown that linearity induces a strictly
larger contextual equivalence than the standard bisimilarities. [30] as well as [5]
study typed bisimilarities in which two processes whose actions are equivalent
up to forwarding of names are equated. [19] studies an untyped bisimulation in
which visible actions can be ignored due to asynchronous observables. [13] studies
a process equivalence in which certain actions are ignored due to capabilities as-
signed to channels via subtyping. While sharing the common orientation towards
a larger equality by a refined treatment of observables, the nature of abstraction
offered by the present theory differs from these works in two aspects. First, the
introduced behavioural equivalence allows us to treat visible interactions which
do take place between the process and the environment as if they were internal
(silent) actions. Since the use of liveness in linear actions is essential for this ab-
straction (as shown by the examples above), it would be difficult to apply these
existing techniques to obtain the same effect. The second significance of using
linear type structures for a behavioural equivalence is that it enables precise
embedding of semantics of language constructs including functional [6,35] and
imperative ones [23], which is important for applications. This direction may not
have been pursued in the foregoing studies. Combination of existing techniques
and the present one would be an interesting subject for further study.

In the analysis of secure information flow, equality over programs often plays
a central role, cf. [2, 3,10, 14, 31]. Among them, [9, 10] present a bisimulation for
cryptographic protocols where high-level actions are abstracted away, preceding
the behavioural theory of secrecy in Section 5. The main difference from our
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approach is that [9,10] are based on CCS without using type structure, which
would limit expressiveness of the resulting theory. [1] establishes a secrecy the-
orem for the spi-calculus based on may-equivalence, using type information to
control the interface of the attacker. Our approach differs in that it first uses
linearity to limit environments, then applies it to information flow analysis by a
simple elaboration of channels with security levels. [14] uses a secrecy-sensitive
may-equivalence for noninterference in the m-calculus. The use of linear type
structure in the present work is the main difference. Finally, the first two present
authors proposed, in [20] (with Vasconcelos) and in [23], type systems for the
m-calculus which ensures secrecy. The present paper gives a semantic theory of
secrecy, extending and complementing the syntactic approach in [20, 23].

Outline of the paper. Section 2 briefly reviews the linear w-calculus in [35].
Section 3 introduces linear bisimilarity, whose proof of congruency is given in
Section 4. Section 5 discusses an application of the linear bisimilarity to secure
information flow analysis. For details of the results and motivation of the syntax
and types used in the paper, the reader may refer to [6,35]. The omitted proofs
and definitions of this paper can be found in [36].

Acknowledgements. The authors thank Martin Abadi and anonymous referees
for their useful comments and suggestions on an early version of this paper.

2 Preliminaries

2.1 Processes and Channel Types

The set of processes is given by the following grammar [6, 35]. Below and hence-
forth x,y, ... range over a countable set of names.

P = o().P | P | el&ies (7:).P] | Fin ()P | PIQ | (ve)P | 0 | IP.

x(¥).P (resp. T(¥)P) is a unary input (resp. unary output), while z[&;cr(%;). P
(resp. Tin;(¢)P) is a branching (resp. selection). Bound name passing has essen-
tially equivalent expressive power as free name passing [17,29], and is convenient
for obtaining precise correspondence with functional type structures [6, 35]. P|Q
is a parallel composition, (v )P is a restriction, and !P is a replication. In P
we assume P is either a unary or branching input. The reduction relation —
is generated from the following rules, closed under output prefix, restriction and

parallel composition modulo = [36]. We also set — L yu=

z(9).Plz(5)Q — (v )(P|Q)

L (). Plz(5)Q — ‘(). Pl(v §)(P|Q)
z[&;(9;)-Pil[Ting (4;)Q — (v 4;)(F51Q)
L& (7). Pl [Ting (§)Q — 'a[&: (7). P]l(v §;) (P5|Q)

Action modes, ranged over by p,..., are from the sets {|,!} (written ps,...),
and {1,?} (written pg,...). | (resp. 1) represents linear input (resp. output).
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! means a unique server associated with input replication. Dually ? represents
client requests to !. We also use the mode * to indicate uncomposability. The
dual P of p is given by | =1, 1 = ? and p = p. Then channel types are given by
the following grammar. For simplicity we assume indices ¢ range over {1, 2}.

T n= 77| 70| * 1 on= (T)P | [& TP To = (T)Po | [@i75]Pe

Above, T denotes a vector of channel types. A branching type is sometimes writ-
ten [11&72]P and similarly for selection. We define 7, the dual of 7, by dualising
the action modes and exchanging @ and & in 7. md(7) is * if 7 = %, otherwise
the outermost action mode of 7.

On types © is the least commutative partial operation such that

() 70T =% (md(r) =]) (2) TOT7=7 and 7OT=7 (md(r)=7).

Intuitively, (1) says once we compose input-output linear channels it becomes
uncomposable (for example, .0 |Z has mode * at 2, which is uncomposable with
any process which has z). (2) says that a server should be unique, to which an
arbitrary number of clients can request interactions (for example, !2.0 | 2.0 is
never typed because of ()! % ()}, while Z|Z is typable by () at =, and 2.0 |Z| %
is so by () at 2). If 7 ® 7/ is defined we say they compose.

Following [6,22, 35], we assume the following sequentiality constraint (I10-
alternation and a unique answer | in each server type !), which comes from
game semantics [4,22,24]. We state the constraint only for unary types: for
branching/selection types, we require the same constraint for each summand.

e In (7)!, md(r;) = ? for each 1 < i < n. Dually for (7)T.

e In (7)), md(r;) € ? for each 1 < i < n except at most one j for which
md(7;) =1. Dually for (7).

2.2 Typing and Typed Processes

An action type is a finite acyclic directed graph whose nodes have the form z : 7
such that no names occur twice and each edge is of form z : 7 — 2/ : 7/ with
either md(7) =| and md(7') =1, or md(7) = ! and md(7’) = ?. We write A(z)
for the channel type assigned to = occurring in A. The partial operator A® B is
defined iff channel types with common names compose and the adjoined graph
does not have a cycle. This avoids divergence. For example, z : 71 — y : 7o
and y : T3 — x : 71 are not composable, hence a process such as 2.7 | ly.T is
untypable.! fn(A4) and md(A) denote the sets of free names and modes in A4,
respectively. A < B indicates A ® B is defined.

Sequents of the linear typing system have the form - P> A.2 The rules are
given in Appendix A. If = P> A is derivable, we say P is typable with A. We
sometimes write P4 instead of - P> A. Typable processes are often called linear
processes.

! See Section 2 in [35] or Appendix B in [36] for detailed examples and definitions.
2 In [35], the main sequent has the shape I' = P> A. This is equivalent to the present
one by adjoining I" to the right-hand side.
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Example 1. (linear processes)

?

1. FZ>x: () and - 2.0|T > : . The former can also be typed with z : ().

2. Flu(e)evu: (01 and Flu(e).z(e)eesu: (1) —z: (017,

3. Let B = [ee]! (where ¢ is the empty vector). Then Flu(c).Z(e)e[.¢iny &.¢ins >
u: (B)! —x: (B)?. Other terms typable with this type include lu(c).¢in;
and lu(c).Z(e)e[.¢in; &.¢ing] as well as their symmetric variants.

The following properties of typed terms are from [35]. (2) is a consequence of
strong normalisability of linear processes and will play an important role later.

Proposition 1. 1. (subject reduction) If - P> A and P — Q then - Q> A.
2. (liveness) Let+ PrA®z : 7 with md(7) =1 and md(A) C {!,x} (® is disjoint
graph union). Then P — P’ such that P' = Z(§)R or P’ = Tin,;(§)R.

2.3 Contextual Congruence and Bisimilarity

A relation R over typed processes is typed when PlA1 ’RP2A2 implies A; = As.
We write Py R4 P, when P{* and Pj' are related by a typed relation R. A
typed congruence is a typed relation which is an equivalence, closed under all
typed contexts. The contextual congruence =, is the maximum typed congruence
satisfying the following condition (B appeared in Example 1).

If PJL and P22 Q, then Q |} (i=1,2)

where P |}i means P —» Zin;(§)P’. 2, is maximally consistent in the sense that
any addition of equations leads to inconsistency. A more restricted and tractable
equality is obtained by labelled transition. Let I,1’,. .. be given by:

I = 7| 2@ | Z(7) | zini(7) | Zin(7)

If | # 7, we write sbj(l) for the initial free name of [. Using these labels, the

typed transition P4 L QP is defined as in Appendix B. The weak bisimilarity
induced by the transition is denoted =.

~

As indicated in the introduction, 22, is strictly greater than ~. One of the

aims of the present work is to fill the gap between ~ and =, at least partially,
without losing the ease of reasoning of =.

3 Linear Bisimilarity

3.1 Categorising Actions

We begin our path towards the definition of linear bisimilarity with classifying
types according to the following criteria: whether actions typed with these types
affect the environment non-trivially; and whether the typed actions are guaran-
teed to take place. One of the significant aspects of our linear type structure is
that types are informative enough to allow this classification.
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Definition 1. (affecting and enabled types)

1. 7 is affecting iff there exist - P o> : 7 and a typed context C[-] such that
H O[Pl] >u: B, C[Pl] Uqu‘ and C[PQ] Ui

2. 7 is enabling iff - P> x : 7 implies P — P’ L, such that sbj(l) = z. 7 is
enabled if T is enabling.

Example 2. (affecting and enabled types)
1. B, (B)! and ((B)")! are affecting but ((B)')? and ((B)")?)! are not. It is
notable that no 7 such that md(7) € {?, |} is affecting.
2. Any 7 such that md(7) € {], T,!} is enabling, while any 7 such that md(7) =
? is not. Hence all and only enabled types are 7 such that md(r) = {[,1,7}.

As suggested in the above example, we have an easy rule to determine whether
a type is affecting or not, based on the shape of types.

Proposition 2. Define Aff as the smallest set of types generated by:

— [®127]" € Aff.
— (11..7)" € Aff and (11..70)" € AFf when 7; € Aff for some i (1 <i < n).
— [&1.27i1-Tin,;]' € AFF when Ti; € Aff for some i and j (i € {1,2},1 < j <ny).

Then 7 is affecting iff T € Aff.

Using the classification of types given above, we can classify actions of well-typed
processes. First, an action annotated with an action type, say 14, is called a typed
action if the shape of [ conforms to A. For example, if | = Zin; then (4 is a
typed action iff A(z) = B. 74 is a typed action for an arbitrary A. If [ # 7 and
14 is typed, the type of 4 is A(sbj(1)). Then we say:

Definition 2. (affecting and enabled typed actions) [4 is affecting if | # T and
the type of 14 is affecting; 4 is non-affecting if it is not affecting. Further 14 is
enabled if | = T or the type of I4 is enabled.

Table 1 illustrates the classification of actions, writing 7, | (), 1(), L &, 1@, ! and
? for (respectively) the T-action, unary linear input, unary linear output, linear
branching, linear selection, replicated unary/branching input, and its dual.?

Table 1. Classification of Actions
TILO|T0 | &|{T@| ! |7

affecting ||no| no | yes| no |yes | yes | no

enabled ||yes| yes | yes| yes |yes | no | yes

We can now introduce invisibility under the linear type structure which dictates
the “7-like” nature of certain non-7-actions in the typed setting. Below and
henceforth A, I, ... range over finite sets of names. fn(l) is the set of free names
in [ while bn(l) is the set of free names in [.

3 We classify unary linear outputs | () as affecting in Table 1 even though they are
sometimes not, as is seen from Proposition 2. A simplest example is ()'.
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Definition 3. 1. (invisible actions) A typed action [4 is A-invisible (A-i.)
when either fn(l) N A = ) or, if not, I is an output which is non-affecting.*
If [4 is A-invisible and is enabled, then 14 is A-strongly invisible (A-s.i.).

2. (abstracted transitions) P4 —L5 A QP when either: (1) PA L QB or (2)
B=A Q=P and 4 is A-invisible. PA =>4 QF denotes PA 'l QB
(n > 0) where each I; is strongly A-invisible; then P4 N A QF denotes

pA :>AL>A:>A QF; finally PA :l>4 QB denotes either P4 éA QB
or PA =, QP where [ is invisible and fn(B) Nbn(l) = . if P4 =, Q”

is induced by P4 e QPB, we say the latter underlies the former.

Note the standard abstracted transitions are a special case of those defined above.

3.2 Semi-typed Relation and Branching Closure

The invisibility of non-7-actions necessitates one fundamental change in the no-
tion of bisimulation. As an illustration we go back to the initial example in the
introduction. The two typed processes concerned were !z(c).¢* and z(c).g(e)e.c?
with A =z : ()T)' — v : ()})?. After the common initial action, the typing
becomes A®c : (). But if g(e)e.c? has an output action (which should and
can be abstracted away), then e becomes free in the residual and appears in its
type environment. This state should be related to the other process which still
has type A®c: (). Consequently, a bisimulation needs to relate processes with
distinct action types.

Definition 4. A relation R on typed processes is semi-typed when PARQE
implies that the projections of A and B on fn(A) N fn(B) coincide. We write
PARAQP if R is semi-typed and fn(A) Nfn(B) = A, in which case we say P4
and QF are related by R at A. The maximum typed subrelation of a semi-typed
R is called its centre.

Using semi-typed relation, a natural way to define a bisimulation would be as
follows: a semi-typed R such that, whenever PlA1 RP2A2 with A = fn(A;) N
fn(As), we have the following and its symmetric case:

whenever P/t L QP there is P s 4 Q52 such that QP R Q5>
However the following shows that congruency is lost if we allow branching.

Example 3. Zin?® and 7in}™ are bisimilar at () in the above definition. Simi-
larly z[&1 9Zin;] and y[&: 2Zin;] are bisimilar at z. However when we compose
them in pairs, (Ting|z[&12Zin;]) and (Ying|y[&12Zin;]) are not bisimilar: in
fact these terms can be regarded as, up to redundant reduction, zZin; and Zins,
which would not be equated under any reasonable semantic criteria.

4 We can consistently abstract away linear input at A. For simplicity and because this
may not significantly change the resulting equality, we use the present definition.
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The problem in this example is in the second equation: intuitively, z[& 2Zin]
and y[&1 2Zin;] cannot be equated because, at disparate interfaces (here z and
y), we should expect anything can happen: thus it is possible, at xz, the first
process receives the left selection, while, at y, the second process receives the
right selection (which is precisely what happens in the composition). This in-
dicates that we should say “for every possible branching at disparate channels,
the behaviours of two processes at common channels coincide.” This idea is for-
malised in the following definition. Below t,t;, ... range over sequences of typed
transitions. A branching variant of, say, xin; (%) is xing(2) (conforming to the
given typing), taken up to a-equality.

Definition 5. (branching closure) A set { P4 I Qf i }ier of sequences of typed
transitions is A-branching closed (A-b.c.) iff: whenever ¢; = sls’ € S with [ being
a linear branching input such that fn(l) N fn(A) = 0, there is t; = sl's” (j € I)
for each branching variant !’ of [.

Accordingly we say {P4 N A Qf iYier is A-branching closed if there exists a

A-branching closed set {PA 5 QPi},c; where PA 5 QP underlies PA =% 5
QP for each i. Similarly for other forms of abstracted transitions.

3.3 Linear Bisimulation
We can now introduce a bisimilarity on linear processes.

Definition 6. (linear bisimulation) A semi-typed R is a linear bisimulation
when P R Pi'? with A = fn(A;) N fn(Ay) implies the following and its sym-

metric case: whenever Py L QP there is a A-closed {P;' L. QY Yicr
such that QP R QP for all i € I. The maximum linear bisimulation exists,
denoted ~;,.

Simple examples of (non-)bisimilarity follow. Below and henceforth we omit ob-
vious type annotations, assuming all processes are well-typed. We often annotate
0¥ (which follows Definition 4) to make intersecting channels explicit.

X, as &,

Example 4. 1. 2.0 ~? 0 and !2.0 =% 0 and 7|z ~* 7 ~7 0.
2. x.yin; ~Y yin;. Intuitively this is because an output at x will surely arrive
in which case the former process has the same observable as the latter.
3. Because of the lack of branching closure, we have x[&1 2Zin;] #7 y[&1 2Zin,].
On the other hand, we have z[&1 2Zini] =7 y[&1 2Zing] ~7 Zin;.

We prove the following result in the next section.
Theorem 1. The centre of ~, is a congruence.
Since an action of B-type is always visible, we immediately obtain:

Corollary 1. The centre of =, is a subrelation of = .
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We give simple applications of the linear bisimilarity. Below in (1) ?A in the
condition indicates md(A) = ?. (1) says processes which are entirely typed with
?-types (which in particular includes 0) are mutually equated with each other
even if they may be engaged in arbitrarily long interactions with the environ-
ments. (2) says there is essentially a unique inhabitant in the translation of the
unit type of Ax4. (3) uses Theorem 1 and (2), combined with Theorem 5.9
(full abstraction) in [35], to derive the equality in Ay .

Proposition 3. 1. (innocuous actions [20]) IfF Pio>7A then Py mfn(A) Ps.
2. (unit inhabitation, 1) - P> A with A =z : (()1)' — Ag implies P~%z(c).c.
3. (unit inhabitation, 2) If I' = M : unit in A\(yx4 then I' b M = x : unit

where = is the standard contextual equivalence in A(yy 4 .

4 Congruency of Linear Bisimilarity

The purpose of this section is to briefly illustrate a proof method for congruency
of ;. A central difficulty of the proof lies in the existence of strong invisibility
when we prove a closure of parallel compositions. This is overcome by the analysis
of the operational structures ensured by linear typing, which involve liveness.
Suppose we wish to prove the relation R def {(P1|1Q1, P2|Q2) | P = P2, Q1 =
@2} to be a bisimulation in order to show that =~ is closed under |. Assume

P | @ LN P | Qq; then by assumption, there exists P L Pj ~ P|, hence in
the standard proof, we easily have: Ps| Q2 N P} | Q2, and P/ | Q1 R P | Qo.
However, due to strong invisibility, the same reasoning does not work for ~, even

in the above trivial case. Recall the example in the Introduction, Py d:ef!u(a:)jinl
def

and P, =lu(x).5(e)e.Zin;. Then we know P; =2, P, because 7(e) and e are both
invisible, so we have P; ﬂuy Py def Tiny | Py and P, @uy P} def Ting | Py

with P and P} bisimilar. Suppose we compose them with @ d:ef!y(e).Qo for some

Qo such that P; | Q and P, | Q are typable. Then we have P; | Q —,, P | Q,
while we cannot have Py | Q guy P} | Q, because the only possible transition

is P, | Q G (ve)(eZTiny | Qo) | P2 | Q. In order to achieve P 4 Fin, | Py
from this process, e.xin; needs an acknowledgement € from Q. At this point,
however, we can use a liveness property which extends Proposition 1 (2): if Qg
has a linear output type at e, then there always exist a finite sequence of strong

invisible transitions to emit e such that Qg :e>uy Qp and Q ~, Q) | Q.
In the following we define such a chain, called call-sequence. Let us assume

P 9% Q. We write: I; A 5 (I binds ) when the subject of I is bound by Iy
(e.g. z(y) b §) and Iy ~vp o (11 prefizes lo) when the action I is input-prefixed

by 11 (e.g. z(y) ~p Zin z(y).Z). Define "=, U . We write 7 ~ I if P L2y Q

and P has subterms @1 and Q2 such that (1 = Q) and Qs Ll Ql with [ ~ Iy;
similarly we define I; ~ 7; we extend this to a chain [; ~ 7" ~ [3 and denote it
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l1 T 15 ([6, Appendix F] gives a detailed definition using occurrences of terms).
Then a call-sequence (c.s.) to | under A is a sequence of actions which has the
following shape.

(lo f\«+) ll Mp lg AT l3 Np l4 AT oAt lgn,1 p lgn Mp l
where md(l5,, ;) = ? and md(I3},) =|.

Lemma 1. 1. (shortest c.s.) Suppose b P>A and P :l>[‘ with | output. Then

there is a shortest c.s. l{ ~ -+ 1, tol under A such that P ovde L,

2. (extended liveness) If - P> A® e : 7 with md(r) =1, then P :>A®e:TL>
with sbj(l) = e.

Note (2) does not restrict the shape of A, cf. Proposition 1 (2). Together with
(1), we know there is always a shortest strongly invisible call sequence to each
linear output.

We now turn to the congruency of =, . First, reflexivity and symmetry of ~
are immediate by definition; it also satisfies transitivity on the centre (PlA1 ol
Pi*2 and P ~2 P{* with fn(A;) Nfn(43) = I'N A imply Pyt =I'N4 pfs),
Hence ~, is an equivalence. For compatibility, we use the following characterisa-
tion of &, which reduces the conditions needed for a bisimulation closure. The
form of the resulting relation is similar to the branching bisimulation studied in

(untyped) confluent processes [28].

Lemma 2. (context lemma) Suppose R is semi-typed such that PlA1 R PQA"' with
A =fn(A1) Nfn(Az) implies the following and its symmetric case:

— whenever PIAlLQfl where | is A-invisible and fn(1)NA=0 then Q%' R P5*>.

— whenever PlA1 LN Qfl with 1 input such that sbj(l) € A, then there is

P LA Q52 such that QP* RQ%2.

— whenever P LN QP with | A-visible linear output such that sbj(l) € A,
then there is a A-closed call sequence to'l {P2A2 :>AL> Q%i}ie] such that
PYRQP forallic 1.
— whenever P LN QP with md(I*v) = ? and sbj(l) € A, there is a A-
closed call sequence to l, {PQA2 = A QQBﬁ}ig, such that either Q?l RQQBff‘
or QQBfI’ SN Q’QiBéi such that Q?l RQ'QiBé"'.

Then the mazimum such relation, denoted by é]_, coincides with =~

Using the characterisation, the closure under prefixes and restriction is easy.
For parallel composition, using extended liveness repeatedly, we can prove if

whenever P — 4 P’ and P |Q is typable, there exists a A-b.c. {P|Q =4 LI
(v ;) (P/"|QY) }ier such that P/ ~ P’ and @} ~ Q. Using this and Lemma 2, we
can prove the closure under the parallel composition on the centre (P{* ~, Pj!
and QF ~, QF with A < B imply P,|Q{®F ~, P,|Q3®®). Thus the centre
of =, is a congruence. Finally =C~, is proved easily by using weakening and
strengthening of base A of ~. Since the observability predicate given in § 2.3
is easily satisfied by =2, we conclude that ~, C 2.
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5 Applications to Secrecy

In linear bisimulations, we abstract away non-affecting typed actions as if they
were T-actions. If we assign a secrecy level to each channel and stipulate a level
of observation, then we can further abstract away those actions which should
not be visible from the stipulated level. For example, from a low-level viewpoint,
actions at high-level channels should be invisible. The technical development of
this secrecy enhancement closely follows that of the linear bisimilarity, and offers
a powerful tool for reasoning about secrecy in processes.

Assume given a complete lattice of secrecy levels (s,s',...) with the ordering
C. T (the most secret) and L (the most public) denote the top and bottom of
the lattice, respectively. Channel types are annotated with these levels:

o= T|Tlx moa= (O ey o= (DR | [@ermile

The same sequential constraints (cf. §2.1) apply to channel types. In 7, we require
each dualised occurrence to own identical secrecy levels. Action types are given
precisely as before, using secrecy annotated types. Then we set:

1. 14 is s-affecting if it is affecting in the preceding sense and, if [ is a linear
selection, then sec(A(z)) C s (sec(r) is the outermost secrecy level of 7).

2. 14 is s-A-invisible when either fn(1)NA = ) or, if not, I is an output which is
not s-affecting. If [ is s- A-invisible and, moreover, is enabled, then 14 is s-A
strongly invisible. The abstracted transitions P4 == A5 QB, pA éA)S QB

and PA =& As QF are defined accordingly.

In (1), we only count linear selections among secrecy-sensitive observable actions
since in the linear type structure no other typed actions directly emit information
(note, in Proposition 2, a type is affecting only when it is or contains linear
selection). We can now introduce a secrecy-sensitive bisimilarity.

Definition 7. (s-bisimulation) A semi-typed relation R is a s-bisimulation when
PR P32 with A = fn(A;) N fn(Ag) implies the following and its symmetric
case: whenever Py -4 B there is a A-closed {P;*? :l>AVS Q) such that

13 ! RQQBf". The maximum s-bisimulation exists for each s, which we write =;.
By definition, P4 ~, QF implies P4 ~, QP for any s. Further P4 ~+ QF

implies P4 ~, QP. A simple example of s-bisimilarity:

Example 5. (s-bisimilarity) F Zin; b2 : B+ #1F Ting b2 : Bt but we have
FZinipz:Br =, FTins > o : Br.

A basic observation on &, is that it alone does not form a coherent notion of
process equivalence.

Fact 1. Suppose = P> A is derived as Section 2 using secrecy annotated types.
Then the centre of =4 is not closed under parallel composition.



Linearity and Bisimulation 429

Proof. Take Fin]™ (i = 1,2) with 7y = Bt. Then Tin; ~, Zin,. However
if we compose these processes with z[.win;&.Ting]*27%7 where 7 = 77 and
73 =B, then (v x)(P1|Q)"™ %1 (vx)(P|Q)*™. =

The example in the proof above suggests that, for regaining compositionality in
~,, we need to restrict the set of processes to those which do not transfer infor-
mation at some high-level to lower levels. In other words, we require information
flow in processes to be secure [8]. Below we say [4 is receiving at s if 14 is a
linear branching and moreover sec(A(sbj(l))) = s.

Definition 8. (behavioural secrecy) A set of typed processes S is a secrecy

witness if the following holds: whenever P4 € S and P4 LN QF, we have (1)
QP € S and (2) if 14 is receiving at s then P4 ~, QP for each s’ such that
s £ s'. P4 is behaviourally secure iff P4 is in some secrecy witness.

Only linear branching counts as “receiving”, which is an exact dual of 4 (where
we consider abstraction by secrecy levels only for linear selection). Intuitively, a
process is behaviourally secure iff, whenever it receives non-trivial information
at some level, it behaves, to a lower-level observer, as if the action had not taken
place. Some examples of (non-)secure processes follow.

Example 6. 0° is secure. If P4 is secure and (v x)PA/w is well-typed, the
latter is secure. If P77®74 ig secure and !2(¢).P* (") =4 is well-typed, the latter

is secure. Finally, given A L Bt —vy: B, 2[yin; &.7iny]4 is not secure but
z[.yini&.7ing |4 is secure (the latter is because x[.7ini&.yin] 4 &4 yinf/x).

The following is proved precisely as Theorem 1 except that the use of s-invisibility
is compensated by behavioural secrecy.

Proposition 4. The centre of =5 over behaviourally secure processes is com-
patible with all operators except linear branching.

Without using a syntactic type discipline for secrecy, Proposition 4 offers a frame-
work for fully compositional reasoning for secure processes (we can further close
~s under linear branching using the following condition: z[&;(¥;).P;] is secure
with x given level s if P, =4 P; for any s’ such that s [Z §’).

To investigate the relationship with the present theory of secrecy and the
type-based approach in [23], we introduce tamp(A) (the lowest possible effect
level of A), a type discipline for secrecy k.. P > A (which we read: P is securely
typed by A) and 2 (a secrecy-sensitive contextual congruence), all from [23].

Definition 9. (tamper level and secure typing [23]) The tamper level of T, de-
noted tamp(7), is defined as follows. (1) tamp(7) = T if 7 is not affecting;

!

(2) tamp((P)]) = Mitamp(:), tamp([@:7]1) &' s, tamp((7)!) &' Mytamp(r),
tamp([&;7i]L) def M;;tamp(7;;). Then tamp(A) f M{tamp(A(z)) | =z € fn(A4)}.
Sequents of the security typing have the form k.. P > A, whose rules are left to
Appendix A. If k.. P > A, we say P is securely typable with A.
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Note that tamp(7) = T whenever 7 is not affecting.

Definition 10. (secrecy-sensitive contextual equality) For each s, s-contextual

congruence = is defined as the maximum typed congruence satisfying the fol-
lowing condition: if P |J. and P ~%F ) with s’ C s, then Q i (i=1,2).

Proposition 5. 1. Ifk,. Pio > A and tamp(A) IZ s then PA ~, P

2. Ifk,. P> A, then P is behaviourally secure.

3. =2, is congruent over securely typed processes, i.e. it is an equivalence closed
under typed contexts given by the secure typing k.. in Definition 9.

Note that, in (2), the other direction does not hold (for the proof, we can use the
last process in Example 6). This proposition allows us to consistently integrate
the secrecy typing of [20, 23] with the present behavioural theory, for the purpose
of secrecy analysis in processes and, via embeddings, in programs. For example,
given a A()x4-term M N, we can check the secrecy of [M],, by typing, [N], by
behavioural secrecy, and finally verify their combination using typing. Another
consequence of Proposition 5 is a simple proof of the following noninterference
result, first given in [23].

Corollary 2. (noninterference) Let k

zec P12 > A and tamp(A) £ s. Then we
have - Py =2, P> A.

We conclude our technical development with a simple example of reasoning about
secrecy, guaranteeing the A-term mentioned in the introduction is indeed secure.

Example 7. (secrecy via encoding) Let M L case y" of {in;() : in1 (%) bieqa,2}-

We show [M : boolT]]ud:ef!u(c).y(e)e[.éinl&.éinl] >u: (Br) —y: (Br)” is se-
cure. By Proposition 4, it suffices to show e[.¢in1&.¢inj]>e : Bt —c: B is
secure. But this has already been shown in Example 6, hence done.

Extensions to Other Type Structures. We have presented a theory of be-
havioural secrecy focussing on the pure linear 7-calculus. First, the same results
can be obtained for the free name passing linear calculus via a fully abstract
encoding [17]. The framework is also systematically extendible to other type
structures which integrate linearity with affinity (nontermination) [6], stateful-
ness (references) [23] and nondeterminism [20]. In each case, the only necessary
extensions are (1) the incorporation of a new s-affecting action into s-bisimilarity
and its dual receiving action into behavioural secrecy, and (2) when affinity is
in the type structure, we change Definition 1 as follows: B becomes ()'4 (T4
indicates possibly diverging, or affine, output), and the condition “C[P;] ||} and
C[P2] I2” becomes “C[P;] |, and C[P;] ft, with i # j7 (here |, iff P —* Z|P’
for some P’, and 1, iff not {},). Except for these two changes, Definitions 1-8
can be used as they are. Because we have the same liveness property for call se-
quences (Lemma 1 (2)) in each extension, the same proof methods can be used
to obtain the corresponding results such as Theorem 1 and Proposition 4. To-
gether with full abstraction, the framework offers a uniform basis for behavioural
analysis of secrecy in programming languages.
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TCS,

Typing Rules

: 7; occurs in A. ® is disjoint

union. z : 7 — A adds new edges from x : 7 to the non-suppressed nodes in A.
A7 indicates = ¢ fn(A). pA indicates p € md(A). We also assume T A in (In!)
and (Bral) is either a singleton or empty (“unique-answer-per-thread”).

(Par) (Res) (Weak-x, 7)
(Zero) FPrA (1=1,2) FPp>A{z:T) FP>A"
- Al < Ay md(7) € {*,!} md(7) € {*, 7}
O FP P> A1O A2 Fvz)PrA/x FPrAQx:T
(Out) (pe{1,7})
(In}) (In) FP>C(y:7)

FPoj:7@ 1 AQ?B®

FPbj: FRTAT

Cly=Axz: (T)F

Fz(§).Po (z: (F)'— A)®B

(Bra)
FPbg A ATRIBT

Ha(7).Pox: () —A

(Bra')
FPo g ARTAT

FZ()Pr Az : (F)
(Sel) (pe{1,7})

F PO )
Cly=A=z: @7

Ha[& (). P b 2 [&i7]) ' A

F Zin; (§) P> A © x: [@:75)P
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In Section 5, we consider a secrecy enhancement of typed terms. This is done
in two stages. First we simply annotate channels with secrecy levels, leaving the
rules themselves precisely as above except types are now annotated by secrecy
levels (which the rules simply ignore). Second we consider securely typed pro-
cesses, which are the set of sequents of form k,, P > A which are derived from
the above rules except the rule (Bra!) is replaced by the following one, using
the channel types annotated by secrecy levels and using the sequent k.. P > A
instead of H P> A.

Be b i@ TATR?TB™ s tamp(A)

(Brat)
Fee [&:(7:).Pi] > (2:[&:iT] > A) @B

B Transition Rules

We assume all Lh.s. processes are well-typed. A allows [ unless: (1) A(sbj(l)) = *
or (2) I is output and md(A(sbj(1))) =", cf. [6]. n(I) is the set of names in [.

e[&gi. Py A TR pUsTioa/e (z: [&F]' € A)
[ P TR 128 B | PFTEA (2 [&7) € A)
Tiny ()P4 TP prrieass (z: [@:7]" € A)
Tin; ()PA "W prriea (z: [@:7])° € A)

Pl=. PP P P=, P, PP agn()

pjM L, pphe (va) P L (wa) P
Pt Lopfe AreBallowsl  piLopfe @B L P
PIQ MO8 L pyjQ 207 PIQ{MOP s (v bn(1)) (P|Qz) 420 2/PN0

P P n()n {7} =10

O P JOz:[@; 7Y
A1/§Ox:[@ 7P L Zing (g»)PQAz/HQ [®i7];

Tin, (g)Pl

zin; (Z)

pir TP paz

i, () T L (g a2y
We omit rules for unary actions and symmetric case of |. The rules are well-typed
in the sense that if P;** is well-typed and P! LR P2 then P32 is well-typed.
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